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^ . PREFACE. 




^^ The first object of the autbor of the following treatise has been to 
V^^^m&ke the transition from arithmetic to algebra as gradual as^ possible. 
~ jThe Book) therefore, commences witb practical questions in simple 
quations, such as the learner might reaidily solve without the aid of 
algebra. This requires the explanation of only the signs plus and 
minus, the mode of expressing multiplication and division, and the 
sign of ^fquality 5 together with the use of a letter to express the un- 
known quantity. These may be understood by any one who has a 
tolerable knowledge of arithmetic. All of them, except the use of 
the letter, have been explained in arithmetic. To reduce such an 
equation, requires only the application of the ordinary rules of arith- 
metic ; and these are applied so simply, that scarcely any one can 
mistake them, if lefl entirely to himself. One or two questions are 
solved first with little explanation in order to give the learner fin idea 
of what is wanted, and he is then left to solve several by himself. 

The most simple combinations are given first, then those which 
are more difficult. The learner is expected to derive most of his 
knowledge by solving the examples himself; therefore care has been 
takeii to make the explanations as few and as brief as is consistent 
with giving an idea of what is required. 

In fact, explanation^ rather embarrass than aid the learner, because 
he is apt to trust too much to them, and neglect to employ his own 
powers ; and because the explanation is frequently not made in the 
way, that would naturally suggest itself to him, if he were left to 
examine the subject l>y himself. The best mode, therefore, seems to 
be, to give examples so simple as to require little or no explanation, 
and let the learner reason for himself, taking care to make them more 
difficult as he proceeds. This method, besides giving the learner 
confidence, by making him rely on his own powers, is much more 
interesting to him, because he seems to himself to be constantly 
making new discoveries. Indeed, an apt scholar will frequently 
make original explanations much more simple than would have been 
given by the author. 
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4 PREFACE. 

This mode has also the advantage of exercising the learocr in 
reasoning, instead of making him a listener, while the author reasons 
before him. 

The examples in the first fifty pa^es Involve nearly all the opera- 
tions, that are ever required in simple numerical equations, with one 
and two unknown quantities. 

In the ninth article, the learner is taught to generalize particular 
cases, and to for m iLul es. Here he is ^rst taught to represent known 
quantities by IeUers,.and at the same time the purpose of it. The 
transition from paracular eases to general principles is made as 
gradual as possible. At first only a part of the question h general- 
ized, and afterwards the whole of it. 

When the learner understands the purpose of representing known 
quantities as well as unknown, by letters or general symbols, he is 
considered as fairly introduced to the subject of algebra, and ready to 
commence where the subject is usually commenced in other treatises. 
Accordingly he is taught the fundamental rules, as applied to literal 
quantities. Much of this however is only a recapitulation in a gen- 
eral form, of what he has previously learnt, in a particulvir form. 

After this, various subjects are taken up and discussed. There is 
nothing peculiar in the arrangement or in the manner of treating 
them. The author has used his own language, and explained as 
ieemed to him best, without reference to any i^ther work. A large 
number of examples introduce and illustrate every principle, and as 
far as seemed practicable, the sui^ects are tanght by example rather 
than by explanation. 

The demonstration of the Binomial TJieoreru is entirely original, 
so far as regards the rule for finding the coefficients. The rule itself 
is the same- that has always been used. The manner of treating and 
demonstrating the principle of summing series by difference ^ is also 
original.* 

Proportions have been discarded in algebra as well as in arithmetic. 
The author intended to give, in an appendix, some directions for 
using proportions, to assist those who might have occasion to read 
other treatises on mathematics. But this volume was already too 
large to admit it. It is believed, however, that few will find any 
diffiqulty in this respect. If they do, one hour's study of some tr a 
tise which explains proportions will remove it. 

* 8e0 BcMton Journal of Philosophy and the Aru. No. 5, for May, 1825. 
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tn order to study tbis work to advantage, the learner should solve 
every question in course, and do it algebraically^ If he finds a ques- 
tion which he can solve as easily without the aid of algebra as witii 
it, he may be assured^ this is what the author expected. If he first 
solves a question, which involves no difficulty, he will understand 
perfectly what he is about, and he wiU thereby ber enabled to encoun- 
ter those which are difficult. 

When the learner is directed to turn back and do in a new way 
something , he has done before, let him not fail to do it, for it ^vill be 
necessary to bis future progress 3 and it will be much better to trace 
the new principle in what be has done before, than to have a new 
example for it. 

^he author has heard it objected to his arithmetics by some, that 
they are too easy. Perhaps the same objection will be made to this 
treatise on algebra. But in both cases, if they are too easy, it is the 
fault of the subject, and not of the book. For in the First Lessons, 
there is no explanation ; and in the Sequel there is probably less than 
in any othet books, which explain at all. As easy however as they 
are, the author believes that whoever undertakes to teach them, will 
find the intellects of his scholars more exercised in studying them, 
than in studying the most difficult trebtisto fa^ can put into their 
hands. When the learner feels, that the subject is above his capacity, 
he dares not attempt any thing himself, but trusts implicitly to the 
author } but when he finds it lev.el with his capacity, he readily 
engages in it. But here there is something more. The learner is 
requireid to perform a part himself. He finds a regular part assigned 
to him, and if the teacher does his duty, the learner must give a great 
many explanations which he does not find in the book. 

!• 
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INTRODUGTIOI* 

The operations explained in Arithmetic are sufficient tot 
the sG^ution of all questions in numbers, that ever occur ; but 
it is to be -observed, that in every question there are two dis- 
tinct things t(\ be attended to ; fii'st, to discover, by a course 
of reasoning, what operations are necessary ; and, secondly^ t» 
perform those operations. The first of these, to a certain ex- 
tent, is more easily learned tiian the second ; buti^ after the 
method of performing the operations is understood, all the dif- 
ficulty in solving abstruse and complicated questions consists 
in discdvering how the operations are to be applied. 

It is ^often difficult, and sometimes absolutely impossible to 
discover, by the ordinary modes of reasoning, how the funda- 
mental operations are to be applied to the solution of questions. 
It is our purpose, in this treatise, to show how this difficulty 
may be obviated. 

It has been shown in Arithmetic, that ordinary calculations 
are very nnich facilitated by a set of arbitrary signs, called 
figures ; it will now be shown that the reasoning, previous to 
calculation, may receive as great assistance from anotlier set of 
arbitrary signs. 

Some of the signs have already been explained in Arithmetic ; 
they will here be briefly recapitulated. 

(=) Two horizontal lines are used to express the words 
" are equal to,^' or any other similar expression. 

{-\-) A crossi, one line feeing horizontal and the other perpen- 
dicular, signifieis " added to.** It may be read and, morey plus^ 
or any similar expression ; thus, 7 + 5 = !2, is read 7 and 5 
are 12, or 5 added to 7 is equal to \2y or 7 plus 5 is equal to 
12. Plus is a Latin word signifying more. 

( — ) A horizontal line, signifies subtracted from. It is some- 
tinies read less or minus. Minus is Latin, signinying less. Thus 
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14 — 6 = S, is read 6 subtracted from 14, or «4 less 6, or 14 
minus 6 is equal to S. 

Observe that the signs 4* ^^ — affect the numbers which 
they stand immediately before, and no others. Thus 

14 _ 5 -I- 8 = 16 ; and 14 + 8 — 6 = 16 ; 
and 8 — 6 + 14 = 16 ; and, in fine, — 6 + 8 -f 14 = 16. 
In all these cases the 6 only is to be subtracted, and it is the 
same, whether it be first subtracted from one of the numbers, 
and then the rest be added, or whether all the others be added 
and that be subtracted at last. . 

(X) (.) An inclined cross, or a point, is used to express 
multiplication ; thus, 5X3 = 15, or 5. 3=15. 

^-f-) A horizontal line, with a point above and another below 
it, is used to express division. Thus 15 -h 3 = 5, is read 15 
divided by 3 is equal to 5. 

But division is more frequently expressed in the form of a 
firaction {Arith. Art. XVI. Part II.), the divisor being made the 
denominator, and the dividend the numerator. Thus ^/ = 5, 
is read 15 divided by 3 is equal to 5, or one third of 15, is 5, 
or 15 contains 3, 5 times. 

Example. 6 X 9 + 15 — 3 = 7* . 8 — «,« + 14. 
This is read, 9 times 6 and 15 less 3 are equal to 8 times 7 
less 16 divided by 4, and 14. 

To find the value of each side ; 9 times 6 are 54 and 15 are 
69, less 3 are 66, Then 8 times 7 are 56, less 16 divided by 
4, or 4 are 52, and 14 more are 66. 

In questions proposed for solution, it is always required to 
find one or mor^ quantities which are unknown ; these, when 
found, are the answer to the question. It will be found extreme- 
ly useful to have signs to express these unknown quantities, be- 
cause it will enable us to keep the object more steadily and dis- 
tinctly in view. We shall also be able to represent certain ope- 
rations upon them by the aid of signs, which will greatly assist 
us in arriving at the result. 

Algebraic signs are in fact nothing else than an abridgment of 
common language, by which a long process of reasoning is pre- 
sented at once in a single view. 

The signs generally used to express the unknown quantities 
above mentioned are some of the last letters of the alphabet, as 
a:, yy Zj &c. 



1. EqUfMoM. U 

I.. 1. Two men, A and B, |rade in company, and g&in 267 
doUars, of which B has twice as much as A. What is the share 
of each? 

In this example the unknt^i^n quantities are the particular 
shares of A and B. 

Let X represent the number of dollars in A's share, then 2 » 
will represent the number of dollars in B's share. Now these 
added together must make the number of dollars in both their 
shares, that is, 267 dollars, 

a; -f 2 a: = 267 
Putting all the x^s togetlier, 3 x sac 267 

If 3 X are 267^ 1 or is J of 267 in the same manner as if 3 
oxen were worth % 267, I ox would be worth J of it. 

a: = 89 =. A's share. 
2 «= 178 =3= B 's share. 

% Pour men, A, B, C, and D, found a purse of money con- 
taining $325, but not agreeing about the division of it, each took 
as much as he could get ; A got a certain gum, B got 5 times as 
much ; C, 7 times as much ; and D, as much as B and C both. 
How many dollars djd each get? 

Let X represent the number of dollars that A got ; then B got 
-5 a?, C 7 x, and D (5 x + 7 a;) = 12 ar. These, added toge- 
ther, must make $325, the whole number to be divided. 

a: + 5^ + 7ar-fl2a: = 325 
Putting all the a;'s together, 25 a: = 325 

a: == 13 = A's share. 
5ar:=: 65 = B's " 
7a:= 9i=C's " 
12a:=156 = D's « 

J^ote. All examples of this kind in algebra admit of proof. 
In this case the work is proved by adding together the several 
shares. If they are equal to the whole sum, 325, the work is 
right. As the answers are not given in this work, it will be well 
for the learner always to prove his results. 

In the same manner perform the following examples. 

3. Said A to B, my horse and saddle together are worth $130, 
but the horse is worth 9 times as much as the saddle. What is 
tlie value of each? 

4. Three men. A, B, and C, trade in company, A puts m a 
certsun sura, B puts in 3 times as much, and C puts in as much 



as A and B both ; they ^ain $ Qf^Q. What is each man's share 
of the gaia? 

5. A gentleman, meeting 4 poor persons, distributed 60 c&itB 
among tbei», giving the seeond twice, the third threes times, and 
the fourth four times as much as the first. How many cents did 
he give to each? 

6. A gentleman left 1 1000 crowns to be divided between his 
widow, two sons^ and three daughters. He intended that the 
widow should receive twice the share of a son, and that each son 
should receive twice the share of » daughter. Required the share 
of each. 

Let X represent the share of a daughter, then 2 x will represent 
die share of a son, &c. 

7. Four gentlemen entered into a speculation, (or which they 
subscribed ^4755, of which B paid 3 times as much as A, and 
C paid as much as A and B, and D' pafd as- much as B and C. 
What did each pay? 

8. A man bought some oxen, some cows, and some Sheep for 
$ 1400 ; there were an equal number of each son. For the oxen 
he gave $42 apiece, for the coWs j5^20, and for the sheep $8> 
apiece. How many were there of each sort? 

In this example the unknown quantity is the mjmber of each 
sort, but the number of each sort being the same, one character 
will express- it. 

Let X denote the number of each sort.- 

Then x oxen, at $42 apiece, will come to 42 x dolls., a«d z 
cows, at $20 apiece, will come to 20 a? dolls., and x sheep, ad 
$ 8 apiece, will come to 8 x dolls. These added together must 
make the whole price. 

42 a? -f 20 a: + 8 ar= 1400 
Putting the ar's together^ . . 70 a? = 1400 
Dividing by 70, ..... a: = 20 

•Sns. 20 of each sort. 

9. A man sold some calves and some sheep for $374, the 
calves at $ 5, and tl'ie sheep at $ 7 apiece ; there were three 
times as many calves as sheep. How many were there of 
each? 

Let X denote the number of sheep ; then 3 x will denote the 
number of cables. 
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Then x sheep, at $7 apiece, will coftie to 7 ar dolls., and 3 x 
calves, at $5 apiece, will come to 5 times 3 x dolls., that is^ 15a? 
doU& 

These added together must make the whole price. 

; 7 a? + 15 a: = 374 
Putting the a?'s together^ 22 x =s 374 
Dividing by 22, ar = 17 = number of ^eep. 

3 a: = 51= " calves. 

The learner must have remarked by this time, that when a 
question is proposed, the first thing to be done, is to find, by 
means of the unknown quantity, an expression which shall be 
equal to a given quantity, and then from that, by arithmetical op- 
erations, to deduce the value of the unknown quantity. 

This expression of equality between two quantities, is called 
an equcUion, In the l^ast example, 7 a? -J- 15 a: = 374 is an equa- 
titffu 

The quantity or quantities on the left of the sign = are called 
the first member^ those on the right, the second member of the 
equation. (7 ar + 15 a:) is the first member of the above equar 
tion, and 374 is the second member. 

Quantities connected by the signs -j" and — are called terms. 
7 X and 15 a: are terms in the above equation. 

The figure written before a letter showing how many limes the 
letter is to be taken, fe called the coefficient of that letter. In 
the quantities 7 a?, 15 a:, 22 x ; 7, 15, 22, are coefficients of x. 

The process' of forming an equation by the conditions of a 
question, is called putting the question into an equation. 

The process by which the value of the unknown quantity is 
found, after the question is put into an equation, is called solving 
or reducing the equation. 

No rules can be given for putting questions into equations ; 
this must be learned by practice ; but rules may be found for 
solving most of the equations that ever occur. 

After the preceding questions were put into equation, the first 
thing was to reduce all the terms containing the unknown quanti- 
ty to one term, which was done by adding the coefficients. As 
7 a: + 15 ^ are 22 ar. Then, since 22 ar = 374, 1 x must be 
equal to j^ of S74. That i&, 

fVhen the unknown quantity in one member is reduced to one 
term^ and stands equal to a known quantity in the other j its valu§ 
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is found by dividing the knaun quantity by the coefficient <^ the 
unknown qiuintity^ 

10« A man bought some oranges, some lemons, and some 
pears, for 156 cents ; the oranges at 6 cents each, the lemons at 
4 cents, and the pears at 3 cents ; there was an equal number 
of each sort. Required the number of each* 

11. In fencing the side of a field, the length of tvhich was 
450 yards, two workmen were employed ; one fenced 9 yards, 
and the other 6 yards per day. How many days did they 
work? 

12. Three men built 780 rods of fence ; die first buih 9 
rods per day, the second 7, and the third 5 ; the second work- 
ed three times as many days as the first, and the third, twice as 
many days as the second. How many days did each work? 

13. A man bought some oxen, some cows, and some calves 
for $ 348 ; the oxen at $ 38 each, the cows at $ 18, and the 
calves at $4. There were three times as many cows as oxen, 
and twice as many calves as cows. How many were there of 
each sort? 

14. A merchant bought a quantity of flour for $ 132 ; for one 
half of it he gave $ 5 per barrel, and for the otlier half $ 7. How 
many barrels were there in the whole? 

Let X denote one half the number of barrels. 

15. Prom two towns, which are 187 miles apart, two travel- 
lers set out at the same time with an intention of meeting ; jone 
of them travels at the rate of 8, the other of 9 miles each day. 
}n how many days will they meet? 

ir 1. A cask of wine was sold, for $45, which was only { 

of what it cost. Required the cost. 

Let X denote the cost. 

3 X 
Three fourths of x may be written | x or — . The latter is 

4 

preferable. 



Sx 
4 


— 45 


lap 

4 


— 15 


X 


»c60 
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II. EquaUon$. 15 

If I of X comes to 45, then — must come to J of 45, or 

15, and x will be 4 times 15, or 60. 
A better method. 

Sx 

3ar=?:45 >;( 4 = ISO 
a: = 60 

Observe, that — is the same as J of 3ar, Now if 4 of 3 a? 

4 

18 45, 3 a: itself must be 4 times 45, or 180; 3 a? being 180, x 

mitst be I of ISO, which is 60. 

2. A man, being aske-d his age, answered, that if its half and 
its third were added to it, the sura would be 88. What was his 
age? 

Let X denote his age; then, 

Reducing the terms to a com- ? ^ ^ i ^ ^ i ^^ oo 

mon denominator, ) ~6~ ~6^ ~6 

11 X 
Adding them together, ^ = 88 

I of U ar being 88, 11a: will be 6 times 88, 1 1 a? = 528 
Dividing by 11, a: == 43 

Ans. 48 years. 

3. If I of a hogshead of wine cost $ 65; what will a hogshead 
eost at that rate.^ 

4. There is a pole | and | under water, and 5 feet out of 
water; what is the length of the pole.^ 

X X 

Let X denote the whole length. Then 1 [-5 must be 

2 «3 

-equal to the whole length. Hence, 



X X 

X = — -I 1- 5 

2^3^ 



Reducing to ^common denominator. 



6x ^^ I ^^ I. c 

"6 "6" "^ T"^ 
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Adding together, _ = — -|- 5 

Since the two members are equal, if — be subtracted from 
both, they will still be equal; hence, 

X 

and a: = 30 Ans, 30 feet. 

Proof. One half of 30 is 15, and one third of tlurty is 10. 
Now 30 = 15 + 10 + 5. 

There is another mode of reducing the above equation wMch 
in most cases is to be preferred. It is the same in principle. 

If both members of an equation be multiplied by the same 
number they evidently will still be equal. 

In the equation, 

2 3^ 
First multiply both members by 2, the denominator of one of 
the fractions, and at becomes, 

^ X 
^X-ss^X '\' ^ f- 10. 

Next multiply both members by 3, the denominator of the 
other fraction, and it becomes, 

6af=3a? + 2ar + 30 
or 6 ar == 5 a? -f- 30. 
Subtracting 5 x from both members, 

a?s= 30 as before.. 

5. In an orchard of fruit trees | of them bear apples, J of 
them pears, | of them plums, 7 bear peaches, and 3 bear cljer- 
ries; these are all the trees in the orchard. How many are 
there? 

6. A farmer, being asked how many sheep he had, answered, 
he had them in four pastures; in the first he had § of them, in the 
second J , in the third J , and in the fourth he had 24 sheep. 
How many had he in the whole? 

7. A person having spent | and J of his money, had $ 26§ left. 
How much money had he at first? 

8. A man driving his geese to market, was met by another, 
who said good morrow, master, with your hundred geese; said 
bei I have not a hundred, but if I had as many more, and half 
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as many more, and two geese and a half, I should have a hundred. 
How many had he? 

9. A and B having found a bag of money, disputed about the 
division of it. A said that | and I and \ of the money made 
$ 130, and if B could tell how much money there was, he 
should have it all, otherwise none of it. How much money was 
tbei!e in the bag? 

10. Upon measuring the corn produced in a field, being 96 
bushels, it appeared tl^t it had yielded pnly one third part more 
than was sown. How mucll was sown? 

11. A man sold 96 loads of hi^ to two persons; to the first J , 
and to the second f of what his stack contained. How many 
loads did ttie stack contain at first? 

.12. A and B talking of their ages, A says to B if J, J , and ^ 
of my age be added to ray age, and 2 years more, the sum will 
be twice my age. What was his age? 

13. What sum of mosey is that whose § , | , and \ part added 
together, amount to £ 9? 

14. The account of a certain scliool is as follows: |V of the 
boys learn geometry, | learn grammar, /^ learn arithmetic, 5*^ 
learn spelling, and 9 learn to read. What is the number of 
scholars in the school? 

15. There is a fish whose head weighs 9 lb. his tail weighs 
as much as his head and half his body, and his body weighs as 
much as his head and tail both. What is the weight of the 
.fish? 

Represent the weight of the body by x, 

16. There is a fish whose head is 4 inches long, the tail is 
twice the length of the head, added to | of the length of the 
body, and the body is as long as the head and tail both. What 
is the whole length of the fish? 

17. A and B talking of their ages, A says to B, your age is 
twice and three fifths of my age, and the sum of our ages is 54. 
What is the age of each? 

18. A man divided $40 between two persons; to the fii-st he 

gave a certain sum, and to the second only } as much. How 

much did he give to each? 

Sx 
Let X denote the share of the first, — *wi]l denote the share 

2» 
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of the second. These added togetljer. nuist i^alije $ 40. 



- 


0? 4- — = 40 
^ 5 


Multiplying by 5, 


5 « + 3 X — 200 


Adding together, 
Dividing by 8, 


8 a: =te 200 
X J25 = share of the first. 


• 


3 it 

ass 15== " secoj 
5 



19. Three persons are to share $290 in tlie following man- 
ner: the second is to have two tliirds, and the third three fourths 
as much as the first* What is tlie share of each? 

20. A farmer wishes to mix 100 bushels of provender, con- 
sisting of rye, barley, and oats, so ttwt it may contain \ as much 
barley as oats, and | as much rye as barley. How much of each 
must there be in the mixture? 

21. Divide 40 apples between two boys in the proportion of 
3 to 2. 

The proportion 3 to 2 signifies that the second will have | as 
many as the first. 

22. A gentleman 2;nve to 3 persons 'X 98. The second re- 
ceived five-eighths of the si nn given to the first, and the third 
one-fifth of what the second l.ud. What did each receive.^ 

23. A prize of $ 1280 was divided between two persons, in 
the proportion of 9 to 7. What was the shaji-e of each.'^ 

24. Three men trading in company, put in money in the fol- 
lowing proportion; the first 3 dollars as often as the second 7, 
and the third 5. They gain $ 960. What is each man's sliare 
of the gain? 

Observe, tlie second put in J of what the first put in, and the 
third put in | . 

25. Three men traded together; the first put in $ 700, the 
second $450, and the third $950. They gained $420.^ What 
was the share of each? / 

Observe, the sjcond put in JJg == J* = f~^ of wliat the first put 
in, &c. 



III. 1., Tiyo mexvy A and B, bif^sd b pasture together for 
^55, and. A was to pay $13 more than B. Wlm did each 

Suppose B paid x dollars ; A was to pay 13 dollars more ; 
therefore he paid x -\- 13. These put together must oiake the 
whole 55 dollars. 

jT-fir-f 13 = 55 
Putting the jit's together, 

2a:+13 = 55 
it appears that 2^ is not so much as 55^ by 13, therefore tak- 
ing IS from 5S, 

2a? = 55 — 13 
2x= 42 
Dividttig by 2, a: = 21 = B's diare, 

B's share is $21, <aad A's, being 13 more, is $34, 

ar + 13 = 21 -f 13 = 34 = A"s sJwre.. 
Proof, Si r\- 21 = 6^ the whole sum. 

2. A man bought a horse and chaise for $4J0G; the horse cost 
.J 28 more than the chaise. What was the price of each ? 

3. A man bequeathed his estate of $ 12000 to his son and 
daughter ; the son was to have $2350 more than the daughter* 
Wliat was the shai'e of each? 

4. A &tlter who has thrt^OiSons, leaves t^asn 16000 crowns. 
The will specifies that the eldest shall have 2000 crowns more 
than tlie second, and tliat the second slmll have 1000 more than 
tlie youngest. What is the share of each? 

Let X denote the number of crowns in the share of the young- 
est, then a: + 1000 will denote tlie slwo-e of the second, and 
X + 1000 -f- 2000 will denote the share of the eldest. These 
added together must make the whole sum, 

a? + x + 1000 + xi- 1000 + 2000 = 16000 
Putting together the x's and the numbers, 

3 a; + 4000= 16000 
ft appears that 3ar is not so much as 16000 by 4000, tlierefore 
subtracting 4000 from 16000, 

3a:= 16000 — 4000 
3ar= 12000 
Dividing by 3, a? =; 4000 = share of the youngest. 

The share of the youngest is 4000 crowns; add to this iOOO, 
a makes 5000, the share of the second, 

a: -f- 1000 = 5000 = share of the second 
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Add 5000 more, Jt fifi&kes 7000, the share of the e]dest5 
« 4- 1000 -f 2000 =i== 7000 == sliare of the eldest. 
Preqf, The several shares added make 16000 crowns which 
is th'6 whole estate. 

5. A draper bought three pieces of ck)tt>, which together mea- 
sured 1 59 yards ; the second piece was 15 yards longer thaa 
the first, and the third was 24 yards longer than the second. 
What was the length of each? 

6. A gentleman bequeathed an estate of ^ 65000 to his, wife, 
two sons, and three daughters. The wife was to have $ 2000 
less than the elder son, and $ 3000 more than the younger son; 
and the portion of each of the daughters was $ 3600 less than 
that of the younger son. Required the share of each. 

The 1st example may be performed differently. Let ar de- 
note the nuirsber of dollars paid by A ; B paid $ 13 less, there- 
fore X — 13 will represent the number of dollars paid by B. 
These added together must make the whole. 

X + x — 13 = 55 
Putting the x's together, 2x — 13 = 55 
It appears that 2 a; is more than 55 by 13, therefore add 13 to 
55 to make 2ar, 

2x==55+ 13 
2x = 68 
Dividing by 2, x = 34 = A's share. 

This gives A's share $34, from which subtract $ 13, and it gives 
B's share $21, as before, 

X — 1.? == 21 = B's share. 
In the same manner perform the 2d and 3d. The 4th may 
be solved in a similar manner. 

Let the elder son's share be represented by x. The second 
son's share, being $2000 less, will be x — 2000. The younger 
son's share, being $ 1000 less still, will be a: — 2000 — 1000. 
These added together must make the whole sum. 

ar + a: — 2000 + x — 2000 — 1000 = J6000 
Putting the ar's together and the numbers together, 

Sx — 5000 = 1 6000. 
It appears that 3ar is more than 16000 by 5000, therefore add 
5000 to 16000, 

. ' 3 a: = 16000 + 5000 
3 a: = 21000 
Dividing by 3, ar = 7000 
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The tider son's share b $7000, as before. The others may- 
be easily found froni this. 

Again, let x denote the second son's share. The elider son's, 
being $ 2000 more, will be x + 2000. The younger son's; 
being $ tOOO less, will be x — 1000. These added together 
must make die whole, 

a? + 2000 + a: + a? — I000.«= 16000 
Putting the x^s together and the numbers together, 

3ar+ 1000= 1()000 

3a: = leOOO— 1000 
3 a? =15000 
^ :r = 5000 
The second son's share is $ 5000, as before. From this the 
rest are easil}' found. 

Perform the 5th and 6th in a similar way. 

7. At a certain election 943 men voted, and the candidate 
chosen had a majority of 65. How many voted for each ? 

8. A person employed 4 workmen ; to the first of whom he 

5pve 2 shillings more than to the second ; to the second 3 shii- 
ings more than to the third ; and to the fhird 4 more than to the 
fourth. Their wages amounted to 32 shillings. What did each 
receive ? 

9. A cask, which held 146 gallons, was filled with a mixture 
of brandy, wine, and water. In it there were 1 5 gallons of wine 
riiore than there were of brandy, and as much water as both wine 
and brandy. What quantity was there of each i 

Observe, that after the question is put into equation, the pur- 
pose is to make x stand alone in one member of the equation, 
equal to a known quantity in the otLer member, then the value 
of X is found. In the preceding examples in this Art. x has been 
(bund only in the first member, but connected with known quan- 
tities by the signs + and -^. In tht solution of these equations 
the first thing teas to unUe all the %^s into one term^ and all the 
knoton quarUities into another, Then^ if the number which stood 
on the same side mth x, had the sign + before ii^ that number 
was suUracted from the other me^nber of the equation ; bvit if it 
had the sign — before ft, it tms added to the other member. 
Then the second member was divided by the coefficient of x, and 
the answer was obtained^ 

10. A and B began to trade with equal stocks. In the first 
/ear A gained a sum equal to twice his stock and £ 27 over ; 
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B gained a sum equal to his stock and £ 1 53 over. Now the 
amount of boili their gains was equal to 5 times the stock of 
either. What was the stock ? 

Let X denote the stock. Then A's gain was 2« -f" 27, and 
B's was X -^ 153. Tbese added together must make 5 times 
the stock, that is, 5 x. 

5 ar = 2a: -f 27 + a: + 153 
Uniting tlie x^s in 2d member, and the numbers, 

5ar = 3a;-f 180 
Subtracting 3 x from both sides, 

2a: =t 180 
a:= 90 

11. A young man being asked his age, answered tliat if 
the age of his father, which was 44 years, were added to twice 
his own, the sum wouM be four times his own age. What was 
his age r 

12. A man meeting some beggars, gave each of them 4 
pence, and had 16 pence left ; ithe had given them C pence 
apiece, be would have wanted 12 pence more for that purpose. 
How many beggars were there, and how much money had 
ne.^ 

Let X represent the number of beggars. 

• 

1 3. A man has six sons, each of whom is 4 years older than 
his next younger brother ; and the eldest is tliree times as old as 
ihe youngest. Requij:ed their ages. 

14. Three persons. A, B, and C, make a joint contribution, 
which in the whole amounts to jE76, of which A contributes 
a certain sum, B contributes as much as A and £ 10 more, 
and C as much as A and B both. Required their several 
contributions. 

1 5. A boy, being sent to market to buy a certain quantity 
of meat, found that if he bought beef, which was 4 pence per 
pound, he would lay out all the money he was entrusted with ; 
but if he bought mutton, which was 3 J pence per pound, 
he would have . 2 shillings left. How much meat was he sent 
for ? 

16. A man lying at the point of death left all his estate to 
his three sons, to be divided as follows : to A he gave one half 
of the whole wanting $ 500 ; to B one third ; and to C the rest, 
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wbich W6S $ 100 less thdn the share of B. Wliatt was the whole 
estate, and what was each son's share ? 
Let a represent the whole estate. 

! X ' 

A's share will be — — 500 

2 

B's share, • . — 

3 

C's share, . . ^ — 100 

These together will be equal to the whole estate, which was 
representojd by x, 

- — 600 + - + 1 — 100 = a: 
Uniting x^s and numbers in the first member, 

!?_600 = ^ 
6-6 

^x Gx 

— is greater than — by COO, there ..re 

7x Gx . ^^^ 
— == h 600 

6 6 ^ 

-=«600 
6 

X = 3600 
The whole estate is $ 3600 ; the shares are $ 1300, $ 1200, 
and $ 1100, respectively, 

17. A father intends by his will, that his three sons shall 
share his property in the following manner ; the eldest is to 
receive 1000 crowns less than Iwlf tlie whole fortune ; the 
second is to receive 800 crowns less than J of the whole ; and 
the third is to receive 600 crowns less than J of the whole. 
Required the amount of the whole fortune, and die share of 
each. 

18. A father leaves four sons, who share his property in the 
following manner ; the first takes 3000 livres less than one half 
the fortune ; the second, iOOO livres less than one third of the 
whole ; the third, exactly one fourth ; and the fourth takes 600 
Kvres more than one fifth of the whole. What was llie wlwlo 
fortune, and what did each receive ? 
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19. In a mixture of copper, tin, and lead ; 16 lb. less tfaaa 
one half of the whole was copper $ 12 lb. less than one third 
of the whole was tin, and 4 lb. more than* one fourth of the 
whole was lead. What qiiantity of each was there in the mix- 
ture ? 

20. A general having lost a battle, found that he had only 
3600 men more than one half of his army left, fit for action ; 
600 more than one eighth of them being wounded, and the rest, 
which amounted to one fifth of the whole tLrmy^ either slain or 
taken prisoners. Of how many men did his army consist before 
the battle ? 

21. Seven eighths of a certain number exceeds four fifths ©f 
it by 6. What is that number ? 

22. A and B talking of their ages, A says to B, one third of 
my age exceeds Its fourth by 5 years. Wliat was his age? 

23. A sum of money is to be divided between two persons^ 
A and B, so that as often as A takes £9, B takes £4. Now it 
happens that A receives £ 15 more than B. What is the shai*a 
of each ? 

24. In a mixture of wine and cider, ^5 gallons more than half 
the whole was wine, and 5 gallons less than one third of the whole 
was cider. How many gallons were there of each ? 

IV. 1. A man having so'me calves and some sheep, and 
being asked how many he had of each sort, answered, that he 
had 20 more sheep than calves, and that three times the number 
of sheep was equal to seven times the number of calves. How 
many were there of each ? 

Let X denote the number of calves. 
Then X -j- 20 will denote the number of sheep. 
7 times the number of calves is 7 ar ; 3 times the number of 
sheep is ^x -f 60 ; for it is evident that to take 3 times x -f- ^, 
it is necessary to multiply both terms by 3. 
By the conditions these must be equal, 

7a: = 3a; -f 60. 
Subtracting 3x from both members, 

4 a: = 60 
a: =2= 15= number of calves. 
a: 4" 20 == 35 = number of sheep. 

Ans, 15 cahres, and 35 sheep. 
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3* Two men talking of their ages, the first says, your age is 
18 years more than mine, and twice your age is equal to three 
times mine. Required the age of each. 

3. Three men, A, B, and C, make a joint contribution, which 
m the whole amounts to £276, A contributes a certain sum, 
B twice as much as A and £\5t more, and G three times as 
ffilieb as B and ^12 more. Required d)eir several contribu- 
tion3. • 

4. A man bought 7 oxen and 11 cows for $591. For the 
oi^en he gave $ 16 apiepe more than for the co^ys. How much 
did ie giy6 apiece for each ? 

Let a? denote the price of a cow. 
Then the price of an ox will be x -{■■ 15* 
. 11 cows at X dollars apiece will come to 11 i: dollars. 

If one ox cost a; -f* 15 dollars, 7 oxen will cost 7 times x -f- 
15, which is 7 a; 4" 105. 

The price of the oxen and of the cows added together wiD 
make $ 591 , the whole price. 

nar + 7a? + 105=:5;591 
Uniting a:'s, 18 ar -f 105 = 591 

Subtracting 105 from both members, 

18 a: == 486 
Dividing by 18, a? = 27 = price of cows. 

a? -}- 1 5 =j 42 = price of oxen. 

5* A man bought 20 pears and T oranges for 95 cents. For 
the oraiiges he gave two cents apiece more tbffii for the pears. 
What did he give apiece for each ? 

6. A man bought twenty oranges and 25 lemons for jjl.95. 
For th6 oranges he gave 3 pents apiece more than for the lem- 
ons. What did he give apiece for each ? 

7. Two persons engage at play, A has 76 guineas, and B 52, 
t>efore they begin. After a certain number of games lost and 
won between them, A rises with three times as many guineas 9s 
B. How many guineas did A win of B ? 

Let X denote the number of guineas that A won of B. 
Then A, having gained x guineas, will have 76 + ^ 
B, having lost x guhieas, will have only 52 — x 
A has now three times as many as B, that is, S times 52 — fr, 
which is 156 — 3 a?. It is evident that both 52 and x must be 
multiplied by 3, becaure 52 is a number too large by ar, there- 
fore 3 times 52 will be too large by Sx. 

3 * 
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t6 + ^=*= 166 — 5x 

ara- 156 — 3a: — 76 
« + 3ar= 156 — 76 

4a?i=r 156 — 76 

4ap= 80 

««r 20 

•df^. 20guiiiead. 

i^ror>/. If* A won ^0 guinfeAd of B, A wrll have 96 and B 32. 
3 times 32 are 96. 

' This equation is rather more difficult to soke thiinany of tbfe 
preceding^ In the first place I subtract 76 from both members, 
RO as to remove it from the first niember. .Then to get 3 x out 
of the second member, which Is ih^te Subuacted, I add 3 a: to 
both members ; then the i&*s.are all in the first member, and the 
known numbers in the otheri 

N. B. Any term which has the sign 4*5 either Expressed or 
Understood, may be removed from one member to the other by 
giving it the sign — ; for this is the same as subtracting it frofti 
both sides. Thus a? 4" ^ = 10 ; a? is nbt so much as 10 by 3, 
we therefore say a: === 10 ' — 3. Again, 5a:=18-|^3a:. Now 
6a? is more than 18 by 3ar, therefoi^e we may say 6ar-^3a:=== 18. 

Any term which has the sign -^ before it may be removed 
from one member to the other by giving it the sigh -\-, .This 
is equivalent to adding the number to both sides. Thus 5 a? — -3 
£== 17. In this it appears that 5a: is iliore than 17 by 3 } there* 
fore we say 5 a? =s: 17 + 3. Again, 5 a: =i± 32 -—3 a:. Here 
it appears that 5 a: is not sb much ^s 32 by 3 a: ; therefore we 
say 5 a: -|- i^ a: =^ 32. This is called transposition. 

Hence it appears that any term may bt transposed from one 
member to the other y carii being taken to change the sigii. 

In. the last exmirtple, 76 was transposed from the fir^ member 
to the second, and the sign changed frt)m 4" to -^ ; and 3 a? 
was transposed from the second member to the first, and the 
sign changed from — tb -j— This has been done in many 6f 
the preceding examples. 

When a number ^ consisting of tufo or mote terms^ is to be muU 
tiplied^ all the terms m:ust be multiplied^ and their signs preserved. 
In the last example, 52 — - 4?, ntulHpliiKd by 3, gave a product 156 
— 3 a:. 

8. A person bought two ciasks of wrtie, one of which held 
txacdy three times as much as the others jFrom each he drew 
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4 gallons, aod then there were four times as many gallons remain- 
ing in the larger as in the smaller. How many gallons were there 
m each at first ? 

Let X denote the number of gallons in the less at first. 
Then the number of gallons in the greater wiU be 3 ar. 
Taking 4 gallons from each, the less will hQ x — 4 
And the greater . . . .- Sx — 4 
The greater is now 4 times as large as the less ;• 4 times x - — 
4 is 4x — 1§. 

. By transposing 16, 4 a? == 3 a: -f~: 1^ — 4 

By transposing 3r, 4x — 3x =16 — 4 
Uniting terms, a? = 12 = less. 

3 a; = 36 = greater. 
Ans. Less 12 gallons, greater 36 gallons. 
Proof. 36 is three times 12 according to the conditions. 
Take 4 from each, tlien one contains 32 arid the other 8. 33 
is 4 times 8. 

9. A man when he was .married was three times as old as his 
wife; after they had lived together 15 years, he was but twicn 
as old. How old was each when they were married ? 

10. A farmer has two flocks of sheep, each containing the 
same number. From one of these he sells 39, and. from the 
othef 93; and finds just twice as many remaining in the one as 
in the other. How many cCd each flock originally contain ? 

1 1 . A courier,, who travels 60 miles per day, had been des- 
patched 5 days, when a second was sent to overtake him ; in 
order to which, he must go 75 miles per day; in what time will 
he overtake the former ? 

12. A and B engaged in trade, A with £240, and B with £ 96. 
A lost twice as nwich as B; and upon settling their accounts it 
appeared that A had three times as much remaining as B. How 
much did each lose ? 

Let X denote B's loss, then 96 — x wiH denote what he had 
remaining. 2x will denote A's loss, and 240 — 2x what he 
liad remaining, &c. 

13. Two persons began to play with equal sums of money ; 
the first lost 14 shillings, and the other won 14 shillings, and then 
the second had twice as many shillings as the first. What sum 
had each at first ? 
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14. Says A to B, I have 6 times as much money as you ; yes, 
says B, but if you will give me $ 17, I shall have seven times as 
much as you. How much had'each? 

15. Two men, A and B, commenced trade ; A had % 500 less 
than 3 times as much money as B ; A lost $1500, and B gained 
j|^ 900, then B bad twice as much as A. How much had eac^ 
at first .^ 

16. From each of 15 cpins an artist filed the value of 2 shil* 
lings, and then offered them in payment for their original value ; 
but being detected, the whole were found to be worth no more 
than $ 145. What was their original value .^ 

17. A boy had 41 apples, which he wished lo divide between 
three companions, as follows ; to the second he wished to give 
twice as many as to the first, and three apples more ; and to 
the third he wished to give three times as many as to the 
second, and two apples more. How many must he give to 
each ? 

18. A person buys 12 pieces of cloth for 149 crowns : 2 are 
white, 3 are black, and 7 are blue. A piece of the black costs 2 
crowns more than a piece of the white, and a piece of the blue 
costs 3 crowns more than apiece of the Uack. Required the 
price of each kind. 

• See example 4lh of this Art, 

19. A man bought 6 barrels of flour and 4 firkins of butter ; 
he gave $ 2 more for a firkin of butter, than for a barrel of flour ; 
and the butter and flour both cost the same sum. What did he 
give for each } - 

20. A grocer sold his brandy for 25 cents a gsillon more than 
his wine, and 37 gallons of his wine came to as much as 32 gal- 
lons of his brandy. What was each per gallon ? 

21 . A man bought 7 oxen and 36 cows ; he gave $ 18 apiece 
more for the oxen than for the cows, and the cows came to three 
times as much as the oxen wanting $3, What was the pfice of 
each } 

22. A man sold 20 oranges, some at 4 cents apiece, and some 
at 5 cents apiece, and the whole amounted to 90 cents. How- 
many were there of each sort ? 

If he had sold 1 3 at 5 cents apiece, then the number sold at 4 
cents apiece would be 20 — 13, or 7. 
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Int the same manner, if he sold x oranges at 5.e^Qts apiece, 
then he sold 20 — - x oranges at 4 cents apiece, x oranges at 5 
cents apiece would come to 5 j: cents, and 20 — x oranges at 4 
cents apiece would come to 4 times 20 — x cents, which is 80 
— 4 a? cents. 

These added together must make 90 cents, therefore 

5 a: 4- 80 — 4 a: = do 
By transposing 80 and uniting terms, a; == 10 at 5 cents. 

Jtn9. 10 of each soil. 

23. A man dying left an estate of $ 2500 to be divided ^be- 
tween his two sons, in such a manner, that twice the elder son's 
share should be equal to ihree times the share of (he second. 
Required the share of each. 

Let X denote the younger son's share. 
Then 2500 — x will denote the elder son's sliare. 
Twice the elder son's share is 5000 — 2 a;* 
By the conditions, 3 a: = 6000 — 2x 
By transposition, 5 a: = 5000 
Dividing by 5, x = 1000 

2500—1000=1500 

•fifw. Elder son $ 1500, younger son $ 1000. 

24. Two robbcES, after plundering a house, found they had 
35 guineas between them ; and that if one of them had 4 guineas 
more, he would have twice as many as the other. How many 
had each.^ 

25. A man sold 45 barrels of flour for $ 279 ; some at ^ 5 
and some at $ 8 per barrel. How many barrels were there of 
esKjh sort.^ 

26. A man sold some oxen and some cows for $330; the 
whole number was 15. He sold the cows for f 17 apiece, and 
the oxen for 5^32 apiece. How many were tliere of each 
sort.^ 

27. After A had lost 10 guinieas to B, he wanted only 8 guineas 
in order to have as much money as B ; and together they had 60 
guineas. What money had each at first .^ 

Let X be the number of guineas A had. 

Then 60 — x will be the number B had. 
^ A lost 10 to B, therefore A's is diminished by 10, and B^ 
increased by 10, which makes A's x — 10, and B's 70 — x. 

3^ 
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By the conditions, x — 10 + 8a=70^'— a? 
Transposing and uniting, 2ar = 72 

ar = 36 = what A had, 
60 — 36 ==: 24 = what B had. 

28. Divide the number 197 into two such parts, that four times 
tlie greater may exceed five times the less by 50. 

29. Two workmen were employed together for 50 days, at 6 
shillings per day each. A spent pence a day less than B did, 
and at the end of tiie 50 days he found he had saved twice bs 
much as B^ and the expense for two days over. What did each 
spend per day? 

Let X denote what A spent per day (in pence) . 

Then 60 — x (5s. being 60d,) will be what he saved per 
day. 

B saved 6d. less than A. 

Therefore 54 — x will be what B saved per day. 

Muhiplying both by 50, the number of days, 

A saved 3000 — 50 x, and B saved 2700 — 50 a:. 

By the . conditions A saved 2 x more than twice^ what B 
saved. 

Therefore 3000 — 50 ar = 5400 — 100 ar + 2 a? 

Transposmg and uniting, 48 a: = 2400 

x= 50 *=: wliat A spent. 
60 -f- 6 =s= 56 == wliat B spent. 



V. I. Two persons talking of tlieir ages, A said he was 
25 vears older than B, and that one half of his age was equal 
to tliree times that of B wanting 35 years. What was llie age 
of each? 

Let X denote the age of B« 

Then the age of A will be ar -f 25. 

J of a: 4" 25 is expressed —^ — 

a? + 25 

Hence we hare 3 af — 35 sss — -I- — 

2 
Multiplying by 2, 6 ar — 70 === ar + 2*^ 

By transposing x and — 70| Ox — a; = 25 + 70 
jf" Uniting terms, 6 a? == 95 

Dividing by 5, x s=: 19 sac B's age. 

X -f- 25 SIB 44 = A's age. 



J^te. Since | ^ » 4" ^^ '^ ^ * — 55, ar -^Sl most fee- twice 

2. Tw0 men talkii^ of their horses, A says to B, my liorse 
is worth $25 more than yours, aad f of the vaJue of ray 
horse is equal to J of the value of yours. Wliat is the vaJvi^ 
of each? 

Let X denote the value of B's Jiorse. 
ITien the value of A's will be ar ^f- 25* 

J of Of -p- 25* is — , f is 3 times as niuch^ that is - — -I- 

5 ^ . 

' . ,. . 3 a; 3ar + .75 

By the conditions, — = r 

4 5 

Multiplying by B, == 3 a? + 75 

4 

Multiplying by 4, 1 5 a: = 1 2 ar + 300 

3ar = S00 
4r J= 100 
/ Jins. Ah $ 125, B's $ 100. 

Proof. The first condition 1$ cfvidently answered. Witli re- 
gard to the second, j of 125 is^ 75, and J of 100 Is 75. 

3, Two men talking of their ages, one says, tny age is now | 
of yours, but in twenty years from this time, if -we live, it wiB 
be { of yours. Required the age of each. 

Suppose the «ge of the elder x^ 

Then the younger will be -— 

4 " 

In 20 years the age of the eMer will be a? -j- 20, aad of the 

3 X 
.younger -—+ 20. 
4 

n 1 j%- 4* + 80 3a? .-^ 
By die conditions 1 = f-20 

5 4- 

15:t 
Multiplying by 5, 4 a? + 80 = [^ 100 

Multiplying by 4, 16 a: rf- ^0 = 1 5 x-}- 400 

a; sac 80 = age of elder. 

Qx 

-_sss 60 »: age of youqger. 
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4. A man being asked the value of his horse and cfamse, 
answered, that the chaise was worth $ 50 more than the 
horse, and that one half of the value of the horse was equal to 
one third of the value of the chaise. Required the value of 
each. 

5. Two persons talking of their ages, the first says, | of my 
age is equal to ^ of yours ; and the difference Cff our ages is 10 
years. What are their ages? 

6. There are two towns situated at unequal distances fron) 
Boston, and on the same road. They are 30 miles apart. § 
of the distance of the second from Boston is equal to f of 
the distance of the first. What is the' distance of each frona 
Boston? 

7. A man being a^ked the value of his horse and saddle, an- 
swered, that his horse Avas worth $ 114 more than his saddle, 
and that § of the value of his horse was 7 times the value of hb 
saddle. What was the value of each? 

8. A hare is 40 rods before a greyhound, but she can riin only 
{ as fast as the greyhound. How far will each of them riin be- 
fore tlie greyhound will overtake the hare? 

9. A gentleman paid 4 laborers $^^136 ; to .the first he paid^ 
3 times as much as to the second wanting $ 4 ; to the third one 
half as much as the first, and $ 6 more ; and to the fourth 4 
times as much as to the third, and $ 5 more. How mucb did be 
pay to each? 

. 1 0. A man bought some cider at $ 4 per barrel, and sonie 
beer at $7. There were 6 barrels more of the cider than of the 
beer ; and | of the price of the beer was equal to | of the price 
of the cider. Required the number of barrels of each. 

11. Two men commenced trade together; the first put in 
£40 more than the second, and the stock of the first was to 
dmt of the second as 14 to 5. What was the stock of each? 

14 to 5 signifies the second is ,^ of the first. . 

I 

12. A manV age when he was nuirried was to that of his 
wife as 3 to 2 ; and when they had lived together 4 years, his 
age was to hers as 7 to 5< What, were their ages when they 
were married? 

13. A and B began trade with equal sums of money. In the 
first year A gained 4E40, and B lost £40 ; but in the second, 
A lost one third of what he then had, and B gained a sum less 
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by £40 than twice the sum A bad lost ; when it appeared tliat 
B had twice as much money as A, Wliat money did each be- 
gin with? 

Let it be the number of poutKls eaeh bad at first. The x *{- 
40 will be thie sum A had at the end of the first year ; and x -^ 
40 the sum B had. 

The .second year A lost {of what he tfaen had, consequently 

he saved I ; his sum will then be ^ — . 

3 

6 gained twice as much as A lost wanting £40; his will be 

X — 40 + ^ — — 40. 

3 

B had now twice as much as A, 

L =a: — 40-f J_— 40. 

Multiplying by 3, 

4 ar + 1 6 = 3 X — 1 20 -f 2 a: -f 80 — 1 20, 
Transposing and unitmg, 

— x = — 320. 
Transposing agam, 320 = ar, 

Jins. £320. 
JVble. In this example the result bad the sign — in both 
members, but by transposing it lias the sign -{-, It would have 
been the same thing if the signs had been changed without trans- 
posing. The result would have come out right if the first mem- 
ber had been made the second, and the second first, in the first 
equation. 

14. A person playing at cards, cut the pack in such a manner, 
that t of what he cut off were equal to | of the remainder. How 
many did he cut off? 

15. Divide $ 183 between two men, £o that f of whactthe first 
receives, shall be equal to {^ of what the second receives- What 
will be the share of each? 

16. A man sold 20 bushels of grain, rye and wheat; the rye 
at 5s. and the wheat at 7s. per bushel ; | of the rye came to as 
much as | of the wheat. How much was there of each? 

17. What number is that from which if 5 be subtracted two 
thirds of the remainder will be 40? 

18. A man has a lease for 99 years ; and being asked how 
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mucFf of k was already expired, answered, that two thirds of the 
time past w^as equal to foor fifths of tiie tiine to come. Required 
the time past, and the time to come. 

19. It is required to divide the number 50 into two such parts, 
that three fouitlis of ^ne part added to five sixths of the other 
may make 40, 

2Q. Two workmen received equal swms for their work ; but 
if one of the*n had received l&dollar§ more, and the other 3 
dollars tess^ then | of the wages of the latter wouM have been 
equal to | of the wages of the former. How much did each re- 
ceive? 

21. A certswn man, when he married, found that his age was 
to that of his wife as 7 to 5; if they had been marrted 8 years 
sooner, his age would have been to hers as 3 to 2. What were 
theiir ages at the time of their marriage? 

VI. I. Diviiie the number 628 into two such parts, that the 
diflerence between the greater and 84, tnay be equal to three 
times the excess of 40 above the les&. 

Let X ^=^ the less. 

Then 68 — x= the greater, 

68 — a? must be subtracted from 84. Observe that 68 — ar is 
not so great as 68 by a?, therefore if I subtract 68 from 84, 1 
shall subtract too much by the quantity a?, and I must add x to 
obtain the true result. 

Then we have 84 — 68 -f- ar for the difference between 84 ant! 
68 — X. 

The excess of 40 above the less is 40 — a:, and 3 times thiis 
18 120— 3ar. 

By the conditions, 84 — 68 + a? = 120 — 3 ar 

Transposing and uniting, 4 a: = 104 

Dividing by 4, x =s 26 ?= lessr. 

68 — 26 = 42 = greater. ' 

^ote. In this question 68 — x was subtracted from 84- In* 
steUd of Xy now put its value, 68 — 26. Now 68 — 26 = 42, 
that is, the number to be subtracted from 84 is 42, and the an- 
swer must* be 42. When 68 is subtracted from 84, the result 
is 1 6, which is too small by 26^, the value of ar ; to this it is ne- 
cessary to add 26, arid it makes 42, the true result, 84 — OS-}- 
26 == 42. This shows that we did right in adding x after sub- 
tracting 68. Tills will always be found true. Therefore^ 



tvhen uny of tht ifmnUties to be s^^traeteA have iht sign — r bt* 
Jort ikem^ they mmt be changed ia -^in subtracting y ^nd those 
^hich have -^ must b^ ckangid to -— . 

2. A gentleman hired a laborer for 20 ds^ys on conditkm tbat, 
for every day he worked, he sliould recdve 7s., but for every 
day he was idle, he should forfeit .3s. At the end of tbe tkiae 
Agreed dtk lie receiv^ 80 shi^iings. How many days did bd 
l¥ork, and liow many days wa§ he idle? 

Let X = the number of days he worked.. 
Then ^0 — arao: tb© auinber of day« he was i^e. 
X days, at 7s. a day, would come to 7 x shillings.. 
20 — $^y at 3s. per dajr, would be. 60 -^^ ■« ^iUii^. Tliis 
txiust- be taken out of 7 or. 

By the above rule 60 — 3 a:, subtracted from 7 Xy leaves 7 x 
— 60 -«(- 3«« ; fcr So is Kwi omcb t» be subtracted by 3 x^ 
'By die conditions^ 

7i--§a4-3«r=s=8». 
Tran£qH>sii3g and uniting, 

10a?«il40, 
Diyidii^ liy 10, 0:5= 14 = day^be worked. 

SO — a? sac 6 .=at days be was idle. 

3. Two rtieti, A and B, commenced trader A had twice as 
Tiiuch money as B ; A gained $ 50, and B lost $ 90, then the 
•^liiFerence Itetween A's and B's money was equal to three timed 
what B thenbadi. How mucfh did eacia commence wiih? 

4. Two men, A and B, played togetlier ; when they com- 
menced they had $20 between them, after -a certain number of 
:games, A had won $ 6, then the excess of A's mone}' a^bove B*fl 
was equal to ? of B's money. How mcfch bad each when they 
•coramenced? 

5', Divide the number 54 into two sucb parts fbat the less 
subtracted from {he greater, shall be equal to the greater subtract- 
ed from three times the less. What are t^e parts? 

6. It is required to divide the number 204 into two Such parts 
^hat I of the less being subtracted from the greater, the remainder 
will be equal to f of the greater subtracted from four times the 
less. 

Let X == greater part. 

Then 204 — a:«£:: the less j)art. 



{ of the less h 
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408 — 2 4? 



5 
By the conditions, 

x-lSL:i^= 816-4 ^-£^. 

b 7 

Multiplying by 5, 

5 a; — 40S + 2 a: =. 4080 — 20 ar — 1^. 

7 

Multiplying by 7, 

35 a; —2856 + 14 ap«2856e — 140 x — t5 x. 
Transposing and uniting, 

204 7 »r 31416 

x= 154 
204— ir = 50 
Let X denote the less number, and solve the question again* 
Mte, Observe, that after rouhiplying by 5 in the above 
example, the signs of both terms of the numerator werfe chang- 
ed, that of 408 to — ^5 and that of 2 x to -f" 5 ^l»s was done be- 
cause it was not required to subtract so much as 408 by 2 x^ 
The change of signs could not be made before multiplying by 
6, because the sign — before the fraction showed that the 
whole fraction was to be stibtracted. If the signs of the frac- 
tion had beeu cnanged at first, it would have hean necessary to 
put the sign + before the fraction. This requires particular at- 
tention, because it is of great importance, and there is danger of 
forgetting it. 

7. A man bought a horse and chaise for $341, Now if |' of 
the price of the horse be subtracted from twice the price of the 
chaise, the remainder will be the same as if | of the price of 
the chaise be subtracted from three times the price of the horse. 
Required the price of each. 

8. Two men, A and B, were playing at cards ; when they 
began, A had only J as much money as B. A won of B $23 ; 
then I of B's money, subtracted from A's, would leave one 
half of what A had at first. How much had each when they 
began .^ 

9. A man has a horse and chaise. The horse is woith $ 44 
less than the chaise. If $ of the value of the horse be sub- 
tracted from the value of the chaise, the remamder will be the 
same as if from the value of the horse you subtract I of the ex- 
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cess of the value of the horse above 84 dollars. What is the 
value of the horse? 

VIL The examples in this article are intended to exercise 
the learner in putlkig questions iiito equation. They require 
DO operations which have not already been explained. It 
was remarked; that no rule could be given for putting ques- 
tions into equation, but there is a precept which may be very 
useful. 

Take the unkn&wn^ quanPUy^ and perform (he same operations 
on ity ffcat it would be necessary to perform on the answer to see 
if it wm rigM. Wf^n this is done the question is in equation. 

1. A and B, being at play, severafly cut packs of cards so as 
to take off more than they left. Now it happened that A ciit 
off twice as many as B left, and B cut off seven times as many 
as A left. How were the cards cut? 

Let X =;= the number B leift. 
, Thea 2 a? == the number A cut off. 
52 — a? === the number B cut off. 
52 — 2 a? = the number A left. 
By the conditions, 7 times 52 — 2 a; are equal to 52 — x, 

364 — 14 x= 62 — X. 
Take the numbers of the answer and endeavor to prove that 
they are right, aqd you will see that you take the same course as 
above. 

2. A man, at a card party, betted 3s. to 2 on every deal. 
After twenty deals he had won 5 shillings. At iiow many deals 
jiid he win? 

Let X = the number of deals he won. 

Then 20 — x =a the number of deals he lost. 

Every time he won, he won 2 shillings ; that will be 2 ar shil- 
lings. ' ■[ 

Every loss was 3 shillings ; that will be 3 times 20 — a:, or 
60 — Sx. 

The loss must be taken from the gain, and he will have 5 shilr 
lings left. 

2 X — 60 + S X »= 5. 

3 Wliat two numbers are to each other as 2 to 3 ; to each 
of which, if 4 be added^ the sums will be as 5 to 7. 
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Let X == the first oumber. 

Then — = the second. 
2 

3rc 
Adding '4 to each, tb^ become » + 4, and — 4- ^» 

The first is now f of the second, or the second is { of th& 
first. 

7a: + 58 _.3» . 

6 T - 

4. A sura of money was divided between two persons^ A and 
B, so that the share of A was to that of B as 6 to 3. Now A's 
share exceeded { of the whole sum by $ 50. What was the 
share of each person? 

Let X =±= A's share. 

3« 
Then — == B*s share. 

5 

3 iF 

X -f- — = whole sura. 

. - •, 3ar . 5 a: , 15 ar hx , x 

I of ar + — IS -— + * or — + -^ 

' ^5 9 ^ 45 ' 9^3 

By the conditions, 

« = ^-f^ + 50. 

5. The joint stock of two partners, whose particular shares 
differed by 48 dollars, was to the less as 14 to 5. Required 
the shares. 

6. Four men bought an ox for $43, and agreed that those, 
who had the hind quarters, sliould pay | cent per pound more 
than those, who Imd the fore quarters. A and B had the hind 
quarters, C and D the fore quarters. A's quarter weighed 158 
Jb., B's 163 lb., C's 167 lb., and D's 165 lb. What was each 
per lb., and what did each man pay? 

7. A certain person has two silver cups, and only one cover 
ibr both. The first cup weighs 12 oz. If the first cup be cov- 
ered it weighs twice as nfuich as the other cup, but if the second 
be covered it weighs three times as much as the first. What is 
the weight of the cover, and of the second cup? 



Let . a? == weight of the eover. 

Then 12 -[- a;. = weight of the first cup, covereiJ. 

And 6 4- — =^= w^ght of the second cup, &c. 

8. Some persons agreed to give 6d, each to a waterman for 
carrying thera from London to ^ravesend ; but with this condi- 
tion, that for every other person taken in by the way, three pence 
should be abated m their joint fare. Now the waterman took in 
three mpre than a fourth part of the number of the first passen- 

{ers, in consideration of which he took of thera but 5d« each, 
low many persons were there at' first? 
Let X =t rite number of passengers at first. 

Then — -f"3=t'^® number taken in, &c. ^ 

4 

9. Four plSices are situated in the order of the four letters, 
A, B, C, D. The distance from A to D is 134 miles, the dis- 
tance from A to B is to the distance from C to D, as 3 to 2, and 
one fourth of the distance from A to B, added to half the dis- 
tance from C to D, is three tinies the distance from B to C. 
What are the respective distances? 

10. A fieM of wheat and oats, which contained 20 acres, was 

Sut out to a laborer to reap for $ 20 ; the wheat at $ 1 .20 and 
le oats $ 0.95 per acre. Now the laborer falling ill reaped only 
the wheat. How nauch money ought he to receive according 
to the bargain.^ 

11. Three men. A, B, and C, entered into partnership; A 
paid in as much as B and one third of C ; B paid as much as C 
and one third of A; and C paid in $ 10 and one third of A. 
\Vhat did each pay in.^ 

Let X =: the sum A contributed. 

Then 4- + 10= " C « 
3 

and 4- + 10 -f- 4"= " ^ " ^^' 
3 3 

12. A gentleman gave in charity £46 ; a part of it in equal 
portions to 5 poor men, and the rest in equal portions to 7 poor 
women. Now the share of a man and a woman together 
amounted to £8. What was given to the men, and what to the 
women? 



Let X = the siun a man received. 

Then 8 — a: == the sum a wooian received, $Lc* 

13. Supp9se that for every iO sheep a fanner kept ^ he soould 
jdough an acre of land, and should he allowed an acre of pas* 
ture for every 4 sheep. How many sheep may that person keep 
who farms 700 acres? 

Let X = die whole number of sheep. 

The number of acres ploughed will be ^ of the number of 
sheep ; and the number of J^cres of the pasture will be J of the 
number of sheep ; both these added together must be the whole 
number of acres, &c. 

14. A, B, and C make a joint stock ; A puts In $ 70 mpre 
than B, and $ 90 less than C ; and the sum of the shares of A. 
and B is | of the sum of the shares of B and C, What did 
each put in? 

Let X = the sum that B put in, &c« 

15. Divide th6 number 85 into two such parts that if the 
greater be increased by 7 and the less be diminished by 8 j they 
will be to each other in the proportion of 5 to 2. 

16. It is required to divide the number 67 into two 6uch parts. 
that the difference between the greater and 75 may be to the 
excess of the less over 12 in the proportion of 8 to S, 

17. A man bought 12 lemons and a pound of sugar for 56 
cents, afterwards he bought 18 lemony and -a pound of sugar at' 
the same rate for 74 cents. What was the price of the sugar, 
and of a lemon? 

Let X = the price of the sugar. 

Then 56 — a? = the price of 12. lemons. 

j^xid = the price of 1 lemon. 

In the same manner, 

74 -'— X 

— -~ — = the price of a lemon. 

„ 56 — X 74 — X ^ 
Hence —^^ ~1B-^ ^''' 

18. A man bought 5 oranges and 7 lemons for 58 cents ; a& 
terwards he bought 13 oranges and 6 lemons at the same rate 
for 102 cents. What was the price of an orange, and of a 
lemon? 
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Let a: = the pFjce of aa oraoge* 

Then = the price of a lemon by the first condi- 
tion, &c. 

19. A footman, who contracted for $ 72 a year and a livery 
suit, was turned away at the end of 7 months, and received only 
$32 and the livery. What was the value of the livery? 

20. A landlord let his farm for £10 a year in money and a 
certain number of bushels of corn. When corn sold at 10s. a 
bushel, be received at the rate of 10s. an acre for his land ; but 
when It sold for 13^. 6d. a bushel, he received 13s. an acre. 
How many bushels of corn did he receive? 

Let ar = the number of bushels. 

Then 10 ar + 200 = the year's rent in shillings; 

10> + 200 , _,, *u u r 
! = a? + 20== the number oi acres. 

10 ■ 

27 X + 400 =5B the year's rent at the second rate in six- 
pences. 

27 it -I- 400 

-L === the number of acres, which must be equal to 

the. other, &c. 

21. A num commenced trade with a certain sum of money 9 
which he improved so well, that at the year's end he found he 
had doubled his first stock wanting $ 1000 ; and so he went on 
every year doubling the last year's stock wanting $ 1000 ; ai 
the end of the third year he found tliat he had just tliree times 
as much money as he coriimenced with. W^hat was bis first 
stock .'^ 

22. A man, having a certain sum of money, went to a tavern, 
where he borrowed as much money as he then had, and then 
spent a shilling ; with the remainder he went to another tavern, 
where he borrowed as much as he then had, and then spent a 
shilling, and so he went to a third and a fourth tavern, borrow- 
ing and spendmg as bef(H*e ; after which he had noihing left. 
How much money had he at first? 

23. It is required to divide the number 60 into two such parts, 
that one seventh of the one ,may be equal to one eighth of the 
other. 

4* 
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24. It IS required to divide thfe number 85 into two such part* 
that i of the one added to J of the other nia^ make 60. 

25. It is required to divide the number 100 into two such 
parts, that if one third of one part be subtracted from one fourdi 
of the other, the remainder may be 1 1. 

26. It is required to divide the number 48 into two such parts^ 
that one part may be three times as much above 20, as the other 
wants of 20. 

27. A man distributed 20 shillings anaong 20 people, giving 6 
pence apiece to soiaie, and 16 pence apiece to the rest. What 
number of persons were there of 6ach kind? 

28. A man paid £ 100 with 208 pieces of money, a part gui- 
neas at 2ls. ^<^h,;ai^d .a part crowns at 6s. each. How many 
pieces were there. of eac^h sort? 

29. A countryman bad two flocks of sheep, the smaller 
consisting igntirely of ewes, each of which foroi^ht htm 2 
lambs. On <couniing them *he found that the number of 
lambs was f^^ual to the difFerence between the two flocks. If 
all his sheep had been ewes, and brought forth three Iambs 
apiece, his stock would have been 432. Sequired the number 
in each flock. 

Let X 55)E the number in the less. 

Then 2 a? =^ the nunnfber of lambs. * 

3-x = the number in the larger- 

4 X = the number in both, &c. 

30. When the price of a bushel of barley wanted but 3d. to 
be to the price of a bushel of oats as 8 to 5, four bushels of bar- 
ley and 7s. 6d. in money were given for nine bushels of oats. 
Wliat was d)e price of a bushel of each? 

Let ' a? = the price of a bushel of oats in pence. 

8 X 
Then — — 3= the price of a bushel of barley, &c. 
o ■ 

31. A market-woman bought a certain number of eggs at the 
rate of 2 for a cent, and as many at 3 for a cent, and sold thera 
out at the rate of 5 for two cents ; after which she observed, 
that she had lost four cents by them. How many eggs of each 
sort ha(l she? 
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Let « seas' the number of each sort. 

Then — - ==« the price of x eggs at 2 for a cent 

Atad — aae the price of x eggs at three for a cent 

These added together make what the eggs cost. 

The. whole number is 2ar; these at 5 for two cents come to 

4a: 

-^— cent^ 

Bv the conditions, f = — + 4. 

^ 2^36 

32< A cistern has two fount^ns to fill it; the first will fill it 
done in 7 hours, and the second in 5 hours. In wjiat time will 
the cistern be filled, if both run together? 

Let X = the number of hours required to fill it. 

The first would fill f of it in an hour,: and the second would 
fill I of it in an hour. - / 

ISoth together then would fill f -f- 1 in an hour; and in x hours 

XX * 

both would fill } of it. But by the conditions it was to 

be filled in ar hours. 

-^^ X X 

Therefore, 1- ~ = l cistern. 

7 5 

.^3* A gentleman, having a piece of work to do, hired two 
men and a boy to do it ; one man could do it alone .iii 5 days, 
the other could do it alone in 8 days, and the boy could do it 
alone in 10 days. How long would it take the three together to 
doit? 

S4. A cistern, into which the wata: nms by two cocks, A 
•and B, will be. filled by them both running together in 12 hours; 
and by the cock A alone in 20 hours. In what time wilt it be 
filled by the cock B alone? 

Let X = the time in which B will fill it alone. Both will fill 
^ of it in an hour, A alone ^ of it, and B will fill ,*j — ^^ of it in 
an hour, &c. 

35. A man and his wife uisually drank out a vessel of beer in 
]2 days: but when the man was from home it would usually last 
the wife alone 30 days. In how many days would the man alone 
drmk it out? 
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36. The hold of a ship contained 442 gallons of water. 
This was emptied out by two buckets, the greatCT of which, 
holding twice as much as the other, was emptied twjce in thr^ 
minutes, but the less three times in two mnutes; and the 
whole time, of emptying was 12 minutes. Required the sise 
of each. 

The greater was emptied 8 times in the 12 minutes, &c. 

37. Two persons, A and B, have the same income. A saves 
i of his; but B, by spending J£ 80 a year more than A, at the 
end of 4 years finds himself <£220 in debt. What did each 
receive and expend annually? 

38. After paying \ of my money, and \ of tte remainder, I 
had 72 guineas left. How much had I at first? 

39. A bill of ^ 120 was paid in guineas and moidores, the 
guineas at 21s., and the moidores at 27s. each; the number of 
pieces of both sorts was just 100. How many were there of 
each? 

40. It is required to divide the number 2^ into three such 

parts, that if the first be multiplied by 2, the second by 3) and 

third by 4, the products shall all be equal. 

2x 
Let X =fc the first part. The second part must be — , aod 

o 

2 X X 

the third part — or — . 
*^ 4 2 

41. It is required to divide the number 54 into three such 

Earts, that } of the first, § of the second, and \ of the third, may 
e all equal to each other. 
Let 2 a: s=s the first part. 

Then 3 ar «= the second part, &c. 

42. A person has two horses and a saddle, which of itself 
IS worth * 25. Now if the saddle be put Upon the back of the 
first horse, it will make his value double tnat of the second; 
but if it be put upon the back of the second, it will make 
his value triple that of the first. What is the value of each 

horse? 

^<« 

43. A man. has two horses and a chaise, which is worth 
$ 183. Now if the first horse be harnessed to the chaise, the 
horse and cliaise together will be worth once and two sevenths 
the value of the other; but the other horse being harnessed, 
the liorse and . chabe together will be worth once and fire 
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eighths the value of the first. Required the value of essik 
horse. 

liquations with two Vhknoton Qjuantities, 

Vni. Many examples involve two or more unktiown quad- 
cities^ In fact, many of the examples already given involve 
several unknown quantities, but they were such, that they 
coiild all be derived from one., When it is necessary to use 
two unkriowQ quantities in the solution, the question must al- 
ways contain two conditions, from - which two ^equations n^ay 
be derived. When this is not the case the question cannot 
be solved. 

, 1. A boy bought 2 apples and 3 oranges for 13 cents; he 
afterwards bought, at the same rate, 3 apples arid 5 oranges 
for 21 cents. How much were the apples and oranges apiece.^ 

Let X = the price of an orange, 

and y = the price of an apple. 

1. 3ar + 2y=«13, 

2. ^ 5a;4-3y = 21. 

Multiply tlie first equation by 3, and the second by 2, 

3. 9 ar -f 6 y = 39 

4. 1 « 4* ^ y = 42. 

Subtract the first from the second, because the y's being alike 
in each, the difference between the numbers 39 and 42 nnisl 
depend upon the x^s. 

5. a: = 3 cents, the price of an orange. 
Putting this value of x into the first equation, 

6. 9 + 3y=13 

7. y s=z 2 cents, the price of an apple. 

Proof. 2 apples at 2 cents each come to 4 cents, and 3' 
oranges at 3 cents come to 9 cents. 9 + 4 = 13. So S! 
apples and 5 oranges come to 21 cents. 

M^^ote. In this example I observed, that the coefiieient of y 
in the first equation is 2, and in the second, the coefficient of 
y is 3. I multiplied the whole of the first equation by 3, and. 
the whole of the second by 2; this formed two new equations 
in which the coefficients of y are 'alike. If the first equation 
had been multi])lied by 5 and the second bv 3, the coefficients 
of X would have been alike, and x instead oi y would have been 
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made io dbftppear by subtraction, and the same restdt would 
have been finally obtained. It is evident, that the coefiicients 
of either of the unknown quantities may always be rendered alike 
in tlie two equations, by multiplying the fir^t equation by the 
coefficient which the quantity that you wish to make disappear 
has in the second equation; and^ the second equation by tbe co- 
efficient which the same quantity has in the first equation. They 
may be rendered alike more easily, when they have a common 
multiple less than their product. 

2. A person has two fierses, and a saddle which of itself is 
worth £ 10; if the first horse be saddled, he will be worth f as 
much as the other, but if the second horse he saddled, be will 
be worth f as much as the first. What is the value of each 
horse? 

A question similar to this has already been solved with one 
unknown quantity, but it will be more easily solved by using 
two' of them. 

Let X = the value of the first horse, ' 

and y = the value of the second horse. 

6 tt 
1. By the conditions, -^ = « -}- 10 

8. By transposition, — ^ — a: = 10 

4. '' ^ — y=10 



Multiply the 8d by 7^ and the 4th by 5, to firee them from 
denominators; 
6. — 7a?4-6y = 70 

6, Sx — 5 y =e 50 

Multiply the 5th by 5 and the 6th by 6, in order to make the 
coefficients of y alike in tlie two; 

7, — 35a: + 30y = 350 

8, 48 ar — 30 y = 300 
Add together 7th and 8th, 

9, 48 ar — 35 ar + 30 y — 30 y = 360 + 300 

10, Uniting terms, 13 a: = 650 
IK 9— 50 
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uttiDg 50, the value of x, into the 5th, 
12. 6y— 350=:= 70 

13 6y=420 

14. y = 70 / 

Ana. The first is worth £ 60, and the second £ 70. 

JVWe. In this example the 30 y in the 7th equation had the 

sign +^ and in the 8th the sign-— before it, hence it was neces-^ 

6^ to add the two equations together in order to make the y 

disappear, or as it is sometinies called, to tlii^Maate .y. 

3", A market- womgui sells to one person, 3 quinces and 4 
melons for 25 cents, and to another, -4 quinces &nd 2 melons, 
at the same rate, for 20 cents. How much are the quinces and 
melons apiece? 

4. In the market I find I can buy 5 bushels of barley and 6 
bushels of oats for 27s., and of the same grain 4 bushels of bar- 
ley and 3 bushels of oats for 18s. What is the price of each per 
bushel? 

5. My sboen^aker sends tne a bill of j^ 12 for 1 pair .of boots 
#id 3 pair of shoes. Some months aftenvards he sends me a 
bSl of ^ 20 for 3 pair of hoots and 1 pair of shoes. What are 
the boots and shoes a pair? 

6; Three yards of broadcloth and 4 yards of taffeta cost 57s. 
mA at die same rate^ 5 yards of broadcloth and 2 yards of tafieta 
cost 81 8. What is the price of a yard of each? 

7. A man emplo}'s 4 men and 8 boys io labor ofte d?ly, and 
pays them 40s.; the next day be hires, at the same wages, 7 
men and 6 boys, and pays thsem 50s. What are tlje daily wages 
of each? 

8. A vintner sold at one time 20 dozen of port wine and 30 
(fez. of sherry, and for the whole received £ 120; and at another 
time, sold 30 doz. of port and 25 doa. of sljeriy at the same 
prices as before, a(*d for the wliole r>eeeived £ 140. What was 
the price of a dozen of each sort of wine? 

9. A gentleman has two horses and one chaise. The first 
horse is worth $ 180. If tlje first liorse be harnessed to the 
chaise, they will together be worth twice as much as the second 
horse, but if the second be Irarnessed, the horse and chaise will 
be worth twice and one half tl^ value «f tlie first. Wliat is the 
vnhie of lite seeomt horse^ and of xhe ciiai^e? 



10. Two men, driving their sheep to market, A says to B^ 
give mtB One of your sheep and I shall have as many as you; B 
says to A, give me one of your sheep and I shall have twice 9S, 
rtiany as yoii. How many had each r 

Let d; :?= the number A had, 

And y ss the number B had. 

If B gives A one, their numbers will be 

ar -(- 1 and y -r- I • 
If A gives B one, their numbers wiU be 

X — I and y + I, &c. 

11. If A gives B $5 of his money, B will have twice as 
much as A has left; but if B gives A $5 of his money, A 
will have three times as much as B has left. ' How much has 
each.^ 

12. A man bought a quantity of r}'e and wheat for £6, riie 
rye at 4s, and the wheat at 5s. per bushel. He afterwards sold 
I of his rye and | of bis wheat at the same rate for £2 17s. 
How many bushels were there of each? 

13. A man bought a cask of wine, and another of gin for 
$210; the wine at $ 1.50 a. gallon, and the gin at |tO.50 a 
ga}k>n. He afterwards sold | of his wine, and f of bis gin fof 
$ 150, which was $ 15 more than it cosl-hira. How many gal- 
lons were there in each cask? . . 

14. A countryman, driving a flock, of geese and tmkeys to 
market,, in order to distinguish bis o\yn frona any he might meet 
wjth on the road, pulled three feathers out of die tail of each 
turkey, and one out of the tail of eacli goose, and found that the 
number of turkeys' feathers exceeded twice those of the geese by 
15. Having: bought 10 geese and sold 15 turkeys by the way, 
he was surprised to find that the number of geese exceeded the 
number of turkeys in the proportion of 7 to 3. Required the 
number of each at first. 

Let 4? s» the number of turkeys, 
and ~ y 3=s the nimiber of geese. 
1 • 3a?s5sr 2y 4: ^5 

2. . . . . . y+10=Ii=i21 

3. Freeing the 2d from fractions, 3 w + ^^ =^ 7 a; -r- 105 
Instead of the method empioyecf above for> eliminating one 

of. the unknown quantities, we may find the value of one oj* 
them in one equatioa, a^ if the other were kaown^. i^d tbmi 



^s iKadijie litiijr be s«b&tk«tted io the t^lber, and an eqiatttiooi \?31 
be^>bt&ihed) contakmsg onfy- oxus unkoowii qttantkjr^ which na^ 
be sidi^ed the ii^ual way. . 

4. Diride the first by 3> ^^ ^y-+-^^ 

5. Miildplx the 4th by 7, 7ar = H^^^^ 
Sub9tttute tUs value of 7 a; in the 3d> 

6. 2u^m^^^^^:^^w6 

7. Mafetpfy by ^^ 9? y + 90 ==s= 1 4 y 4- 1;Q& — ^5 

8< Trani^sidg^ & ui»tiflg, 300 2=^ 5 y 

y s^ 60*. 
The value' of ac: may be found, by substieutibg^ 60 fi«f la the 
4th, / 

9, -ar^w ' — r-, =±=;.45=;. 

AftB^ 45 turkeys, an<J ®> geesev 
Let the fearner go back and solve, in this manner, the precede 
ing examples in this Act.. Sometinaies. oae methiod is prefecabfe 
and sometimes tfie o^env. 

16. A persofi expends^ $ I in apples and pears, buying hiE^ 
apples at 3 for a cent, and his pearls at 2 cents apiece;; aftec^ 
wardls^^ he accommodates his neighbor with \ of bisc apples 
and: I of his pears for 30 cents. Hqv? mat^ o£ ^fihi flU; hft 
buy? 

Ijfit X === the number of apples^ 

And y ==t the nurobei: qf pears^ 

Thea "K^^ ^ ^ce of the apples^- 

And 2 y = the price of the pears, &Cs 

r . 

IS. A mariket^womeai bou|ht e^, some at the la^ ol'^ for a 
eent, and some at the rate of 3 for two cents^ to thi^ afiioiuit of 
65 cents; she afterwards, sokt them aH for 120 een^ and thereby 
gained one half cent on each egg* Hew inany of e«^ch kind did 
she buy? 

17. It is required to &nd two numbed such, that if | of thte 
first be added to the seeei)d» the sum^wiH be 80, and if \ of the 
wecmA be added to the first, thesmii wiU be 30. 

& 



so ^^br0. • TIH. 

18. It is reqfubed to find two numbers sticfa, that | of ^ first 
and ^ of tlie second iadded together will make 12, and if -the first 
be divided hy 2 and the second be multiplied by 3, | of theHr sum 
will be 26, 

19. Two persons, A and B, talking of their ages, says A to 
B, 8 years ago I was three tiroes as old as you were, and 4 years 
hence I shall be only twice as old as you. Required their pres^ 
ent ages. 

20. There is a certain fishing rod, consisting of two parts, the 
u|)per of which is to the lower as 5 to 7 ; and 9 time^ the upper 
part, together with 13 times the lower part, is equal to 11 times 
the whole rod and 8 feet over. Required the length of the two 
parts. 

21. A vintner has two kinds of wine, one at 5s. a gallon, and 
the other at l^s.^ of which he wishes to make a mixture of 20 
gallons, that shall be worth 8s. a gallon. How m^ny gallo;ns of 
each sort must he use? 

22. A vintner -has 2 casks of wine, from each of which lie 
draws 8 gallons; and finds that the number of gallons remaining 
in the less, is to that in the greater as 2 to 5. He then puts 1 
gallon of water into the less, and 5 gallpns into the greater, and 
uien the quantities are in the proportion of 5 to 13* What quan- 
tity did each contain at first? 

23. A farmer, after selling 1 3 sheep and 5 cows, found that 
the number of sheep he had remaining, was to that of bis cows 
in the proportion of 4 to 3. After three years he found that he 
had 57 more sheep, and 10 more cows than he had at first: and 
that the proportions were then as 3 to 1 . What number of each 
had he at first? 

24. When wheat was 8 shiULngs a bushel, and rye 5 shillings, 
a man wished to fill his sack with a mixture of wheat and rye, for 
the money he had in his purse. If he bought 15 bushels of 
wheat, and laid out the rest of his money in rye, he would want 
3 bushels to fill his sack; but if he bought 16 bushels of rye, and 
then filled his sack with wheat, he would have 15 shillings left. 
How much of each must he purchase In order to lay out bis 
money and fill liis sack? ^ . 

25. A grocer had 2 casks of wine, the smaller at 7s. per gal- 
ka, the larger at 10s. The whole was worth $ 112. When 



he h^ dMwn 18 gafe« from each, he mixed the remainder to- 
gj^tber and added S | gals, of water, and the mmture was worth 
Ss. per ,^. How loaoy gallons of each sort were there at first? 



Equations, GeneralizaHon* 

IX . In the examples liiiherto proposed a numerical result baa 
always been obtained. The solution with numbers has been per- 
formed at the same time with the reasoning; and when the vyork 
was finished, no traces of the operations r^niained in the result. 
But algebra has a more important purpdse. Pure algebra never 
gives a numerical result, but is used to trace general principles 
and to form rules. In order to preserve the work so that the 
operations may appear in the result, it will be neceasary to intro* 
duee a few more signs. 

1. It is required to divide ^600 between .two men, so that 
one of them may have three times as much as the other. ' 
Let X :== the less part. 
The equation will be a: -j- So: == 500 

. 4x = 500 
a; = 125 
3 a; = 375 
•3ns. One part is $ 125, and the other $ 375. 
Ttiis question is to divide 500 into two such parts, that one 
part may be three times as much as the other. It is evident 
that the process will be the same for any other number, as for 
500. 

Let the number to be divided be represented by the letter a. 
This will i&tand for any number. 

Then the question will be, to divide any number, a, into 
two such parts, diat one part may be three times as much as 
the other. 

The equation will be a: + ^^ == « 

4ar = a 
a^ 

4 

3X Z!=Si 

4 
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The work is Jiow pfeserved in the rosuk^ apdit appears, ^lat 
one part will bej of the number to be divided; and toe other, | 
of it. This is a rule that will apply to any number. 

Suppose a = 500 jas in the el^ample. 

Then — — 125; and 2^ == 376. 
4 4 

•3n$. One part is $ 125, and the oth^ $ 375; the same as 
above. 

Suppose it is required to divide $ 7532 in the same propor- 
tions. 

Then a = 7632; — == 1883; and — = 5649. 

4 4 

tS.ns. One part is $ 1883, and the other is $5649. 

. 2. A man soU some apples, some pears, and some etwagea 
for a number a of cents, the apples at two ceiits apiece, the 
pears at three cents apiece, and the oranges at five cents 
apiece. There were twice as many pears as oranges,, and 
three times as many apples as pears. How many were there 
of each? 

Let X = the number of oranges. 

Then 2 op = the number of peat's. 

And 6 a? = the number of apples. 

Bythe conditicMis, 12ar + 6ar-j-^* = ^ 

2Sx = a 

X ==— = No. of oranges. 

2a??=: — sss; *^ of pears. 
23 ^ 

6 or =s= -~ = *< of apples. 

Suppose a = 184 cents, then ,'g of 184 = 8 = the number 
of oranges; 2 X 8 = 16 = the number of pears; and 6X8 
= 48 = the number of apples. This is easily proved. 8 oran- 
ges, at 5 cents apiece, come to 40 cents; 16 pears, at 3 c^nts 
apiece, come to 48 cents; gnd 48 apples, at 2 cents apiece, 
come to 96 cents; 

40 + 48 4- 96 = 184. 

The learner may be curious to know, how it is possible to 
make the examples in such a manner, that the answer may al- 
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ways come out a wbole number when it is wish^; for if the 
numbers \^re <aken at random ^ there would fr6quentlj be frac- 
tions in the result. The method is to ^olve it first with a letter, 
as lias been done in the two preceding examples. If any num- 
ber, which is divisible by 4$ foe pot in tl)e place of a, in the 
first example, the answer will he in whole numbers. And 
if any number, which is divisible by 23, be put in the place 
of a, in the second example, tlie answer will be in whole num- 
bers. 

Let the learn<3r now generalize the examples in Art. I., by 
substituting a letter instead of the number; and after the result is 
obtained, put in the numbers again, and see if . the answers agree. 
Let him also try other numbers. 

' The examples in Art. tl. may be generaKzed in the same 
manner. 

3. A man being a^ed his age, answered, that if its half and 
Its third were added to It, the sum would be 88. Required his 

*ge- ' 

Instead of 88 put a, and let a? = the number required. 

X + - — ^ --- = a 

lif _ 
6 ~^ 

l\x:=6a 

11 

Any number that is divisible by 11, being |pt in the place of 
o, will give an answer in whole numbers. Let a = 88, then i\ 
ci it is 48, agreeing with the answer in Art; If. 

In the course of the solution it appeats^ that a h equal to V 
of x; and the result shows, that x is equal to ,\ of a. That is, 
the value of a? is found l^ multiplying a by the fraction y invert- 
ed. 

4. In an orchard of fruit-trees, § of them bear apples, J of 
them cherries, and the remainder, which is a, bear peaches. 
How many trees are tliere in the orchard.' 
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Let X = the whole number of trees. 

Then i =anr ^ 4- -f. -f. a 

3 ' 4 

\2x Ax , Zx , 
12 12^ 12 ^ 

"12^^ 
bx=tl2a 

*~ 5 

Any numbor that is divisible by 5, may be put in the place of 
a. If a sat 15, the answer is 36. 

Proof. ~+?^+15 = 36. 

S ' 4 ^ 

5. The 8tb example of Art. 11. is solved as follows: 
Instead of 100 put a, and let a: = the whole number of geese. 

Then aF + ^ + |-2j = a 

Multi{)lying by 2, 5« + 5 = 2a 

By transposition, 5x = 2a — 5 

2 a — 6 
X e= : or 



2a 5^ 2a 



5 



Let a as 100. 



Then ,^ax 100 -^5^196^ 

5 6 

or :p = iiii^_ 1=40— 1=39. 

6 

Let a sss 135, and find the answer in the same way. 

The answer will be 53. 

Proof. 63 + 63 + 26 J + 2 J = 135. 

The learner may now generalize the examples in Art. 11. 
The preceding examples admit of being generalized ftfli 



more, but the process would be loo difficult for the learner at 
present. The following question admits it more easily. 

6. (Art. III. Exam. 1.) Two men, A and B, hired a pasture 
for $ 55, and A was to pay $ 13 more than B. How much did 
each pay.^ 

This question is, to divide the number 55 into two such parttf) 
that one may exceed the other by 13. 

* Let us represent 55 by a, and 13 by 6. The question now 
is to divide the number a, into two such parts, that one may ex- 
ceed the other by the number b : a and b being any two num- 
bers, of which a is the larger. 
Let X ass the less part. 

Then x -^ b =iihe greater part. 

And X ']- X -^ b s=s a 

2x 4-6= a 
By transpomllon) 2 x :±s a — b 

Dividing by 2, a?==— — — =a . 

, -^ 2 2 2 

^Vhen a number, consisting of two or more parts, as a — 6, is 

to be divided, it is evident that all the terms must be divided, 

' n' h n. h 

as — — — . But the fractions — and — , having a common de- 
2 2 ,2 2^ 

nominator, one numerator may be subtracted from the other. 

Hence — — — is the same as ~ . This 4s easaly seen in 
3 2 2 ■" 

numbers. See below, where 55 and 13 are substituted for a 

.and b. 

Hence it appears, that the less part is found by subtracting half 
tfthe excess of the greaHsr above the less from half the. number to 
be divided ; or by taking half the difference betueen Ike number 
ftp he divided and the exeess. 

The greater part is equal to a; -|- fr ; hence if 6 be added to 

-g — it will give the greater part : 

* Whenever l)ie leftmer findi sny difficulty in eomprehendlngthe operatioiif 
in the genenl eulutioBi, let him fint uohre the queetioiui with \& numben. 
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71^ gTBolitr IB found iy adding half the excess to half the ntim- 
ber to be dinided ; or by taking half the sum of the number to bt 
divided and the excess. 

In th3 above example, 

A 8 part = — + — > or — == 34. 

2 2 2 

«, . 55 13 65 — 13 .. 
B*5 partes: — -r- , or =21. 

.^ 2 ' 2 

Let the learner generalize this question by imping x sss the 
greater part. The same results will be obtained. 

This is a general rule, and will apply to all questions Hke it^ 
and should be remembered, for it is frequently useful. 

Let the learner find the answers to the 2d, 3d, and 7tb eac- 
amples of Art. IIL by this rufe. That is, by putting- the num- 
bers of those examples in the place of a and b in the formulas. 

It is easy to see the propriety of the rule. For the formufa 

a — b 55 — 13 42' , -r i. ^ ,o^ t. \ 

— g — or 56=-^, shows, tlfflt if the $ 13 that A pays 

more than B, be 4»ken out, the remainder is to be paid in equal 

^ k *i Ai .u r 1 + * ^5 + 13 68 
parts by them. Also the formula^ — - — or L ==_, 

2.2.2 

shows, that if B wore to pay $ 13 more, he would pay as much 
as A, and the rent would be paid in equal parts by them. . 

7. A father, who has three sons (Art. III. exam. 4), leaves 
them 16000 cmwiis. The will specifies, that the eldest ^shaQ 
luive 2000 crowns more than the second, and that the second 
shall have 1000 crowns more than the third. What i^ the shfore 
of each? 

Let a represent the whole number of crowns, b what the 
eldest son's share exceeds that of the second, and c what tlie 
share of the second son exceeds that of the third. 

This question may be expressed in general terms, thus : To 
divide a given number a, into tliree such parts, tliat the gretl* 



^st may exceed the rttean by a given nuraber t, aiid the mean 
may exceed the least by a given number c 
Let a: =s thfe greatest. 

Then a: ^— fr = the mean, 

' • ' ' ■ 

And a: -*- 6 — e = Ae least. 
]^ the conditions, 

«-f-a? — b -^ X — 6-— o=a 

By tinnsposition, - 3 a: s=2 <» -[- ^ ^ + c 

Dividing by 3, 4r = _.-{-_- + _. 

OrbeoiUse the fractions have a common denominaior) 

. o +2 6 + C' 
3 
This is the formula for the greatest part. The mean Is x — * 

ft, OT 6 subtracted from — + --r- + -^5 thus ; 

3 3 3 

3-3^3 ' 
, a , ^b , e 3 * 

3 ^ 3 ^ 3 SL 

. • , a b . e. o- — b A^ c 

or. ar — 6 = --. + — =s ^ — •. . 

3 3 ~ 3 3 , 

. The least part is ar — b — c, or c, subtracted from 
41 b . c ^ 
3"~^ "3* 

, a b . c 3 c 

3 3 \3 3 ' 

a b i c a — b — 2e 
or X — b — c=— — — 



3 3 3 



'■■ » i' n *r^ww»^» 



<a J^ta. IX* 



The greatest part is 



The mean do. 



The leasl do. 



3 
a — 6 + c 

a 

a — b — 2 e 



3 
The eldest son's share, by the first fbrttiula, is 

^'^ crowns* 



16000 + 2 X 2000 4-^000 _ ^q^q 



The other shares may be found by the other two formulas. 

Let the Jearner solve this question by making x equal to the 
less part, and also by making it equal to the mean. 

Exam. 5th) Art. III. may be solved by this fiNrmuIa. Let 
the learner generalize the questions in Art. IH.as far as to 
E^cam. 16th» 

The examples in Art. I. may be generalized still farther. 

8 A man bought corn at 4s. (d) per bushel, rye at 6s. (b) 
per bushel, and wheat at 8s. (c) per bushel : there was an equal 
quantity of each sort. The whole came to 90s. (d). How. 
many busheb were there of each.^ 

It will readily be perceived that it is impossible .actually tp 
perform the operations of addition, subtraction^ &c. on fetters ; 
but it is easy to represent these operations. We however fre- 
quently speak of adding, subtracting, multiplying, and dividing 
algebraic quantities, by which we n)ean, representing these oper- 
ations. We. have seen that to express 3 times :r pr 3 times a we 
write 3 or, 3 a, that is, x or a multiplied by 3. In the same 
manner, if we wish to express o times ar, that is, x midtipUed 
by a, we write a x ; and if we wish farther to express that a x 
(that is, a times x) is to be multiplied by i, we write abx» 

* Let ar =: the number of bushels of each. 

Then a x s=r the price of the com, 
6 ar = the price of the r}'e. 

And c OP = the price of the wheat. 

aX'\^bx-\-ex^=^d. 

Here x is taken a times, and b times, and c times, that is^ 
(a -|t fc + c) times. This may be expressed thus, (a -)- 6 -f-c) «, 

* Let the learner perforro ilii? example fiftt by the ntunbem. 



^ 
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eDelosing the three coefficieats connected hy their sighs 'in a pa- 
veathesiai 

This will he plmn if we pat it in numbers. 

4 x.-^-Q x-^B X is the same as (4 + 6 + ^) *? that is, I& x. 

(a -J- * + <^) ^ =^ ^ 
ff we had 18 r =3= J 

ws shotild diride by 18, x aatr -^ 

In the same maimer divide' by (a 4~ ^ H~ ^)i 



a + 6 + c 
ParUefdar Am* 5 bushels. 

I'his generd Tormula is expressed in words as follows : Divide 
the price of the whole by the price of a bushel of each sort 
add^ together, and it will give the number of bushels of each 
sort. 

9. A father dying left $ 25000 (or 0) to be (divided between 
his wife, son, and daughter ; his son was to have 3 (or b) times 
asi much as the daughter, and the wife 2 (or c) times as much as 
the son. What was the share of each'? 

Let X =s=: the share of the daughter. 

Then . 3 a: or 6 a: = the share of the son. 
And ' ar or A c ar 3= the share of the wjfe. 

x + Zx-^-Qx^^: 25000 
'X'\*hx-^hcx^s:^a 
(1 + 3 -f 6) X = lOar = 25000 
(1 -f- i + 6 e) ar == a 

25000 

10 



In this example observe that x is taken I time, and h times, 
and 6 c times. When a letter is vvriiten whhout a coefficient, it 
is sdways understood to have 1 for its coefficient ; thus x is the 
Mune as i 9. 

Having found the share of the daughter, it is easy to find toe 
diarei of the other two. 
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h ' 

The son's share is 3 a: ==7500, or 6 a? = - — ; — = — i — ; — . 

I + b-\-b t 

ti h r 

The wife's do. is 6 xssa 15000, orbcx^ss — . . . . . — 

1 + 6 -f^ 6 <J 

llie learner may now generalize some of the examples in Arl> 
I. in this manner. 

10. A gentleman, distributipg some moaej among some beg* 
gars, found, that in order to give them 8 (or a) cents apiec6^ 
he should want 5 (or b) cents ; hfe therefore gave them 7 (orip) 
cents, and lie had 4 (or d) cents left. How many beggars 'were 
there? . 

Let X 'sjKs the ' number of jbeggars. 



Then 8« — 5 == 7 a: 



or ,ax — . 6 ;= c a: -4- rf 



4 



8 X — 7 xss= 5 - 
ax — c x=s= b -f- d 
(8 — 7)ar=F= 9 
(a — c) x=s=i b -^ d 
ar= 9 
_ b + d 



f-4 = 9 



* X 



W >■! ■ » 



a — c 

Particular \Sns* 9 beggars. 

Centred ^Shs* — III — . 

a — c 

11, There i$ a cistern which is supplied by two pipes ; the 
first will fin it alone in 7 (or a) hours, (he second will fiU it abne 
in 5 (or b) hours. In what lime will it be filled if both run to^ 
gether.^ 

Let X =s the number of hours m winch both togedier wiS S& 
it. 

The first wffl fiB I or -^ of it in one hou>« and the second wlQ 

" a 

1 ^ 

fin I <Jr ^ of it in one hour ; both togedwr will .fill | -j- i W 

^ -{- _ of it in one liour. In x hours they will^ fiB x AneS'^M 

4$ 

much, that is, 

» , X X . X 

7 5 a o 



. 
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But X hduts \& the whole time, therefore, the cistern beiiig t, 

7 ' 6 a * 

Clearing of fractions, 

5ar-f-7a?=35 bx -{- ax^^^ ah ^ 

Uniting coefficients, 12 ar = 35 (6 -j- a) x =« o 6 ' 

a h 
a; SB 2 1} a: = 



ParHciiZar .^ti^. 24| bouts. 

thnitrul Jlns. , • 

a -+■ 

Suppose one pipe would fill the cistern in 8 1 hours, and the 

other in 4 1 hours, and find the answer by the general formula. 

•^ns. Sji^ hours. 

12. Suppose it wete required to make a rule for Fellowship* 
First take a particular case; 

Three men, commencing trade together, furnished money in 
the following proportion?; A jji 8 as often as B ^ 5, and, as often 
as C $ 3. They gained $ 800. What is each man's share of 
tlie gain? - 

It is evident that they must receive in the proportion of the 
capital that they respectively furnished. 



Let 


X — 'A's share of the gain* 


Then 


— = B's share. 
8 


And 


— srsC's share-* 
8 




'5x , 3x «^^ 
X'\ ^ — 800 

^8^8 




8«4-da: + 3a?«= 6400 




16arr=s6400 




X 400 =5= A's frfiare. 




^==r 26a«:B'« share. 

8 




^/== 150 = C*s share. 
8 



* 8m Art. 11. EMmp. MMid 95. 
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Now, ittsteai} of 8, 5, and 3, suppose they furmshed ip tbe 
proportion of m, n, and p; and let tne whole gain be a. 

Let a? saK A's share of the gain. 



Then *— -= B '6 share, 
w 

And ^-— r« C's share* 
m 

Then we have 

a? -}- -\^t 3E3C dt 

m m 

m a' + n a: -|- jp X = m a 

(m -f- n + jp) a? =5= m a 



ar = 



=s: A^s shar^i 



m 4" *> "Hp 

B *s shafe is — , or the — part of — ; ; — "0= A*s share. 

m m m -i- n -j- p 

Since a fraction is divided by dividing its numerator, the 

— part of — - ' ■ — , will be found by dividing the numerator. 
»» wt -p n -f- P 

m o by m. a multiplied by m Is m a, therefore, m a divided by 

m is a. Hence the — part of — -; ; — Is — ; • — , and 

m m -\- n -j- p m + n-f-p 

the — part is n times as much, that is — ; — , which is B's 

share. 

C's share is* — > or the ^ part of — - — , which b 



pa 



* * \' ' ■ • 



m ^n +p 

A*s share Is — -, ; — ; B's do. — ; ; — ; and C*s do. 

m-f-n + P m + n-j-p 

p a 

■■ ■■' ■■ • 

m + n -{-p 
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Hence to ftid the sliare of either, muUiply the whok sum to 
be divided^ by the proportion of the ^ck which he furnished^ 
and divide the product by the sum of tkeir propottions. 

The propriety of this rule is easily se^n. For, putting in the 

8 
Dombers instead of the letters, A's share is — . , , — of A of 

• 8+5+3 

5 
^800, B's share is — or A of it, and C's share is 

3 
or /, of it. That is, the sum of all their porportions 

^ + 5 + 3 

is 16, and of these A furnished 8; B, 5; and C, 3« 

13. Let it be required to find what sum, put at interest at a 
given rate, will amount to a given sum in a given time; that is, 
to &id. a rule, by which the principal may be found, when the 
rate, time, and anwunt are given. 

First take a particular case. 

A man lent some money for 3 years, interest at 6 per cent, 
and received for interest and principal ^472. What was the 
sura lem? 

Let a? = the sum lent., 

6 ^ 
Then — == the interest for I year. 

100 ^ 

And = do. for 3 years. 

100 ^ 

18a? 
And . X + — = the amount for 3 years. 

* 100 ^ . 

18«p 
Hence we have x 4- — == 472 

^ 100 

100 a? + 18 a? = 47200 . 
118 a? = 47200 ' 

a? = $ 400 = The sum lent. 

It is a custom established among mathematicians to use the 
first letters of the alphabet for known quantities, and some of the 
last letters for unknown quantities. It is, however, frequently 
convenient to choose letters, that are the initials of the wordfs 
for which they stand, whether the quantities be known or uo* 
known. 
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To generalize thtf above esatnple, . 

Let p = the prmcipal, or sum lent. 

r == the rate per annum, which in the above c^se 
is tjg or .06. 

and t =±= the tinrie for which it was lent, 

and a == the amount. 

Then rp = the interest for one year, 
and trp^sz do. for t years, 
and p+i rp = the amount. 
Hence we have p -j- / r p =» a 

(1 -j- t r) p.s=z a 

a 

That is, muUiply tiit ratt by tiie timey add I to thi^ preduety 
and divide the ainonrU by ihisj and it ioill give the principal. 

In the above example, the rate is .06, which, muhiplied by 3 
(the time), gives .18, and one added to this makes 1.18; 472 
divided by 1.18 gives 400, as before. 

Apply this rule to the following example. 

A man owes $ 275, due twO years and three months hence, 
without interest. What ought he to pay now, supposing money 
to be worth 4 1 per cent, per annum? 

N. B. 2 years and' 3 months is 2| years. 

Am. $249,\?5&. 

See Arithmetic, page 84. 

The learner may now make rules for the following purposes: 

14. The interest, time, and rate being given, to find the prin- 
cipal. 

15. The amount, time, and principal being given, to find tho 
rate. 

16. The amount, principal, and rate given, to find the time. 

m 

17. A man agreed to carry 20 (or a) earthen vessels to a 
certain place, on this condition; that for every one delivered sqfe 
he should receive 8 (or 6) cents, and for every one he broke, he 
should forfeit 12 (or c) cents; he received 100 (or d) cents 
How many did he break? 
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Let jt^.=at the fKiflib^rxinbroken. 
Then 20 — a: or a — ^ ar = the number broken* 
For every one unbroken he was to receive 8 or 5 Cents, these 
will amount to 8 » or 6 a?; and for every one broken he was to 
pay back 12 or c cents, these will amount to 240 — 12 x cedts^, 
or a c — ex; this must be subtracted from the fori»er* 
240 — 12 Xy subtracted from Bxj is 

8 X — 240 + 12 a?, or _20 x — 240. 
Also c a — c a: kAtracted from b x^ is bx — c a -\f- c x; for the 
quantity ea^-^cx is not so large as ca^ by the quantity cxy 
therefore when we subtract c a from £ x, we subtract too much 
by c ar, aad in order to obtaiiv a correct ^^sult^ it is necessary to 
addea?. 

The equatbnr is . 

20ap — 240==: loa or ia; -f car— .ac==rf 

20a; = 340 <' bx ■■\' c x ^^ d -\- ac 

(6^r-c)a: = d-}-afl 

ar=rrT *^ X 



b+c 
PoHicular Sns, 17 unbroken, and 3 broken. 

General •ffns. Unbroken --—^ , 

jputting numbers into the general answer, 

>00 + 12 X 20 



ii^ - 



iry* 



8 + 12 

The propriety of thi» answer may be sho?m as foHowss. If 
he bad broken the whole 20 (or a) he must have paid 12 X 20 
sfts 240 (or u c) cents J but instead of paying this, he received 
100 (or d) cents. N&w \he difference to him between paying 
240 and receiving 100 is evidently 340, (or J -f* a c) cents. 
The difference for each vessel between paying 12 and receiving 
8 is 20 (or 6 + c) cents; 340 divided by 20 gives 17, the an- 
swer. 

The above is a good illustration of positive and negative quan- 
tities, or quantities affected with the sicns -{r and — , The 
sign 4- is placed before the quantities, which he is to receive, 
and the isign — before his losses. We observed that the dif- 
ference between receiving 100 and losing 240 is 340, that it, 
the difierence between + 100 and ^^ 240 is 340, or their sum. 
Also the difference between -^ d and — a c is d^ 4" ^ ^- So the 

6* 
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difference between + 8 and — 12 is 20, or between + fr^md 
— c is 6 -}- c. 

Hence it follows, thai to subtract a quantity lokith has the sign 
— , we must give it the opposite sign, that is, U muH be added, 

X. The learner, bjr this lime, mfust have sonoe idea of the use 
of letters, or general symbols, in algebraic reasoning. It has 
been already bbserved that, strictly speaking, we cannot actually 
perforra the foar fundamental operations on tb^e quantities, aa 
we do in arithmetic; yet in expressing these operations, it is (m^ 
quently necessary to perform operations so analc^ous. Co tfaeni^ 
that they may with propriety be called by die same aanies. Most 
of these have already been explained; but in order to impress 
them more firmly on the mind of the learner, they wiD be Iffiefly 
recapitulated, and some others explained which could not be 
introduced before. 

JSTote, Algebraic quantities, which consist of only one term, 
are called simple quantities, as 4~ 2 a, — Sab, &c. ; quantities 
which consist of two terms are called binomials, as a -{- 6, o — i, 
3 6 -f* 2 €, &c.; those which consist of three terms are called 
trinomials; and in gejperal those which consist of many terms are 
called polynomials. 



Simple Quantities, 

The addition of simple quantities is performed by writing them 
after each other with the sign + between them. To express 
that a is added to b, we write a -^ b. To express that a, b, c, 
d, and c are added together, we write a + 6 + ^ + d + «• It b 
evidently unimportant which terra is written first, for 3 + 5 + ^ 

is the same as 5 + 3 + 8, or as 8 + & + 3' So o -f- i + ^ 
hqs the same value 4is i + a + c. 

It has been remarked (Art. I.) that x + ^ + * ^^7 ^ ^^ 
ten 3 X. This is multiplication; ^nd it arises, as was observed 
in Arithmetic, Art. III., from the successive addition of the same 
quantity. 3 a?, it appears, signifies 3 times the quantity x, that is, 
X multiplied by 3. So b + b + b-\-b + b may be written 6 6. 
In the same manner, if x is to be repeated, any number of times, 
for instance as many times as there are units in a, we write a «, 
which signifies a times x, or x multiplied by a. 



N. B. The learner should constantly bear, in miud ftmt Ae 
letters, a, fc, c, &c. may be used to represent any known num- 
ber; or they may be used indefinitely, and any number may 
afterwards he substituted in their place. 

• Again, ab -{- ab -^ ab may be written 3 a 6, that is, 3 linies 
the product db; also c times the product a b may be written c a 6. 

' It may be remarked that a times b is the same as b txtoes a; 
for a times 1 is a, and a tinier b mus^ be b times as much, that 
is, b times a. Hence the product of a and b may b^ Avritten 
either aboxb a. In the same manner it may be shown that the 
product c ab \s the same as a b c. Suppose a = 3, 6 s= 5^ 
and c === 2, then a6c = 3X5X2, andcafr = 2X3X5. 
In fact It has been shewn, in Arilh. Art. IV., that when a product 
is to consist of several factors, it is not important in what order 
those factors are multiplied together. The product of a, b^ e, 
df, e, and /, is written* a b e d e f. They may be written in any 
other order, sls a c d b e fj or f b e d c Uy but it is generally 
more con^^enient to write them in the order they gtand in the 
alphabet. 

Let it be requh^d to multiply 3 ab by 2€d. The product 
h 6abcd\ for d times Sab is Qabdy but c d times 3 a 6 19 
c times as much, or S ab cdy and 2 cd times 31 a A must be 
twice as much as the latter, that is, 6 a 6 c.(?. 

Hence, the product of any two or morfi simple q^antitie9 fnii|f 
eofiskt of all the letters of each quantity^ and the product of the 
coefficientit of the quanHties. 

N. B. Though the product of literal quantities is expressed 
by writing them together without the'sign of multiplication, the 
same cannot be done with figures, because their value depends 
upon the place in which they stand. Sab multiplied by 2c.d^ 
for instance, cannot be written S2abcd, If it is reqtiired Co 
express th6 multiplication of the figures as well as of the letters, 
tliey must be written S ab 2 d Cy or S X 2 ahc d, or S , 2 a b c d. 
That is, the figures must either be separated by the letters or by 
die sign of multipfication. 

Examples of MuUiplication. 

Jlns. 12 abcdf. 
Ans. 5abbccd* 



1. Multiply Sab 


by 


4cdf, 


3. &bcd 


by 


abe. 


S. ^egh 


by 


8. 


4. 13 a c 


by 


7 aacd. 


*. 85 a ft e 


by 


ISabbd 
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d. MtHUpTj^ 138 by bad. 

7. 25a? by A\ abx, 

Br 42oyy by 12xxy^ 

It frequently happens, as in some of the above exconpJes, that 
a qnantity is muhiplied acreral times by itself, or enters several 
times as -a &ctor into a product; as Saaabb, into which a 
enters' thr^e times and b twice as a factor: In eases like this the 
expression may be very nmch abrid[ged hy writing it thus, 3 d* 
6*. That is, by placing a figure a Utile above the letter, and a 
Ikde to the right of. it, to show how many limes that letter is 
a factor in the products The figure 3 over t^e a showSy tlmt a 
enters three tiaaes a» a fasctor; and the 2 over the b^ that 5 enters 
twice as a factor, and the expre^ioii is to be understood the 
same as Saaab b. The figure written over the letter in this 
inQBner is called the index or txponent of that letter. The 
exponent affect* no kttei: except the one over which it i* 
wrtttetT. 

Care must he taken not \o confound exponents with coefii- 

cients. The quantities 3 a and a^ have very different values^ 

Suppose <r ss=s 4, then 3 a =» 12; whereas a^ == 4 X 4 X 4 =cr 

64. {n the product 3«^ h^ suppose a =5 4 and b = 5, thett 

2tk^h^^^X4rX^ X^ XbXb = 4800. 

The expression a^ is Called the second power of a, a^ is called 
the third fmixr^ (t* the fe^rth power, &c. To preserve a uni- 
formity, €r, witliout an expoeent, is i^onsrdered the same as a.^>. 
which is called the firat power of a.* 

Figures as weft as letters may have exponents- 
The first power of 3 i» written 

3^ =: 3 

the second power 3^ = 3 X 3 =» 9» 

the third power 3* == 3 X 3 X 3 ==: 27 

the fourth power ; 3* = 3 X 3 X 3 X 3 = 81 

the fifth power 3^ = 3 X 3 X 3 X 3 X 3 = 243. ' 

The muRipBcation of qnantities in which some of die £ietov9 
are above the first power, is performed in the same manner a» 
in other cases, by writing the letters of both quantities together,> 

* In most treatises on algebra a^'is called the square ofaj and a^ Uie aAe ot 
■a. The termn sftmre and cube were borrowed from geometry, but as they are 
not only inappropriate^ but convey idieas very foreign to tlje present subjeGt* it 
has beea thonjght best to discard them entirely. 



taking care to ghnS them their proper exponents. 2 am^ X 3 d* 
c^ is the saine^as 2 a mm X 3ccrf<?, which gives 

6 am flic cd d =sz a m^ c^ d^* 
o* midtiplied by a^ gives a* a^; but a* ±= a a^a aftd a* sas: a^, 
hence (f^ a^ ^= a a a a a t^ a^. In all c&ses the -product ooa* 
sists of all. the Actors of the mukiplicand and multiplier, tn the 
last example a is three tiniei a factor in the one quantity, aqd 
twice in the other; hence it vriU be five times A factor in the 
product. The exponents show how many times a letter is a 
&^OF in' any quantity; hmce if any letter is coritaimd as'ajittot 
one or ifnor^ times in. both mtUtipUer and multiplicand y . the expo^ 
ntrUs being addtd together mil give the exp(ment of that teller in 
tjie product. 

aX at=:a^ X a' = «»+> = a^. a^ X a* = a^^^ is^a\ 

a3 X a2 = a^'^ = a ^ &c. 

0. M^ij^ a^ 6? by « fe^. , .dm^ cP b^. 

10. ii^¥ c iy a^ b cK 

n. 6u^cd? by ^ b^ c^. 

12. a^c2 by .a'i^^x. , 

19. 7 a^ x^ y by 5 a^ b cx^y^. - 

14. 17 6* d^ e by 4 fc 6 c (^ € c, 

15. 23a2a;« by 2 u a b x x. 

16. 18 -a oy y by 6 o^y 2/ *• 

It has already b^en rennarked th^ the-additiob of two or more 
quantities is performed by writing the quantities after, eaph other 
with the sign + between them.- The sum of 3«fe,. 2qcd^ 
5 <^b,Aa 6, and 3 a^ 6, is 3 a t -f 2.a c (I + 5 a^^b + 4 ab 4- 
3 a^ b. But a Taduction may be made in this eitprisssiopy for 
Sab '{■' 4 ab IS the same as 7 a; 6; and 5 a* ^ + 3 o^ ft is tl^ 
same as 8 a* 6; hence the expression becomes 

7ab + 2acd -{-Sa^b, 

Kediictions .of tbi& kind may id ways be /nade when two or 
eotoreof the terms are similar. When two or more terms are 
composed of the same letters, the letters bei^ severally of the 
same powers, they are said to be similar. The numerical co-^ 
efficients are not regarded. The quantities 4t ab and ^ub' are 
»milar, and so are 5 a^ b and 3 a^ h; but 4 ab and 5 a^ b are not 
similar qitantities, and cannot be^ united. 

The subtraction' of algebraic quantities is performed by 
writing those^ which are to be subtracted, after those from 
which they jwe to be taken, with the sign -^ between them^ 
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If b is to be subtracted from « it is^ wriuen a — ft. 5 a ft* to be 
subtracted from 8 a 6', is written 8 a ft^ - — 6 c 6^. This last 
expression may be reduced to 3 a 6^. In all cases when the 

Juantities are 9imilary the subtraction may be performed imme- 
lately upon the coefficients. 



Compound Q^tantititf, 

XI. The addition and subtraction of simple quantities, prodoee 
quantities consisting of two or more terms which are called com" 
pound qttantities. 2 a -{- ed — 3ftisa compound quan^y, 

Addition of Compound Quantities, 

• The addition of two or more confound quantities^ when ail 
the terms are affected with the sign + will evidently be the 
same, as if it were required to add together ail the simple quanti- 
ties of which they are composed; that is, they must be written 
one after the other with the sign -f- before all the terms except 
the first. The sum df Ae quantities 3^a -{- 2 c and ft -j- 2 J is 
5a-\-2c + b + 2d. 

If the quantities 3 a ft -f~ ^ ^ ^nd ft — c be added, in whieb 
some of the terms have the sign — , the sum will be 3 o ft + 6 rf 
+ ft. — c; for ft — c is less than ft, therefore, if ft be added the 
sum will be too large by the quantity c. Hence c must be sub* 
tracted from the result. 

This may be illustrates^ by figures. Add together 17 -|- 10 
and 20 — 6. Now 20 — 6 is 14 
and 17 + 10 4- 20 — 6 is equal to 17 + 10 + 14. 

From the above observations we derive the following rule for 
the addition of compound quantities* 

Write the quantities after each other tvitkout charing their 
signs^ observing that terms tehich have no sign before them are 
understood to have the sign -|-. 

A. sign affects no term except the one immediately before 
which it is placed; hence it is unimportant in what order the 
terms are written, for 14 — 5 + ^ ^^ the same value as 14 -|' 
2 — 5 or as — 6 + 2 + 14. Those which have the sign -j- 
are to be added together, and those which have the sign — are 
to be subtracted from their sum. If the first tern) has the sign 



4", the sign may be omitted before this term, but the sign — 
miust dwsgFs be expressed. Great care is requisite in the use of 
the si^) for sb3 error in the sign makes an error in the result of 
twic^ die quantity before which it is written. 

Add togetlier 3 a + ^ bc^ — 3 c* 

^d 5 a — 3 6 c^-}- 2 c* 

jand 7 a 6 4- 4 6 c* — 8 c* 

md — a -f- 3 c* — 2 fc c^. 

The sum is 

3 a + 2 6 c2 — 3 c* + 5 a — 3b c» -f 2c* + 7^* . 

^4^c«_8c* — a + 8c* — 26c2, • 

But ihis expression may be reduced. 

3rf -|- 5 a^— o == 8a ^ — a = 7a, 

mkd 

2 6 c^ — 3 i c^ + 4 1 c2 — 2 6 c3 == 6 5 c2 r_ 5 J ^ «, ^ cS 

and 

— 3c* + 2c* — 8 c* + 3<f^==:— 11 c* + 5 c*.= — 6 c*; 

hence the above quantity becomes 

.7a + ic2 + 7a* — 6c*; 

To r^ifce <an algebraic expression to the least nunAer <f 
i0fmSy^cii{lBct together all tfi^ similar, terms c^etted pfUh the sign 
4" oiM? ofoa those effected idth tive sign — , <md ad4 the toi^ 
tients of each separately; take the diffev^nce xif the two sutru 
ttnd'put it into the general result^ giving it the sign of the target 
fpumtity. 



Exan^ks in Addition* 

1. Add tc^ether the following quantities. 

bab — 2ti^ m 
and 3ah--^bam-\-2e,iffu 

2. Add together the foUowiTig quantities* 

and - ■ ■ 7 bm ^*-^ 3 re* — 8 y> 

«Dd 4an^-+-5aa:* — 4'f. 
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3. Add together the following qodntUies. 

7 mab — 16 — 43 my, 
and 19 acb-^ IS amb-}- 1^ may -{-4Sj 

and 14t»j( — I9may ^ nb —^nx, , 

and 4nx — 36 n 4-^3 amy — n6. 

4. Add together the foDowing quantities- 

xy — a'x ' — oy-f-a^y? 
and — 2xy — 2ay -{- Sax -}- 15^ 

and 18 arx — 7S-^lSaxy — am, 

apd — 15 a a: y — 13 am + 43 + ^Qarxy 

and arx — 18-|^ay — 2aa:y-f-3amr 

5. Add together the following quantities. 

13«ar — 2b X — 7, 
and 15b X — 17 bxy -{- 16, 

and 47 acd — Xj 

and. 37 — 6 a: -T- 2 a + 43 6,y ar, 

and acd -\- byx — 13a. 

Svbtraction of Compound Quantities, 

Xllr The subtraction of simple qirantities, as lia® already 
been observed, is performed by giving the sign — to the quantl- 
tjr to be subtracted, and writing it before or after the quantitvj 
from which it is to be taken. If it is required to subtract ? + «l 
from ^ ^ 6 it is plain that the result wiH be a -\- b — p -*^ <f , 
for the compound quantity c ^d is made up of the simple qoaa- 
tities c and cf, which being subtrat^ted separately would give the 
above result. 

Prom 22 subtract 13 — 7. 

13 — 7«=^* 

a©d 22 — 6 = 16, 

The result then must be 16. But to perform the openrtion 
on the numbers as they stand, first subtract 13, whicn gives 
22 — 13 s=: 9. This is too small by 7 because the number IS 
is larger by 7 than the number to be subtracted, therefore in 
order to obtain a correct re^It the 7 must be added; thus ^> — 
13 ^ 7 =s 16, SB rQf|utE£dv . 
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From a subtract b — c. 

First sabtract i, which gives a— ^&- . . 

This quantity is too small by c because b is larger than & — c 
by the quantity c. Hence to obtain a ccTrrect resuh c must be 
added, thus a — b-^c. 

This reasoning will apply to all cases, for the terms aflfected 
with the sign — in tjie quantity to be subtracted diminish that 
quantity ; hence if all the terms affected with + be subtract- 
ed, the result will he too small hj the quantities affected with < 
— , these quantities must therefore be added. The reductions 
may be made in the result, in the salne manner as in addition. 
Hence the general 

Rule. Change all the si/^ in the number ioi be subtracted^ the 
ti^na 4" to — , and the signs — <o +, and then proceed as in ad- 
dfiion. 

Examples in Subtraction* 

1. From a*a?-f3Jy — 5ac"— 16 
Subtract 2a*x + b^ — 2ac' — 22 

Operation. 

.a^x + Sby — bac'—lfj 
_ 3 a*x—by + 2 ac^ -j- 22 





-2a»a? + 2iy — 3ac*+6 




3. From 
Subtract 


2ba^ — 7ax*+lS 
IZbc — Sax' — S. 

Ans. 36a^— .136c- 


-4a*' + 2^l 


3. From 
Subtract 


17a*y+13a/ — a — 3 
2a*y— 6 — lla + 5L 


* 


4. From 
Subtract 


42axy — 4ax 
ITax — 2axy — 6 




&. From 
Subtrael 


143— 17 y 
33 + 4y — 16aft. 

7 


- 



n 
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6. From a-f-Safrc — 1 

Subtract l-f3«ic — c. ^ 

7r From ^abz + ^qh-^l z 

Subtract 2ab — 7z — 2abx. . ^ 

MuJiiplication of Con^und "Quantities, 

XIII. Multiplication of compound quantities is sometimes 
expressed Without being performed. To express that a + 6 is 

to be multiplied by c — d, it maybe written a -^b x'c—d 
with a vinculum over each quantity, and the sigh of multiplica- 
tion between them ; or they may be each enclosed in a paren- 
thesis and written together, with or without the sign of multi- 
plication ; thus {a-^b)x (c — d) or {a -{- b) (c — rf). In the 
expression a -f- 6 (c — o),6 only is to be multiplied bye — d. 

Multiply a -|- i by c. ' 

It is evident that the whole product m[ust consist of the pro- 
duct of each of the parts l^y c« . • 

a+b 2Q+4 =24 

c 3 3 - 



ac + bc 60+12 = 72 

Examples. 

1. Multiply 3 a J 4- 2 c d by e/. 

Am. 2a,bef-\-24:def. 

2. Multiply 5ac + 4c-l-3cd by2e, 

Ans. 10 a ce-{-26cc-f-6crfc. 

3. Multiply 6a«ft+tVby3a6'. 

4. Multiply J c« d* + 52 a«i* -I- 13 i' c» d 

by la'Pc. 

6. Multiply 2abd + tiaba^+ab3^' 

by 3 tf 6 J?*. 

6. Multiply ax^ + 3hbx', hy ISaVos^ 

When some of the terms of tlie multiplicand have the sign 
-.they must retain the^ame sign in the product. 
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7. 8. Multiply a — ^4 by c, filso23-;— 5tby 4. 



c 



a c — 6 c. 



23- 
4 


— 5 


-• 


18 
4 


n- 


— 20 


72. 



.Since the quantity a — b is jpaaller than a by the quantity 
6, tlie product a c will be too large by the quantity b c. This 
qjuantity must tlierefore be subtracted from a c. 

9. Multiply ^ab^' — t' l>y ^ ^' 

10. « 2arf-f6£?— 3<r by 6a6. 

11. " 2b cd — .ef—2dc hj bac. 

12. " .2rt3fre— 5a* + fr* by 4a' i'. 

13. " l7ac€/-.-l + 5cr5:— a6*a? 

by a^cd. 

When both multiplicand and multiplier consist of several 
terms, each term of the multiplicaiiid must be multiplied by 
ej*ch term of the multiplier. 

14. Muhiply 12 + 5 tqr 7 + 4. 

12 + 5 = 17 
7 +4=11 

84+35 
+ 48 + 20 



84 + 35 + 48 + 20 z= 187 

16. Multiply a + 6 by c + <?. 

a+6 

c + (? 



ac + 6c + arf + 6c/. 



It is evident that if a + 5 be tjjien c times and then d times, 
aiid the products added together, the result will be c + c? times 
a + 6. 
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16. MaHipIy aj?*— ^3ay-f-xy fa^ .3ay + ai9. 

3 a y + a a? 

3a*xtf — 9a*y* + Sax]^ 
a*a^ — 3 c^ 07 y + a «* y 



In adding these two products, the quantity 3 a*jry occurs 
twice, with different signs ; they thereifore destroy each other 
and do not appear in the results 

1 7. Multiply ^ad-^Sacd — 5 o* c 

by ^ 2a'c+2arf, 

18. Multiply 13aVy— 2ajy + 30^ 

by 5cy*^-7a6y* + 3. 

19. Multiply lla<;« + 3a'c — 4 a' 

by 2a'c4-tt^ 

20. Multiply a' — 2ac + €^ by a-^jc 

21. " 3a4_36* by 2a*+2ft» 

22. « 36 + 2c by 2a — 36. 

34 +2 c 
2a— 2b 



6ab -^400 
— 96* — 6ic 



6a.64.40c — 96* — 66 c^ 

If 3 6 + 2 c be raukiplied by 2 a only, the product will be 
too large by 3 6 times 36-+- 2c; hence this quantity niust 
be multiplied by 3 6, and the product subtracted from 6 a 6 fj- 
4 a c. 

This result may be proved by multiplying the multiplier 
by the muliipiicand, for me product must be the same in both 
cases. 

23. Multiply 2a<2 + 36c + 2 by 4a6 — :;fc. 
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24. Multiply 6a'ft + 2a6* by 2a' J— -i*— 1, 

25. « 19—5 by 9 — 4. 

19 — 5 =14 

9—4 =5 



171 _ 45 , 70. 

-76+20 



171 _ 45 _ 76 + 20 = 191 — 121 =s: 70. 

26. Multiply a — b by " c-^rf. 

a — b 
c — d 

ac — he 
—^ud^bd 



ac — be — ad-^bd. 

This operation is sufiiciently manifest in the figures. In the 
letters, I first multiply a — 6 by c, which gives a c — J c ; but 
the multiplier is not so large as c by the quantity rf, therefore 
the product ae — 6 c is too large by d times a — 6 ; this ihen 
must be multiplied by d and the product subtracted, a — b 
niCiltiplied by d gives ad — &il; and this subtracted fron;) 
ae — be gfves ae-^^bc — arf+irf. Heiice it appears that 
if two terms having the sign -^x be multiplied together, the pro- 
duct must have the <sign 4^- 

From the preceding examples and observations, we de- 
rive the following general rule for multiplying compound quan- 
CUies.. 

U Muki^y all the terms of the midtiplicand hy each term of the 
mnUHflkrj obatnm^ the mifie rides for the coefficients and letters as 
^ sbnple quaniiiies^ . . 

2. WHh respect to Ae rign» observe, 

1st, That if both the terms which are tntditplied together^ have 
the sign +, iw£ sign of the product must be -+*• 

2d, If one te^m be aJfeHed with -f*, and iAeothervfith — ^ the 
prodw^ mti^ have the sign — . 



3d, ffboA4orms be i^^^d unth^mgn — ,, the product nmsi 
have the sign -f-- 

Or in more general terms, If both terms have {he same^ #tff», 
whether -f- or — , the product must have the sign. *f-, and jf they 
have different signs f the product must have ihe sign — -'. 

^7. Makiply 3a*6— 2i^o-^6 
by Tab — 2a c — 1. 



2la^V—i^a*6c +35«6 
— 6a'6c+.4a'c*~10ac 
— 3a'6 + 2ac — 5, 



Product 

21a5»6«_l4a*6c + 35ai — 6a'Ac+4aV-^8flc— 3o*6 — ^5. 

28. Muhiply 7 m + 6 n 

29. ** a* + ay — y* 



by 


4m — 3ft. 


by 


a — y. 


by 


n — X. 


by 


««_,6^.6». 



30. • ^ n*+nx+y 

3U ** a» + a6 + ** 

33- ^ 2a;«— 3xy-f4y 

by . .5a?^r6xy-^2j/^« 

•33. *" .3fl*c— 5flC^ + 2c* 

by. 2d'c — 4ti*^-^7«c'. 

34. « 2a* — ^•a? + 2 by So — x— 3, 

36. " 7a*6 + 26« — 1 by 3a* — 26*— 1. 

It is ^neraHy much easier to trace the effect produced by 
each of several quantities in forming the result, when the ope- 
ration? are performed upon letters, man when performed upou 
figures. The following are remarkable instances ^iht& They 
ought to be remembered by the leomieT, as fisqucait use is 
miide of them in all analytical operations. 

Let a and b represent any two numbers; a -f- & will be their 
sum and a — >& theii diflSvence. 
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Midtipljr a.*f-J by «— t&» 







o' + oi 
—ab- 


-S* 



^—b\ 

*niat IP, tf ^Aa «um and the difference of two numbers be mntapli' 
ed together^ the product toiU be the difference of the second poweru 
oftivese two numbers. 

Particular Example. 



Let 

and 


a =x 12 and 6 = 7. 

a + b=il9,Bnda — b:=5j 
a* = 144, b\z= 49. 
(a + t)x (a — 6) = 19X 5=;: 95, 
«* — 6«= 144— 49 = 95. . 


Multply a+i 


► by a +4. 
a +b 


• 


a'+ab 



That is, the product of the sum of two numbers^ by itself or the 
second power of the sum of two numbers^ is equal to the sum of the 
second powers of the two numbers, added to twice the product ojT the 
rtvo numbers. 

Multiply o-^J by a — 4. 

The answer is a* ^--*^ 2 a 6 4" ^Vwhieli is the «nae as the lest, 
ejrcept the siffn before 2 a 4. 

Multiply cF^ 2 a 4 + 4* by a + 4, that is, find the third 
power of a*)- 4. 

Ans. tf' + 3a^4 + 3a4* + 4' 
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Thisia exproMeJ in w(M-cb thufl : ibe iMrd jpwaer of Me first j 
phts three times the second potoer of the first into the second^ plus 
thee times the first into the second power of the second^ plus the mrd 
power oftne seeond, 

Mdltiplya* — 2ii6-<-6* by a — b. 

Ans. a' — 3a«fr+3ay— J'- 

Which is the same as the last, except the signs before the se- 
cond and last terms. 

Instances of the use of the above formulas will frequently 
occur in this treatise. 

Dvoision of AlgAraic Quantities* 

XI V^. The division of algebraic quantities will be easily per 
formed, if we bear in mind that it ^ the reverse of multifrfica- 
tion, ;md that the divisor srnd quotient multiplied together must 
reproduce the dividend. 

The quotient of a 6 divided by a is b^ for a and b multiplied 
together produce ab. So ab divided by 6 gives a for a quo- - 
tierty for the same reason. 

If 6 a 6 c be divided by 2 a, the quotient is 3 & o. 
If ' by 2 5, the quotient is 3 ft c. 

If • by 2 C) the quotient is 3 a 6. 

If by S bj the quotient is 2 a c. 

If by 3 ad, the quotient is 2 c. 

If by 6 a the quotient is b c. 

For in all these instances the quotient multiplied by the di- 
viscr, produces the dividend 6 abc. 

Examples, 

1. How many times is 2 cr contained ia6 abc9 

Am. 3 6 c timesj because 2bc times 2 a is 6 a & (c;. * 

2 (f d a & {* be divided into 2 a parts, what id one of the 
parls ? 

Ana. 3 & c n become 2 a times 3&cis6a6c. 
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Hdnce^.we 4eff¥e tbe foHowiDff 

Roi«E. Divide the c^effideni i^the-dipidend by the coeffkieni of 
tht diviiorf and sirike oui the ietters 4jf the dioUor from the diufy' 
dend. 



3. Divide 


16 a6e 


by 


4. 


4. « 


12abe 


by 


3 a. 


5. " 


30abc 


by 


lObe. 


6. « 


IS abed 


. by 


6 ad. 


7. «* 


23 abc 


by 


ah. 


8. " 


li ad 


by 


ad. 


9.. « 


4a' 


by 


«*r 



Observe that 4 a' is the same as 4 a a a and a' is the satno 
aa *, 4 a a a divided My a a gives 4 a for the quotient. 
It Was observed in multiplication, that when the same letter 
enteis intb both multiplier and multiplicand, the multiplication' 
is pevfonnf^ by addjkig the exponents, thus a^ multiplied by a* 
is a^ = <z*. In similar cases, ^division is performed by subtract^ 
ing the exponent of the divisor from thai of the dividend, (f divid-^ 
ea by a* is a* ~* = o*. 

lOflV 
V^of%f 

48a*a?*m 

73 ay 

120a r«^ 

The division of some compound quantities is as edsy as.that 
of simple quantities. 

If a •!-. ft -^ c be multiplied by d the product is 
d(a4- 6H-c)orad-|-6rf + C(/. 
Therefore if a d -f- 6.d + c d be divided by rf, the quotient is 

tf + ft + C. 



10. 


Divide 


11. 


u 


12. 


« 


13; 


a 


14. 


« 


15. 


a 


16. 


a 


17. 


cc 


18. 


a 



by 


Say, 


1 


Aw. %aht. 


by 


bd. 


b/ 


4^1?. 


by 


6y*. 


by 




by 


i2ar». 


by 


60. 

• 


by 


af^. 


by 


rf. 
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Ifad-^bd -^cdbe divided by a + fr '+ <<r, Ae qubtient isrf. 

When a compound quantity is to be divided, let the quarr- 
tUy, if possible, be so arranged that the dixasor may appear ets 
one of the factors, and then that fector being struck out, the 
other factor will be the* quotient.. 

19. IMvide 12tt*6 — 9ac by 3a. 

12a*6 — 9ac = 3a(4«6 — 3c) 

^ Ans. 4 ah — ^c» 

Observe that a is a factor of both terms, and also 3. Hence 
the quandty 12 a* 6 •— 9 d c, can be resolved into factors ; thus 
3 (4 a* — 3 a c), or a (12 a 6 — 9 c), or 3 a (4 a 6 — 3 c). In 
the l^ast form the divisor 3 a appears as one factor, and the Other 
factor 4 a J — 3 c is the quotient. 

M.4e. Any simple quantity, which is a factor of all the term» 
of any compound quantity, is a factor of the whole quanthy ; 
and that factor being taken out of all the terms^, the terms as 
they then stand, taken together, will form the biher factor: 

. 20 Divide 8a*6' — 16a'6*c by 2ai — 4a»c. 
8a*6»— 16a»6«c = 4o6'(2a6— 4«^cw) 

Ans* A a If 

SI. Divide ^ahe^lbaVd-\-9a*h(P foy 3ai. 

22. Divide 15 a*i c — 30iiV + 25 o'c rf 

by . . 5(i*c. 

23. Divide 36 o" 6* « — 28 a" 6 V + 40 cf Ve 

by 9a*~7o*6«c+10a*6V. 

.24. Divide 42a'— 84a"&*c by 1— 2a'6«c. 

Algebraic Fractioris. 

K.Y. When the dividend does not contain the same letters 
as the divisor, or but part of those of the divisor, the diyisioo 
cannot be performed m this way. It can then only be express- 
ed. The usual way of expressing division, as ha? already 
been explained, is by writing the divisor under the dividend in 

the form of a fraction. Thus a divided by b is expressed ^. 



■ M — » » 



This sivea rise to fmctions in die same manner as in aritlune- 
tic. it was sliown in arithmetic, that a fraction properly eX" 
presses a quotient. Algebraic fractions are subject to precise* 
}y the same rules as fractions in arithmetic. Many of the ope- 
rations are more easily performed on algebraic fractions. 

In these, as in arithmetic, it must be Icept in mind, that ttie 
denominator shows into how many parts a unit is divided ; and 
the numerator shows how many of those parts are used ; or the 
denominator shows into how many pfrts the numerator is di- 
vided. 

I shall here briefly recapitulate the rules for the operations 
on fracti(Mi8, referring the learner to the Arithmetic for a more 
full developement of their principles. 

2 tmies «_ := — . 
11 11 

2 times - = ---* 
b 

c times - =1 ^. 



} of 7 is V y ^^^ 7 of 7 is |, and | is 3 times as much, f of 
a is ^^ ; for f of a is ^, and ^ is 2 times as much, llie 1 part 

of is^ ; for ~ of c is ^, and y is a times as much. 

Hence, to muitijdy a fraction by a tohde numbery or a tohok 
manhtr by a fraction, multiply the numerator of the fraction and the 
whole number together^ and divide by the denominator, 

Arith. Artides XV. & XVI. 

Examples* 

» . - * 

1. Multiply i±iby2. Jin,. ll±li 

c c 

a. MuTtiply ^a+U' ^y *rf. 



ac 






• \ 



84 



3. Multiply 



/ 



Algebra'. 
5g — 13 c 



XVI 



126'c — 5aJ* . 



4. Multiply 

5. Multiply 

6. Multiply 



2nb-^be 
Sab 

5ac — 2m* 
lSac~ 

leaa?* — 36aj 



Ant* 



by 
by 



hy 



Sa— 13c 
6aG + 3c*. 

5 a 6 — 3 w» 

2m — 3a? 
2 d 4- 7 ^*. 



Division €f FraeUoM. 



XVI. 1. DiYiOe 1~ 

4/1 

7 ■ 



by 



2) or fiuid i of 



2. Divide 



fl If 
c 



bv 



' ■ < 
e 



3. Divide 



erf 



by 



6a*& 
ed 



Am, 


2a 

7 








«» 


or 


find 


1 


of 


'5. 


.^> 


. 








V 


,. 


( 


- 


3«, 
Am. 


or 
2fl 


find 


y 


of 



cd 



4. Divide 



- by 

b ^ 



a 



2, or find i of ^ . 



This cannot be done like the others, but it may be done hy 
multiplying the denominator as in Arith. Art. XVII. J?ot tlie 
fraction |- denotes, that one is divided into as many ec|iial parts 

as there are units in 6, and that as many of these parts ate used 
as there are units in a ; pr that a is divided into as many eiqual 
parts as thefe are uiiits in 6 ; hence if it be divided into twice 
as many parts, the parts will be only one half as large, and the 
firaction Will have only one half the value. 



r 



Hence ^ di^ded by 2. is il 
So - divided by rf, )a -5. 

6. Divide ifL* i^y 4rf. ^«»». — . 

icd. ' Serf* 

Hence, (o dipide a fraetipn by a wholfi Kumtur. divide the nU- 
Metator ; or toheif tSutt fiaswf be dimif mubiply the denorhinaior by 
the divitor. 

6. Divide tlk by So. 

d 

7. iKvide li^ by tab. 

ca 

8. Divide If-f.* by. 2a»c. 

'3dm ' 

0. Divide ^— by t*. 

10. Divide !*£. by 3. 

a 

11. Dfvide ^ by 5. 

bd 

12. Divide '^ilff by 2bm. 

mnr' 

13. Divide li*L| by 3^d, 

.5 erf* ' 

14. Divide |l£LL by 8a'c&. 

• • • ' 

15. Divide ^" — ^^ by 3 a J. 

16. DiVlde 7 am - 13 tc j, g^^ 

17. Divide -irZl^L-. by ?i»«; 

6 a n ^ m n * 

■ 

8 



life i%eirA. 

i5. Divide II£IZB£. , by 4a* + 3n. 

19. Divide, ,JI^ by 4 6 ---3 2:. 

46 4-3Z -^ 

Jio. Divide ;— - ?"^ f by 7a + 4 ci?^l. 

?L What is | of f ? i df ^. is ^ and | is ivvic<j as.fiutjh- 



6 * 3A 



2a 



that is, ^. . 
36 

^1 \Vlia:t is the ^ part of f. ? ]^ of ^ is l.and ^ U a 

6 a if « " iw 6 

ft f* ' 

times a9 much, that is, --^. 

thai is, 1. X 4- = *J. 
a ova 

Hence, id multiply one fraction hy another^ ^mS^tijfly^ nume^ 
rators togetitcrjhr a new numerator^ and ifie denominators to^eth^ 
for a new denommaiar. Arith, Art. XVIt. 

23. MulUply ^-^ V 1. ^w,. Hi. 

24. Multiply ?4* by til!?. 

4 o c 5 c* a 



25. Multiply J!.^ by ^JL^. 

\Zbry . 2b.!i 

26. What is ^SiL^ oT ^.' 

oca 3ma 

27. tVTiat is 1^ of !i 



m 



9a«c* l3n«c 



r 

XVl. MtdtipUcation ami Bmiion (fFraetkms* 87 

80. Multiply . 4^i±l, by ^"^-^ . 

31. Multiply , 2«-m + 2m\ IZa c 

7 am' ' 17rt«' — c + 5 

We have seen that a fraction may be divided by multiplying 
its denominator, because the parts are made smaller ; on the 
contrary, a fraction way he imltiplied by dividing its denomi- 
nator, becaiise the parts are made larger. Arith. Art. XVIII. 
If the denominator be divided by 2, the unit is divided into 
only one half as many parts ; consequently the parts must be 
twice as large as before. . If the denominator bo divided by 5, 
the unit is divided into only one fifth as many parts; hence the 
parts must be five times as large as beibre, and if the same num- 
bee of parts be used as at first, the value of the fi-action will be 
five times as great, Jmd so on- 

32. MulliplJ^ ^ by 5, A»9. —. 



33. Multiply Jl by b. 

b t 



If we divide tf>e denominator by h^ the firaction becomes 
—^ in which a h divided into ---. part as many parts $ hence 

c 

tbe parts, and consequently the firaction is h thncs as large as 
before. 

34. Multiply -ii. by 2 c. 

36. MuWply ^^ by 8c* rf. 

36. Multiply -Li— by lam*. 

42 a' m- 

37. Mahiply _IL* by 5«a. 

38. Multiply ^ by 5. 

5 a 



88 AigAru, . XVI. 

39. Multiply ~ by * «*• 

40. Multiply 7-?— .-7- ^^ 4*- 

4 a ^* — Abe 



42. Multiply 



16 a*— 12 a" 6 — 4 a'' 
23 TO —-13 



35 ^« c rf — 7 m* c + 42 »* a c' 

by IwFt. . 

43. Multiply I by 6. 

Dividing the denominator by 5 it becomes |, or 3. 

Multiply -- by 6. 

6 

Dividing the denominator by b it becomes ^ or a« 

44. Multiply ii4 by Sid. ^«f, ?iLf = 3ac 

1 h ft 

In fact _ multiplied by b\% -..=:], and ... being a times 

08 much as ._, must give a product a times as lai^e, or a 

times 1, which is a, 

Hence^ infraction he multiplied by its denominator^ the pyh- 
dud xcUl be the numerator, 

45. Multiply !i£?* by ^bd. 

bb d 

46. Multiply -^ by 36c 

47. MulUply i?*, by 4 6m». 

4 o m* 

48. Multiply J^^ by bdifx. 

an CD 



i 



1 



XVfV Reducing Fraetiom t^ Lower Term. 89 

45. Multiply ^^''^7" by iTd*. 

liar 

i 

5^. MuUiply i^^J-_|Ilf by 10ai^2e. 

^^ lOaA — 2c ' 

61. Multiply 47^m> + 3&-c ^ ^x^-^^m^b. 

Two ways have been shown to multiply fractions, ftnd two 
ways to divide them. 

To multiply a fraction, \ ^ 7/'/ i tJie numerater 

To divide a fraction^ J multiply ^ ^^ denomiaator. 

To divide afraciion^ ) d' 'd 5*^^^ numerator. 

To muhiply a fraction, 5 **^' ^ ( tfte denominator. 

Aiith. Art. XVIU. 

> 

Reducing Fractions to Lotcer Terms. 

XVIL Ifbcfih pumeraior and denominator he muUifdied by. the 
same number^ the value of the fraction will not.be altered, 

Arith. Art. XFX. 

For multiplying the numerator multiplies the fraction, and 
multiplying the denominator divides it ; hence it will be multi- 
plied and the product divided by the multiplior, which repro- 
duce the muttipUeand. 

In other wor<ls, -~ signifies that a contains b a certain ni|m« 

ber of times, if a is as large or larger than & ; or a part of on- 
time, if b is larger than a. Now it is evident that 2 a wilt coa- 
tiftin 2 b just as often, since both numbers are twice as large as 
before. 

So dividing both numerator and denominator, both divides 
and multiplies by the same number. 

4 = ^ X^ = ^ = 7X3 _ 21 _ 3x6 _ 3& 
2X5 10 7X 5 .35 5X6 5&' 
a ^2a ^ 5a ^ac ^ 2acd 
T 26'^56""Ac'~2 6crf 
gtf6 _ 3& X2a _2g 
94c Six 3(r fe* 

8* 



00 <^^€fl«JU XVlfw 

Hence, if afiractioi;! contain the same factor hoOi in tiie mi- 
rnerator and denominator, it may be rejected in both, that is, 
both may be divided by it. This is called reducing firactfons 
to lower temi& 

1. Reduce ^^__ to its lowest terras. An$. ^^ . 

2. Reduce — S-1- to its low4»t terms. Am • 

IGa'x* 4 ax 

3. Reduce Ll?^ to its lowest terras, wfe*. -l?-. 

30 bm ' 66 

4. Reduce — iL — 2- to its lowest terms. 

16fr»r/ 

5. Reduce !iJL to its lowest terras. 

13«'tV 

6. Reduce 15«'c* — 25fl^ ^ j^ j^^^^^ ^^^^^ 

7. Reduce ^ 27ffl*y — 54x^ ^ ^^ j^ j^^ ^^^^^^^ 

108aa?*-}-81a: — 90?»'jc* 

8. . Divide 35 a' 6 m^ 0?' by '7a\nm*x. 

Write thejdivisor under the dividend in the fonn of a frac- 
tion, and reduce it lo its lowe^ tenms. 

a n 
9. Divida 21b'mf by 2l6»«'y. 



7 m. 



10. Divide 6a A r*y by 76»»y«. 

11. Divide 64iii*»r^y by SGimy*. 

12. Divide 19 c^rfmr* by . CScm^rot*. 

13. Divide 115rr/ by 15r«y. 

14. Divide l28aVrjr« by 48a*»irV- 






XYin. MSRiton mi "Su^agilon of Ftactions. S| 

15. Bivide T7ac^ by I3rt-^a?\ 

16. Divide ^Bi^cy by 14/1*^^ 

17. Divide 36a«m*y by Ma^my*. 

18. Divide 75 a' & / by 35 a V y* a. 

la. Diride a + 6 by Hc — d. 

20.®ivide 2<?« — 7«*ic+ 15 a*^rf ': 

"by IStt'ce?. - 

SI. Divide 18a*ia*— 54a*m'-f 42a'w^ 

22. Divide (rt + 6) (13 « c -fir) by (m* — c) (« + 6). 

23. Div4de3o*(a~2c)* by 26c»(a — 2c)'. 

24. Divide 36i'€*{2a + rf)'(7ft^«0» 

by 12b'(2a^'dy(7b — tf)'{a—il)y 

Addition and Suhtrardea of Fractiom, 

XVI IL Add together -1 and Z and 4-. 

if d / ' 

Tliis. addition may be expressed by writing <hc fractkftis <jTvO 
ftiier the other witli tlie sign of <addit>oii beivvetm 4.hcin ; thus 

^ ^ / 

N. B. Whrm firactimis tire cwnwcctod try tfte ^rs + ^saA 
— , the ^igii shoaid stand directly in a iinu witli die line of^^he 
finetkni.' 

It is frequency necossai^ to odd the titimerators together, in 
which case, the fractioiss, if tliey are not of the same denrimi- 
nation^ must first be reduced to a cei»mon denorainatofvas in 
Arithmetic, Aft. XIX. 

1 . Add Jo«ther — and — . 
'^ K 1 

a 



S. Add tojgetber — and 4- 



7 

* * • 


5 

m 

7 


4P 





99? Jl^Srit, XTin^ 

^. Aad toother —.and _. Jim. ^ — = -— - . 

cd ed cd cd 

4. Add tiogetbef -^^ — and —IT, Ans, — - ^^ ■ — ^* 

'^ Scd Scd Scd 

>. Add together | and 4. 

These must be reduced to a common denominator* It fmsf 
been shown above that if both numeihator and denominatoi be 
mtikif>{i€d by the same number, the value of the fraction wiU 
nek b^ altered. If both the n^uraerator and denominator of the 
first fraciio» be multiplied by 7, and tho«e of the second by 5, 
the (ractiohs become fi and f|. They are now both of the 
same denomination, and Ibeir numerators may be add^d. The 
ftns^ver is |4. 

6, Add tojrether -!1 and i- 

b d 

Multiply both terms of ifie first by rf, and of tfte. second by 

fr, they become %- and ,-f . The denomimilors are now alike 

bd hd 

waA tlie numerators may be added. 

The answer fal^Ltii. 

b d 

7. Add together ^-r A» — » and Kj 

b d f h 

lii air cases the deiwminaiors uiU be alike if both terms rf eio^ 1 

fraction be multijflied by the dhrimninators of aU the others ^ For 
then th«y; will all consist of tho same fectorsR, 

Applying thi^ rule to the above example, the fracUcmsi W* 

eome "LH^, ^^C* ' ^^, and ^C 
bdfh' bd/h' bdfh' ^ bdfk 

The aas^ver is <^dfh + btfh-\^bdeh^h dfg 

bdfh 

6. Add together iiL and ^-^fln,, IL'tl+ilf. 
* 2 6c 6J iObcd 



KVkll. •Sddilion and Subtraction of Fractions. ^ 

fl was shown in Ajrithmcftic, Art. XXII, that a coronncm tle- 
nomijiator may frequently be found much smaller than that pro- 
duced by the above rule. This is much more easily done ia 
algebra than in arithmetic 

9. Add together ^ , ,^ and L. 

b ^ e eg 

Here the denominators will be alike, if each be multipKed 
by all the factors in tlie others not common to itself. If* the 
iirst be multiplied by « g-, the second by (^gy and the third l^ 
bee, each becomes bc^eg. Then each numerator imist be 
multiplied by the same qnairtity by which its denominator waa 
multiplied, that the value of the fracticms may not be altered. 

The fractions then become ^±M., ££K^ and l*i/L 

be* eg b e^ eg be* eg 

The answer is '^eg+fd^+beef^ 

bc'eg 

10. Add together %litmA^hC 

° TT 2dg 

tl. Add together ?£?, If, andl^ 
12. Add together J— and -^ * 



2m n Qmp 
tS. Add together -il., 1±, and ^ '' '^ 



-^ b m* ^bn 2m^n 

14. Add together -^-, and —VL^ 

® n*r» 3mVr 

15. Add togeUier 11^ ^.^A^!^ 

16. Add together ?Jlf, and 13 erf. 

17. Add together ^-!L2^and24^c— 54. 

4 a o 



M JggOrOi XVni. 

18. A(M together i?"*"*""'*'^ and 11 « c— 5 a. 

19. Addtojpther Iil$L£r;£f*«od^^. 

7am Q 2b m 

. 20» Add U^cther — > = ^ and — H- — -. 

21- Subtract ~ from -?-. 

This subtraction moy be expressed thus,, 

2>a -e . . - - ' 

But if they arc reduced to a ^ommoa denominator, jlbe mnMi^ 
lators may be subtracted, 

/?». 3 « c ~ 2 c 

22. Subtract ?4* from ^. 

23. Sttbtinci f."^ front '/' ,. 

7 6' «»> 2lim'»* 

24. Sttblioct — ^- from ?^,. 

ncry 2mtf' 

25. Subtract ^IL from Ji:?-. 

2m**'< 3m*a<' 

26. Subtract lll^ fe»m li£iL 

3 mA 5m' A* 

27. Subtract H^ from *ll^.. 

28. Fi!0i» 13 tf c 4- 8 c subtract ^i!i* 

^ 2bm' 

2». From 2a'j^ — 14^ subtract !i^ 

2 rrax I4aa» 



«^ « 2Tarf - iabd — Sm^c 
30. From -y^^ subtraot j-jr? 

ScSutioB. 

27 q.3 _ ialS — 3 cm^ _ (27 g d)2i 
2 be* 4 6«c* . 12, b if) 2 b 

,2 ab d'^Stn? Mabd 



i***ii 



4 6*c* 4 6*c* 

2 aiei — 3 c !»• ^ 54 ai«c! — 2 a i rf + 3 e nf 

^■' '" — ■— ■ ■ I'll ' ■' I ■ ' I ' ■ ' - ' ' ' " ' " " 

4 6*c' AbW 

_'52tf ftrf-f aciHC 
4 6'^ 

Hvhich'is the niiBW^. 

When Uie fraction ^^ILLzilSI!^ was Biibiractcd, the 

AbW 

iBign — wfts changed to 4-^ Se« -A^rt. V-I example Gth 

* 

6 n x^ -^ \0 a d<c . 



3 J. From 



Sublraot 



]}Wl\\\ " - ^"^ •----■■ j-_ — 



42 a d 
13 n j:' -- 5 m x* + 17 



•G m a? 



-*■ 



32. Prom ilJ^?^- subtract " " " 



"■■ ■** 



3 d X* — 5 A d<3c 



^IX. Divistonvf' whole immberit T/y PrattUms^ nnd Fnmions "Sy 

How many times is f contained in 7? . . 
Jlns^ ^ is contained in 7, 35 time;?, and J is ccntninod ;^ as 
^any tiihes ; tiiat iS) V ^ ^ H times. 

2. How many times is f cc^ntained^m a? 

t/Srur. j is contained in a, S a times, and | is contained j as 
s»iai|y iimetf.; that »is, ^ . 



96 ..d%t2fvr* 

?» How many times is .?. contqiaed m c ? 

o 

1 . /» . 1 

Aru* . ._. is contained b c times ia c, and _■ is contained .. 

b . k a 



many tinier; tlkit is, ^-. 

a 



4, Of wh^t niux^er is c the -- part ? 

b 



Arith. Art. XXIIL 



Ans. If c is the ~ part of some number, -L wlH be ~- 

part of the same nnnabeF, and - is ^ part of -^, . . . .^ 

AritlK Art. XXrV. 

Hence, io divide a whole number by a fraction f multiply it by the 
derumiinatorvf tlte fraction ^ (md divide ike prodi^ct by t/m numetr^ 
tar. 

Uow mUny times is | contained iif |v 

Sdution. Kedtiving them to a common denominator, | isf 
f If and I is ^|. f f Wcontaitied in f J- qs mpiiy times as 24 i» 
contained in 35 ; tliat is, | J or 1 i |. .4/W ^ }. 

ft • m i* 

&, How many times is --- contained iu -i- B 

SottUion. Reducing them to a common denominator, .^ 

19 ^^ , ana --^ IS -~^, -— . M contamcd m — as many times a^ 
*£/ J bd bd bd ^ 

adia contained in i c 5 that is, — . ^^ns. ■ — .- 

ad II d 

7. Of what Inimber is — tlie -^ pjirt ? ^ 

4 ^ 



JSX. Dwisum of JPracHons. 

C tt 1 c 

SoliOian. If — - is the -^- ptrt of some nqmber, — part of -- 

a , b a d 

1 1 c c c 1 

ts --- part of that- aumber ; — part of -=- is — ;-, md — ^ 'is -y- 
b a a ad ad b 

part of — - , ^ns. — =; 

ad ^ ad 

Hence, ie ditide a fraction by: ^ fraction y muUijdy the nunte" 
rotor of the dividend by the denondnt^r of the divuor^ and the 
denominator of the dimdend by the numerator of the divisor. 

Or more generally, when the divisor is afraction^ multiply the 
dividend (whether tohoie number or fraction) by the divisor 
mverted. Arith. Arty. XXIII. and XXIV. 

8. Divide Sab by 5. 



9. Bivide IS a h^ 



e 



10. Divide 17 am by — -, 

■ b 



11.. Divide a c t by 

13. Divide Sam by 

13. Divide 2 a c — be by 



14. Divide 17 ax^ — 2bx-\'cx by 



15% Divide 11 o;?' — 3 a? "^ - 



36c 
Ta' 
2 a* m 

Sa 

•• • . 

5 c 

IS a b X -^2 X 



7 a^ e 
2 X 



7 a c^^— 3 a t 



16. Divide *i by ll£. 

a m 

17- Divide ?i4 by ^^• 

Saf / 6a.d^ 

«o 1^4*^^ I7«*m 4 S~0^n*- 

IB, Divide 1^— R— = by « — 5—=-. 

9 



19. Divide ■ by 



30. Divide 



,tSHi + 2bc , iQab — 2ax^A-7 



12 a X 9 a X ex 

21. Divide .-- by --. 

2 am-f-^a X 2a+3ca 

2S. Divide ^'"^-^t % -ii:^:?^. 

iMvimn of Compound Q,uanUtk$>,' >. 

XX. Sometimes cjivfeion may actually be perfoijined when 
both divisor and dividend are compoiinci quantities i Since di- 
vision is the reverse oT multij^ation, the proper irtethod t« dis* 
cover how to perform it, is to observe how a product is formed 
by multiplication . 

Multiply 2 «3 6 — ^3 a2 ^2 c f a ^3 ^2 
"by 4 a^ b^ 'j- 2 a b c. 



-r*- 



8 o*6^ — 12 anU^4 a^ b' c'^ +4a^br c—Ga'' ly^c^+2ii?b' c\ 

Observe that each term of the multipBer is multiplied s^par- 
etey into each term oifthe multiplicand. The product therefore 
*nust consist of a mrmber of terms equal to the ^irodtict :of the 
number of terras in the multiplicand by the number of te^-ms in 
the multiplier. If the product be divided by the multiplicand, 
the muhiplier must be reproduced, and if by the multiplier, tlie 
roultipHdand must be reproduced. 

The three terms 8 a* b^ — 12 ^a* b^-Cv^A a^ b^ t^ oi tlie.pro* 
duot Were produced by multiplying the three terms of tlie mukl- 
pHcand by the first term of die multiplier, 4 a^ b'^- Therefore, 
if these three terms be divided by 4 a^ b\ tlie qtiotient wiD be 
the multiplicand. 

Again, the tbrcfe *t^ms 

4A^b^c—6a^b^c^ + 2n^b*€^ 

of the , product were formed by multiplying each tewn of the 
imiltiplicand by 2 f^ b c. Therefore, 'Sf ihcxse thiee terms be di- 
vided 1^ 2 ab Cy the quotient will be the multiplicand. 



1 



XXI ' Dieision of Cotn^ptm^ ^iMWtUies. $0 

fieiioe w« gee that tfie whole divtsioa migbt be performed 
by a»y one term of the dWLsor, if aU the- ternos of the^ divLdead 
which depend on that teem and the quotient could be ascer- 
tained. This cannot often be done by inspection ; for in 
many products, though at first there are^ as laany terms asthere 
are nnTts iki the product of the number of teriDB in th^ mutti- 
pB«and<by the numbef of term* in the raultiplief , some of the 
terms are onited together by addition or sobtraclioa^ and 
some disappear entirely. Even if all the terms did reao^in 
ontire, they could not be easily distinguished. 

However, one term, may always be distirlgutshed, and from iX 
one term of the quotient may be obtained. 

Divide 4 o* — 9 a^ i^ + 6 a i^ -^ 6* . 

by 2«2^3ei5 + ^. 

First, it is evident that the liighest power of either letter in the 
dividend) must have been produced by multiplying the highest 
power of that letter \f\ (he divisor by the highest power of the 
same lettei; in the quotient ; for in order to produce the dividend, 
each term of the divisor must.be multiplied by every terra of the 
quotient. Therefore, if 4 a^ be divided by 2 a^ it must give a 
term of the quotient. Or, if. — 6* be divided by l^ it must give 
a term of the quotient. Let the quantities be arranged accord- 
ing to the powers of the letter cu . 

Dividend. nivisor. 

4 V — 9 a2 > + 6 a 65 — 64 /2 ^3 _ 3 ^ 4 ^ j2 



\5 



4 «* — 6 a^ i 4- 2 o« 6* \5ta^ + 3 a b --^ l^ quotient, 

ea^b — 9a^l^ 4- 3 a 6* 



2(fi 6* -f 3«6»u-64 
2a» h^ +3a6*— 6* 



I divide 4 a^ by 2 a*, which gives 2 a* for the first term of the 
quotient. Now m forming the dividend, eyfiry term of the di- 
visor was multiplied by this tern^ of the qacAieiit, thiereibrQ I 






/ 
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multiply the drvisot by this term, by whtcfe^ means I ftidiA the 
terms of the dividend, which depend on tWs tei-m. They are 

Here is a term 6 a^b vriaich is not in the dividend, this must have 
disa]>peared in tlie product. The term 2 o^ Z^ is oot found 
alone, but it is like 9 a^ l^ and must Jiave disappeared by uniting 
with some other term to form that, i subtract these three terms 
from tlie dividend, and there remains . 

6 aH — 11 a« 6^ + G^a 6* — 6*. 

■ • ' ■ ■ . , ^ ^ ■ 

which does not depend at all on the term 2 (^ of the quotient^ 
but which was formed by multiplying each remaining term of the 
auotient by all the terms df the divisor. -This then is a new di- 
vidend, and to find the next- term of the quotient we must pre- 
ceed exactly as .before ; that is, divide the term of the -dividend 
containing the hi^est power of a, which is 6 c^ fr, by 2 a^ of the 
divisor, because this must iiaye been formed by multiplying 
2 a* by the hghest remaining porwer of a in the quotient. This 
gives for the quotient -f- 3 a 6. I multiply each term of the di- 
visor by this, ;and subtract the product as before, and for the same 
reason. The remainder is 

which depends only on the remaining part of the quotient. The 
highest power of a, viz. 2 o^ 6*, must have been produced by 
multiplying some termoftlie quotient by 2 a^ of the divisor; 
therefore I divide by this again, and obtain — fe* for the quotient. 
I multiply by this and subtract as before, and there is no remalB- 
der^ which shows that the division is com}]3eted. 

By the above process I have been enabled to discover all the 
terms of the dividend produced by mukiplying the first ternj 
of the divisor by each term of the quotient. If feodi be arranged 
according to the powers of the letter 6, and the same course 
pursued, the same quotimit will be obtained, but in a reversed 
-Older. 

In the division the term — 2 a^ 6* has the sign — . Here we 
must observe that the 'divisor and quotient .multiplied together 
must reproduce the dividend* 

If -f- a i be divided by + o, the qiKdieni; must he +'i* b®-; 
cause -f- a X + ^ ^ves 4~ ^^ ^* 
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Divi^n of Compi^ni Q^uuntUies. 



im 



If -— d 6 be divi<ted by ^f- a, tbe quoUentmi^t be — % be- 
cause + a- X -'— b gives — 4 b, 

If + a.^ be divided. by -^ a, the quotient i&uat be — . 6,' be- 
cause : — a X — b gives -j^ a b. 

If — a b be divided by — a, the quotient must be -J- fe, be- 
cause — a X + ^ gives — a b. 

The rule for signs therefore is the skrae as in multiplication. 

When the sigf%8 are eilike^ that is, both + or both — 5 the si>gn 
of the quotient must be -}-; bnt when the signs are unlike^ that is -^ 
one -|- and the other — , the sign of the quotient must be — . 

iBy the reasoning abo^e we derive the foUowing rule for divkion 
ef compound numbers* 

Arrange the dividend and divisor according (0 the powers f)f 
some letter. Divide the first term of the dividend by the first terni 
of the divisor^ and write tlie result in the qiioiieni. Multiply aU 
the terms of the divisor by the temi of the quotient thus found ^ and 
ttubtract the product from the dividend. The remainder iciit be 
a new dividend^ and in-- order iofifnd the licirt term ofthx (ptoiient^ 
proceed exactly as before; and so 'on urUil there is no remainder. 

Sometimes, however, there will be a remainder, such that the 
first term of the divisor, will not divide ehher term of it; in which 
case the^ division can be continued no farther, and the remainder 
must be written over the divisor in the form of a fraction, and 
annexed to the quotient as in arithmetic. 

Divide 2a* — 11 a*i + 1 1 a? 5* + 13 a'' 6^ by 2 a — 6, 

2a — b 

-f- 4 6* 4- 



2a* — 11 a*ft-f 11a' 6» 4- .13a' 6' 
2a* — a*6 



2a — b 



-^10a*6 

— lbrt**4-5a'6 



lla'fr? + 13a*6^ 



Qa^V — ^a^h^ 



16 a* 6' 
16a'6« — 8a6^ 



Sab* 
8ai*^4ft* 

. At? 



f » 
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In this exattijpte, the* division may be coiitiiiued until the re- 
mtioder is 4 6*, which cannot be divided by a, therefore it must 
be vi^ritten over the divisor 3 a — b as a fraction and added to 
the q^uotient. 



Extsmplt^* 



1. Divide 


x^ -\'%ax -{- a^ by 


a -f- ^•* 


2. Divide 


c?~h\ . by 


a 4* ^* 


3. Divide 


&* + 2fr*«-f af» by 


** + «. 


4. Divide 


ar' — y* by 


«* + ^y + /* 


5. Divide 

r < 


^* — y* hy 


^ + y- 


. 6. Divide 


15a'rf2aft — 86'by 


3a^.2i, 


7. Divide 


a^ — 2ary'^-y^ by 


0? — - y. 


8. Divide 


d' — 9a' 4-27 by 


9 — 6 o + a*- 


9. Divide 


4 a* — 3 — 9 a' + 6a 


_!. 




. by 


3x — l + 2a'. 


10. Divide 


a* — xy Igr . 


a^ — (J? x-\'a^ — a:*. 


11. Divide 


6 Of*— 96^ by 


3 « — 6. 


12. Divide 


4 a* -r- a 6 by 


2 a-— -ft. 


13. Divide 


Qa^-^-Qc? — 15a by 


3 a' — 3 a. 



XXL EquaiionB. 

The above rules are sufficient to solve dl equations of tbe first 
decree. 

1* Find tbe vakie of X in the ecfuatioQ 

aVx — 2 c 2ac _^ , Vx 

- 5a 3 a — b 3 

First, clear it of fractions by multiplying by the denomfaa 

ton* 



• • 



:• • : ' 



BgrnaHom. HIS 

Jizpfemfig the raultipltcatioD, we h^ve 

(ai'a: — 2c) (3a — *) (3) — (2 a c) (5 a) (3) 
^ (abx) (5a) (3a — *) (3) — {b^ x) (5a) (3a — i). 

•Performing the mukipticfltion it becomes 

9a*b^x—'l8ac-^2ab^x + 6bc—$0a'e 
=:45a'6a?— 16a^6'*a:— 15 a'^i'a; + 5a&»ar. 

Transposing aU the ternis which ccHitain x mto .the first mem- 
ber, and those which do not contain it into die second member, 
it becomes 

« a' 6* ap — 3 & 6* * — 4 5 a* * » + 1 5 «* ** X -f 1 5 a" A- ar — 

5ab^xz=:l8ac — 6A«+36«*c. 

tTniting the terms which are alike 
3»V fc* a: -r- 8 a ** a? — 45 a' A ar = 1 8 a € — 6 i «+ 30 a' c- 

Separating the first member into &ctors 

(39 a* b* — 8a 6' — 45 a»A) ar = 18 a c — § A c -f 30 a«c, 

.... . 18ac — 6Ac+30a'c 

which gives a? === 



T » 



39a«6' — 8aA*— 45a»A 
2* Fiqd the value of x in the following equation; 

13 a = 2 c ar + A 

. 3. What is the value of x in ike foflowtng equation? 
2'» +4bc^ab. ^. *->*'-2*-**** 



¥—9m ' Sub— 12 Ac 

4. What is the value of a; in the foltowing equation.^ 

— 13 oc 



fi« — 2a 2A — 1 

5. What is the vahic of J^ in the following equatioi»? 

7 abx , -. , a — 3a 
3ie — 2aa?^ 1 — 5* 
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XXtl. Miscellaneous Examples producing Simple .Equalions^* 

1 « A Dierchant sent a venture to sea and lost one foartb of it 
by shipwreck; he then added $2250 to what re/nained, and sent 
again. This time he lost one third of what he sent. He theq 
added $ 1000 to what remained, and sent a third time, and gained 
a sum equal to twice the third venture; bb whote return was equal 
to three times his first venture- What was the value of the fisst 
venture? 

2. A man let out a certain sum of money at 6 per cem., sim-*' 
pie interest, wJiich interest in 1& years wanted but iE 12 to be 

equal to the principal. What was the principal? 

3. A man let out £98 In two different parcels, one at 5, and 
the other at G per cent, simple interest; and the interest of the 
whole, in 15 years, amounted to £81. What were the two 
parcels? 

4. A' shepherd driving a flock of sheep in- time of -^var, met ja 
company of soldiers, who plundered him of on*^ half the sheep 
he had and half a sheep over; the same treatment he received 
from a second, a. thirds and a fourth company., each succeeding 
company plundering him of one half the sheep he bad left and 
one half a sheep over. At last he bad only 7 sheep left. How 
many had he at first? 

5. A nian being asked fiow many teeth he had. r^^naining, 
answered, three times as many as he had lost; and being asked 
how many he had lost, answered, as many as, being multiplied 
into I part of the number be had left, would give the number he 
had at ^rst. How many had he remaining, and bow many bad 
he lost? 

After riiis question is put into equation every term may be 
divided bj- au 

6. There is a rectangular field whose length is to its breadth 
as 3 to 2, and the number of square rods in the field is oqualto 
6 times the number of rods round it. Required the length and 
breadth of the field. . 

7. Wliat two numbers are those, whose dM^renee, sum, and 
product, are to each other, as the numbers 2, 3, and 5 respeo 
lively? 



• » " " V w 



r 
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8. GBneralize the above by putting a, b^ and c instead of 3, 
8, and 5- respectively. 

Let X = tlie greater 
and jf = the less* 

Thea 
1. 



3« 



3. by the fifst 

4« by the 2d y 

5. by 3d aod 4th 

6. dividing by ar , — , . 

ax ^ c -pa 

7. elearixig of iiactioas be '■\- ac=s abx — a*«-f-fcc — «e 

8. by transposition mbx-^a^x = ^ae * 

9* from the 8th (A — a)xzsz2c 

2^ 
10. X 





* — y = 


a 
"J 


(» + y) 


• 




X — 


-}/ = 


a 


b 


X — ax 
b-^a 


b — 

6 + 


-a 

— X 


C X 


C- 






ax -j- 




C X 


b — a 
e b -\- a 


X 




«ar + 




c ^ 


b — a 







II. putting lOdi into 3d 9 =»= 



6 — « 
6 — a 2 c 2 c 



b ~{t a* b — « & + * 



Solve the 7th Ex. by these formulas ; also try other num- 
bers. 

9. When a company at a tavern came to pay their reckoning, 
they found that if there bad been three persons more, they would 
have had a shilling apiece le^s to fay; and if there had been two 
less, they would have had to pay a sbillii^ apiece more. How 
many persons were there, and how much had each to pay.^ 



lOv A sum of money » to be divided equally among a certak 
number of persons.. Now if there were three claimaots lesas^ 
each woiild receive 150 dottars more; Mid if there were 6 more, 
each would receive 1^ dollars less. How many persons are 
^re, and' how much is each to receive? 

11. What fraction is that, to the numerator of which if 1 he 
added, its value wiU he i , but i£ I be added ta ks denominator 
its value will be | . * 

12. What fraction is that, to the Bumerator of which if a he 

added; its vaTue wHl be — , but if a be added to its denominatojc 

n 

ks vallie will be — ? 

9 

•an*. Numerator -i—^ — ■ — t ^ 

mq — np 

Denominatc^r — iiAiLXJii ^ 

mq — » p 

Solve the 11th example by these formulas* 

13. What fraction is that^ from die numerator of which If a 

be subtracted) its value will be — . biit if be subtvaeted ftoQ> 

n ' 

fts denomioator, its vakie will be — .^" 



N. B. The answers to the 12th and 1 3th differ only in the 
signs of the denominators. The learner will find by endeavoring^ 
to solve particular examples from d^iese formulas, that be will not 
always succeed. If in making examples for the 19th, hei selects 
bis numbers, so that np is greater than m q^ the formula will fail; 
but if he takes the same numbers,, and applies ihem accordi^,>o 
the conditions of the 13th, they will answer those conditions^ , 
When w ^ is greater than n p the numbers will not suit the co/i- 
dttions of the 13th, but they will answer to those of the 12th. 
The numbers in example 1 !tb will not form an- example accord- 
ing to the 13th. The following numbers wiH form an example 
for the 13th but not for the 12tl). 



• • • ^ ^ 



14. What fradfon 1$ that^frDm the nOfiserator of wbiehnf 3 
he subtracted, its value will be | ^ but if ^ be subtracted frona its 
'denominator^ its value wiH be /^P 

The reason why numbers chosen itrdlscriminately wifl iMit 
satisfy the oodditions ttf th^ aboire iorauibs will be explained 
heredlter. . 

■ . - '' •, • ' . - . ' ■ 

iEqutilums with several Unknoim Quantities, 

^Xill. Q^ue^cm invohitig more than 4v>o ^nhnotm Qtia»- 

tities. 

Sometimes 4t is necessary to £mploy-, in the solution of ^a 
^<]uestion, more than two unknown quantities. In this case, Ihe 
-question must furnish conditions enough to -form as many distinct 
equations as there are unknown quantities. - 

1. A market woman sold to one man, 7 apples, 10 pears, and 

12 peaches, for 65 cents; and to another, 13 apples, 6 pears, 

and 2 peaclies, for 3^1 cems; and to a third, 11 apples, 14 pears, 

^and 8 peaches for 63 cents. She sold them e^ch time at .the 

same raie. What was the price of each? 

iet X =s== tlie price of an apple, 
y == " a pear, 

z =z '' a peacli* 

Then \»e sbaH ha^e 

1. 7a?-f lOy + lSz = 63 

2. 13«+ ^y+ 2z = Sl 
tl ll«-f 14y+ 8z = 63. 

Th« second ^beii^ multiplied by }6,^ the ^. will bare tbe-same 
coeificient as in the first. 

4. •- 78a?4.;38y-f 12z=;196. . 

1. 7 a: 4- my + A2 2=:^ 6» 



"I— 



5. 71 ar + 26 y * =123. . 

ff the second be muhipHed by 4, the z wjUJmve Ae same 
'coefficient as the 3d« 
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6. .6S« + 24y + 82:=^ 124 . 

S. li^r-i- 14y+8^=« ^3 



!"" *■ ■« " 



7. 41 a: + lOy * = 61 

We have now die two equatb&s 71 x --f- 26 y =;== 123: 

and 41 a? + lOy =» 61 

which contain only two unknown quantities. These njay noi^ 
be reduced in the same m^ahner a» others wilh two unknown 
quantities. 

Multiplying the 5th by 5^ and tlie 7tb by IS, the eoeffictent of 
y will be the same in both. 

8. 865a:+ 130y«=615 
. Sf. 533 a; 4- 130 y=p: 793 

10. . 178;r » =t= 178 ' 

We have now found an equation \;ontaining only one imknowB 
quantity. 

178 a; = 178 

X=: 1. 

Putting the value of x into the 7th , it becomes 

41 + I0y = 61 
10y = 20 
y= 2. 

Putt»[^ the Yalues of x and y into the Sd, h become? 

13 4- 12 + 3^ = 31 

2z=i 6 

z = 3. 

^ns. The apples t, ^e pears % and the peaches 2 cents 
each. 

In the same mafmer, questions, ntvolving (bur unknown quan- 
tities, may be solved. First con>bIne them two by two till one 
of the unknown quantities is^ eliramated from the wtigle, and 
tliere will be three equations wilh tliree unknown quantities. 
Then cooibine tltese tluee two by two,, until one of tlie un- 



known quanrities is eliminated, and then there will be two equa- 
tions with two unknown quantities, and so on. 

£ither of the methods of eUmination may her osed as is most 
coDvenieQt. 

It is not necessarj that all the unknown quantities shoulil enter 
into every equation. 

2. A market woman sold at one time 7 eggs, 12 apples, and 
a pie for 26 cents; at another time li eggs, 18 pears; and 3 
pies, for 69 cents^ at a third time 20 pears, ID apples, and 17 
eggs for 69 cents; and at a fourth time, 7 pies, 18 apples, and 
10 pears for 66 cents. Each article was sold, at every sale, at 
the same nrice as at first- What was the price of each ar- 
ticle.? 

Let u = the price of an egg,* 
X = . " an apple, 
y = " 9. pie 



1 



2 ^ss •^ a peajr, 

1, • 7tt+ 12ar 4- y sa 26 

2. 12 tt + 18 « + 3 y == 69 

4. 10«-f 18ar4- 7y«W 

6. In the 1st, y = 26 — 7 u — 12 or. 

Putting this value of y into the 2d and 4tb^ tliey become 

6. 12«+18z+ 78— ^Itt— 36ar = 69 

7. 10 z -f 18 ar + 182 — 49 ti — 84 ar =* 60. 

Uniting and transposing terms 

8. 18 ar — 9t* — 36 «===:— 9 
9* . lOr— 49« — 66* = — 11^ 
3- 20«+ 17tt4- 10ar=*s 69 

If the 9th be multiplied by 2, the coeflicient of s will, be th^ 
lanie as io the 3d; 

'10. .20r~98ii— |3?;r=te--232. 

16 



no Aigshra. xxiit 

Subtractjng. 10th from ^d 

S. 20 2: + 17 1* +10 a: = 60 

10. SO n — 98 « — 132 ar -s ^ 2^2 ' 



11.* * Jl5tt+ 143ir«=301 



If the 8th be multiplied by &, and the 9th by 9, the coefficiei^ 
of t will be alike. 



12. 90 2: ~ 45 w — 180 a: s?r: — 45 

13. 90 z — 441 tt — 594 Of = — 1044. 
Subtracting 13th from 12th 

14. 396 w 4- 414 a: »= 999. 

Dedticmg tlie value of x from 1 1th, and also from 14tb* 

301 — 115 tt 



16. 



16. X 



142 
999 — 396 tt 



414 

Making these values qT x equal, we have an equation cotitainiiig 
only one tinknowa quantity. 

999 — 396 tt __ 301 — 115tt 

414 '. ^ 142 

This equation solved in the usual way givei^ 

«±tt2 

Putting this value of tt into tlie 15th or 16th, we shall fipd 

2 

Putting these values of x and u into tlie 1st, 2d, or 4tb, and 
we sliall find 

jr = 6. 

Putting the values of t and tt into the 3d, and we shall lind 

^9ns, Eggs, 2 cents each, apples, | cent, pears, 1 1 cent, and! 
pies, 6 -cents. 

* If the leftrner is at « Ion hpw to 4aliinM$t — SEH frejn C^ let him 
liotfa into the lirsi ineiiibei», or some terms from the fint to the second 



-In this €xampl6,'diFee> dyFerent . methods of eihnutation' were 
empbyed. This was not necessary; either method miglu have, 
been used for the whole* It is sometilnes convenient to use 
one, "and soraetirwes the other. 

3. There are tiiree persons^ A, B, and C, whose ages are as 
foBows; if B's age be subtracted from A*s, the difference will 
be G's age; if five times B's age and twice C's age be added 
together, and from their sum A's age be subtracted, the remain- 
der will be 147; the sum of all their ages is 96. What are their 
ages? ^ 

4. Three men, A, B, C, driving their sheep to market, 
say^'A to B and C, if each of you witf give me 5 of your sheep, 
i shall have just half as many as both of you will have teft. 
Says B to A and ^C, if each of you will give me 5 of yours, I 
shall have just as many as both of you will liave left. Says C 
to A and B, if each of you will give me 5 of yours, 1 shall have 
just .twice as many as both of you will have left. How many 
had each? 

5. It is required to divide the number 72 into four such parts, 
that if the first part be increased by 5, the second part dimin- 
ished by 5, the third part multiplied by 5, and the fourth part 
divided by 5, the sum, difference, product, and quotient, shall 
all be equal. 

6. 'A grocer had four kinds of wipe, marked A, B, C, and D. 
He mixed together 7 gallons of A, 5 gallons of B, and 8 gallons 
of C, and sold the mixture at $ 1.21 per gallon. He also mixed 
together 3 gallons of A, 10 of C, and 6 of D, and sold the mix- 
ture at $ 1.50 per gallon. At another time he mixed 8, gallons . 
of A, 10 of B, 10 pf C, and 7 of D, and sold the whole for 
jjj 48. At another time he mixed together 18 gallons of A, and 
15 of D, and sold tlie mixture for ^48. What was the value 
of each kind of wine.'^ 

7. Find the values of u, «, y, and 2, in the foUowing equa- 
tions, 

» — 2y + 3z = 5« , 
Sx — 15 — ti = 4 y — 23 

2« + z — y:^27 

y+l3 — 3ar+ntt = 91. 
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8. Three pe.'scms, A^ B, and C, taking of their money, sajrs 
A to B and C, giye me half of your money and I shall have a 
«iun d; says B to A and C, give me one third of your money 
and I shall have d; says C to A and B, give me on.e Iburtli <» 
your money, and I shall have d. How much had each? 
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•It sometimes happens In the oourse.of a calculatioii, through 
some misconception of the conditions of t\ie question,- that a 
quantity is added which ot^ht to have been subtracted, or a, 
quantity subtracted which ought to have been added. In this 
case, a^ebra will detect the error, and show how to correct it. 

The length of a certain field js a, and its breadth &; how 
much must be added to its length-, that its content may be e ? 

Let X = the quantity to be added to the length. 

Then a + ^ = the length after adding x. 

(lb -^ b X = c 

bx^ssz c — ah 

c 

ar = — — o. 

t 

.Suppose the length to be 8 rods, and the breadth 5; how 
much must be added to the length, that the field may contain 
60 square rods? 

Here « 3=: 8, & == 5, and c = 60 , 

a? = 8 = 4. 

5 

Jlns. 4 rods, and the whole length wiH be 12 rods 

Suppose the length 8 rods, and the breadth 5; how much must 
be added to tlie length, that the field may contain 30 square roda^ 
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The answer is — 2 rods. What shall we understand by this 
fiegative sign? 

' Let us return to the original equation. 

8X5 + 5ar=r3a 
or 40 -f 5 ar == 30. 

Here appears an absurdity in supposing something to be 
added to 40 to make 30. The result shows that we must 
add — 2 rods, that is, subtract 2 rods, which is in fact the 

ease; for ^ 

40 — 6X2=i30. 

l#et the question be propoi^d as fallows. There is a fielc} 8 
rods long and .5 wide; how much must be subtracted from the 
length, that the field may contain 30 square rods? 

40 — 5 a: = 30 

a?«5= 2. 

The value of x is now positive, which shows, that the question 
b ^onectiy expressed. . 

There is a, field. 8 rods tpng and 5 rods, wide, how much must 
be adxraoted frocn the lei^th, ijiat the field mayccntain 50 
square rods? 

40 — 5« =8 50. 

« = — 2. ■ 

Here a^in the value of x is negative, which showi* some in* 
consistency in the question. 

The inconsistency consists in supposing that something must 
be subtracted from 40 to make 50. In order to correct It, sup- 
pose something added. That \sp put into the equation -}- 5 « 
mstead of — bx. 

Hitherto we have treated of negative quantities only in cott* 
nexion with positive. They arise from the necessity of express- 
ing subtraction by a sign, because it cannot actually be performed 
on dissimilar quantities. They are only positive quantities sifb- 
tracted, and in their nature they differ in nothing from posbive 
quantities. In tliat connexion we diseovecad ruks ft>r operstii^ 
flipoe the ^antitiea affected with the s^ — . 

It msy' sometimes happen as we have just, seen, th^t by some 

/vrong supiKwitioQ in the condit^ns of the questiont the qunn- 

titi«9 to be subtracted may become greater tluui those from 

10* 
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which ihey are tc) be subtracted, in tvbidi trase the whole expres- 
sion taken together, or which is the same thing, the resuli after 
subtraction, will be negative. . This is what is properly called a 
negative quantity. 

A negative quantity cannot in reality be a quantity less than 
noUiing, but it implies some contradiction. It answers to a 
figure of speech frequently used. If it is asked, how much a 
man is wortli who owes five thousand doikrs more than he caa 
pay, we sometimes say he is worth five thousand dollars less 
than nothing, instead of changing the form of expression and 
saying, he owes five thousand doikrs more than he can pay. 
\ If any thing is added to a number, properly sped^ing it must 
increase the number; if we add nothing, it is not. altered. It is 
impossible to add less than nothing; but by a figure of speech 
we may use the expression, add a qitantity less than nothing^t to 
signify subtraction. 

As these negative quantities may frequendy occur, it is neces- 
sary to find rules for using them. 

In the first place, let us observe, that all negative quantises 
w*e derived from endeavoring to subtract a Isffger ^juantity from a 
smaller one. The largest number that can actua% besubtractedt 
from any number, is the number itself. Thus the larc^st n»niber 
that can be subtracted from 5 is 5; the kr^est number, that can 
be subtracted from a is a itself. If it be required to subtract 8 
fi«3m 5, it becomes 5 — ^5 — 3=^= — 3;the 5 only can be 
subtracted, the 3 remain's with (be sign — , which shows that it 
couid not be subtracted. Jf 5 be subtracted from 8, the remain* 
der is 3, the same as in the other case except the sign« 

In the same manner, if it be required to subtract 6 from a, b 
being the larger the remainder will have the sigh — , that is, 
a -*- b will be a negative quantity. 

Suppose b — o =x: m; then a — [; x«-^ m. That is, whether 
a be subtracted from 6 or 4 from a, the numerical value of the 
Femainder is the same, differing only with respect to the sign. 

It is required to add the quantity a. — 6 to c. • 

" The nnswer is evidently e -j^ a — i. 

Now if a is greater than 6, the quantity c + « -j— ft^ is greater 
than c, by the difference between a and b; but if fe fe greats 
Uiaii a, ttie quantit}' is smaller than c, by the difierenee b^ween 
« and 6, That is> if ^ 
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b^^ — u =: in, ^ _ 

• then , €t — fc === — w 

and c-j^a — b = c — m. 

Hence, adding a negative quantity, is equivalent to subtracting 
an equal positive quantity. 

In the above example of the field, in which the length was 8 
rods and breadth 5, it was asked, how much must be added to 
the length) th^at it might contain 30 square rods. The answer 
was — 2; which was equivalent to saying, you must subtract 2 
rods. 

It is required fo subtract a — b from c. 

The. answer is evidently €-; — a+*^» 

Now if a is grealer tlian i, the quantity c — ,a-\- b \s less thaa 
c by ihe di'fference between a and 6, but if b is greater tlian^ a^ 
the quantity is larger than c, by the same- quantity. , 

JLet a — 6 = — * m which gives — a -{- b=^m 

. then c — a-}-^ = c-f-w* 

Hence, subtrapting a negative quantity, is equivalent to adding 
80 equal positive quantity. , 

In the example of the field, in which the length was 8 rods 
and the breadth 5, it was asked, how much must be subtracted 
from the length, that the field might contain 50 square rods. 

The answer was i — 2 rods, which was equivalent to say tug 
that 2 rods must be added to the, length. 

A is worth a number a of dollars, B is not worth so much as 
A by a number b of dollars, and C is worth c times as much as 
B. How much is C worth? 

B*s property e=x a — » ^, y 

C's property =ae — be. 

Now if a is greater than 5, the quantity ae — be wtfl be po5«» 
itive; but if 6 is grealer tlian a, tiien a — 6 is Degpiliire, and alia 
a e — 6 c is negative. 

Let ( — a = m^ 

then be — ae^sez cm. 

. and ae — bes=s — cm. 

or c^a~*) wsa-^cm. 
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That is, if B is in debt^.C is c times ns mucfa in debt. Hence 
if a negative quantity be multiplied hy a positive, the produiQt is 
n^gtive. 

A gentleman owned a number a of farms, ^nd each farm was 
worth a number c of dollars, which was his vvhole property. He 
hired money and fitted out a number 6 of vessels, and each ves- 
sel was wonh as much as one of his farms. All the vessels wer^ 
test at sea. How much was he then worth? 

He was worth a — h times c dollars. That is, a c — 6 c 
dollars* 

Now if the number of farms exceeded the number of vessels, 
be still had some property^ but if the number of vessels exceeded 
the number of farms, (that is, if h is larg^ than a,) the quantity 
nc — 6 c is negative, and he owed more than he could pay. ^ 

Hence if a positive qusHitiiy be multiplied by. a negative ^SSh 
product will be negative. 

Multiply a — h by c — d. 

a — ^ 
c — d 



Product ac — be — ad -}- bd, 

Tliis product may be put in this form. - a 

(a — h) c-{- (b — a) d. 

Let i^t be remembered that a — 6 has the same numerical value 
8s,i — o, tliey differ only in the sign. 

Suppose a — 6 a=s — m 

by changing all the signs * — a.a= 4- m. 

Hence (a — 6) c-^(b — a) rfs= — em-\'dmssim (d-^c) 

Now if d is greater than c, (which is the case when c — d h 
begativi?,) die quantity m (rf — c) is positive. 

Hence if a negative quantity be nMiItiplied by a negative, the 
product will be positive. 

Another demonstration. Suppose both a — b and e — dto 
be negative, as before; then b — a and cf — c will both be pos* 
klvc, and their product wiD be positive. . 
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b --r a ' . 

4 — c 



This product is precisely the same as that protfticed hy muki- 
pjying a — b by c — - d. Therefore if two negative quantities 
he multiplied- together, the product wiU be the same as that of 
two positive quaatiues of the. same namerical vdue, and will hanre 
Ae positive sign. ' 

It is required .to find the second power of a — ^9 and also of 
* -^ a. - 

The second power of each is a' ^^ 6' — 2 a i. 

Now if a — b is positive, then b — -a is negative; or if «— 4 
m negative, then^fr ^-> a is positive.. 

Suppose o — b ==: m 

then b — a = — m , 

we ha^e (a — b)* = (i — >a^* == m'. 

That is, the second ])ower of any quantity, whether positive 
or negative, is necessarily positive. 

The rules for division will necessarily follow from those of 
isultlplicatioD. 

Hence the rules which appfy to terras aflected with l!he sign 
. — in compound quantities, eiaend . to isolated negative quanti- 
ties. 

We might also derive tlie same rules in the following manner. 
It lias been shown that a negative quantity is derived from some 
contradiction in the conditions of question, by which that quan- 
tity entered into the equation with the wrong sign. Now, in 
OFder to make it ri^t, the sign of that quantity must be changed 
in all places where it is used. That is, if it was before added, it 
i&ust now he subtracted ; and if it was subtracted before, it must 
now be added, and (hat whether multiplied by another quantity or 
not. 

Suppose we have the equation 

ax — ^of* — 2li6x39BBC — dL 

Now suppose that We have ir at= — m^ 
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This shows that x was used in all cases witb the wrong sigB, 
therefore to insert — m in place of x we imist change the sign in 
each term where x Is found. 

Take the quantity first without x, tbus, 

a — 2 — 2ab. 

First insert — m in the second tei*m and it becomes 

a + 2w — 2ab 

Now insert — m into all tbe terms, and it becomes 

am — 2m*-f"2a6m^=c — d. 

If — m be inserted by the rules found above, the samie result 
will be produced. 

When a negative value has been found for the unknown 
quantity, we have db^erved it shows that there was some in- 
consistency in tbe queslion. If then the unknown quantity be 
put agaiix inio the same equation, with the contrary sign, as we 
introduced — m above, that is, if the unknown qumitity be 
taken with the negative sign, and introduced by the above rules 
into all the terms where it was found before, a new equation 
will be produced, differing from the former only in some of tho 
signs. Then if the conditions of tt)e question be ^tered so as 
to correspond with . the new equation, it wiU be consistent, and 
a positive value will be obtained for the unknown quantity. The 
new value of the unknown quantity however wiB be the same 
as the former, with the exception of the sign. Therefore^ 
when once we are accustomed to interpret this kind of results, 
it will be unnecessary to go through the calculation a second 
time. 

The following examf^s are intended to exercise the learner 
in interpreting these resdts. 

1. A father is 55 ye^rs old, and his son is 16. In how many 
years will the son be one fourth as old as tbe father? 

Let X =a= the number of years. 

. 16+ x = ^±±Jt 

^ 4 

Q4 -\- 4x^=^55 -\- x 

3ar=:=55-^64=» — 9 

9 9 — a 



Htre X lias a negative lvalue, consequently it entered into the 
t&quation with the wrong sign« Putting now -*- x instead q£ m 
into the equation, it becoines 

55 — X* 



1§.— X *= 



4 



TRis shows tliat something must be subtracted from the pres- 
^ent a-^e; that is, the son was a fourth part as old as the i^\h& 
«Qme years before* 

This equation gives 

Therefore lie was. one fourth part as t>ld 3 years hefore, when 
the father was 52, and the son 13. 

£. A man when he was Aiarried was 45 years old', and his wih 
20, How many yoars before, was he twice as M as she? 

45 ^x 

20 OP 235 

or s=c — 5. 

There ts b wrong supposition in this question. Putting — • » 
into the equation it becomes 

^^ , 45 + «' 

504-aps=s — ^ — 

2 

ar a= 5. 

This snows that she was nol half as old as he when they were 
tnarried, but that it was to Imppen 5 years afterward, when the 
man was 50, and the i»ife 35. 

3. A teborer wrought for a man 15 days; and had his wife and 
ndn with him the first 9 days, and received $ 14x25. He after- 
wards wrought 12 days, having his tvfle tind son withTiim 5 day^ 
and received $ 13.50* How much did be receive per day hm^ 
self, and how much for his wife and son ' 

4. A laborer wrou^ for a man II days, and -had Kis ivife 
mrith him 4 days at nn e.xpense, tind received $17.83. He 
nfterwards wrought 23 days^ having his wife with him 13 d^yi^ 
«nd received $38.78. How much did he receive per day lor 
^imaeify aod faoi^ much did bo pay per day for his wife 3 
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5. A faborer wrought for a gentiernan 7 days, fiavihg bis wife 
with him 4 days, and bis son 3 days, and received $ 7.89. A^ 
another time he wrought 10 days, .bavii^ his wife with him 7 
days, and his son 5 days, and received $ 1 1 .65. At a third 
time he wrought 8 days,, having, his wife with him 5 days, and 
his son 8 days, and received $7.54. How much did he re- 
ceive per day himself, and how much for his wife and' son- seve- 
rally.^ 

6. What number is that, whose fourth part exceed its third 
part by 16? 

-^ = -+15 

4 3^^ 

^ ^ — J92. 

The question as il was proposed involves some contradiction 
Putting in — a: it becomes 

4 ^ 

Changing all' the signs 

X X 

4 3 

af = 192. 

This shows that the question .should have been as follows;; 
What number is that,, whose third part exceeds its fourth- part 
by 16? 

7. What number is that, ,\ of which exceeds*) of it by 182 

' 8. What fraction is that, to the numerator of which if 1 be 
added, its value vfSl he I , but if 1 be added to its denominator, 
its value wiH. be | .^ 

9. What fractfon is that, from the numerator of whteft, if 3 
be subtracted, its value will be It » but if 2 be subtracted from its 
d^Jlcmmalor, its value will be |? 

10. It is required to divide the number 20 into two such 
parts, that if the larger be mukiplled by 3, and the ^maUcr by 5, 
die sum of the products will be 125. 



ZXV. NegaU'oe' tisponents. ISl 

11. It is r€K|aived to imd two ndmbers tvlioa^ eum ia S5, 
and such that if the larger be multiplied by 7, and the smiUler 
by 5^ the.sum of their 4>rodiicts shall be 215. ^ 

■" • • . . " 

XXY. ExphnaHon of Mgaiwe Exponents. 

It was observed above, that when the dividend and the divisor 
were different powers of the same letter, division is performed by 
subtracting the exponent of the divisor from that of the dividend: 
flius 

a' • ■' ■ ^ 

Now — = 1. By the above principle — =s a^— ' ssn a^; there- 
a a 

fore a® s=t 1. ' . 

Also ?! == a" := a« = 1; ~ = **-» = 6« «= 1; 
a" h 

10 ^ a -^ h 

10 ' a + 6 V 

That IS, any quanti^ having zero for its exponent^ is equal to 1. 
Agam-=^,or-=«a' = an*. 

a' a* 

1 

Hence it appears that ar^ has the same value as — , and ar^ 

a 

1 

a* 
The quantities a*, a*, a', n®, a~', a*^, a"^, &c. have the same 

▼itlue as a% a%. a% 1, — , -- , — , &c. 

a o" a* . 

* Kxponents may be used for compoond qnMititj«s as well as .of atmplf* ; an 1 
BuTUplication and division may b« pf^riormefl ^n tiioae which ate aiantlari^il / 
adding and sablnctang Uie oj(|ioni*m». 

11 



1 



On tUs principle the. denominator of a fracticH), or atny (actor 
^ the denominator may be written in the nuroeratdr by givii^ tfii 
exponent the sign — ♦. 'This mode «f notation is often verjr 
todvenieiit; I shaU therefore give a few examples of its ap{£c»- 
tioo;. 



^ 



€* 



%a 



i. ilultiply — ^ by t^c. 

he 

By the common ride -— X " c == -— = 1. 

By tfee |frinciple "explained abo^re> 

«. Multiply 3 A c^ rf-^ by ^a'c^i'^ 
S» Multiply 6 «-* c-* by 2tic^ 

4. Multiply ^ .M by Sa'c*. 

fe. Multiply 2 a (i + d)^ "by 3 a (i + d)\ 

^> Multiply ^^^^^^^^^, by 8.M2«-*rf)^ 

>. Divide iil by c^ 



3a r . 3a 
ftljr the abore method S'oc"' -?- c* ssr Sac 



)fty <he common method Ef 4- c» = — . 






t)r tlius, to divide 3«c'~' by c', is the satns as to mukipHgr 

I 

%f -^ or xr^^ which giv«9 the same result. 
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8. Divide \-^rp^, 'by a' (2 b — c)\ 
(2 6 — c) 

9.Muhiplyff by i-^. 

. , . •^ A !__. 12 a e 

Sac-*rf^ X 4ec-*d-*==12«c-*rf-'c = — j^- 

10. Divide — -- by 



c*d '' a'c'd 
Sair^cM -^ 36a-•<^-*(^-' 
2o'+»6~'c-» + '^* + * 2a»i--* 2o^ 



3 3 36 

In this example the exponents to be subtracted had the sign 
— , which in subtracting was changed to +. 

11. Multiply ^-- ^ by -— —. 

^^ 26c ^ S{be — dy 

^^- ^"^P'^ 37(6=2^ ' 12a»63 - 

IS. Divide ^^^'^^^-^^' by lifK^fZI^. 

14. Divide ^('^^ + ^^y by i^liili+i^. 

(a — 6)* ^ 4(a — 6)» 

XX¥I. ExaminaHon of General Formulas. 

When a question has been resolved generally, that is, by r^ 
resenting the known quantities by letters, we sometimes propose 
to determine what values the unknown quantities will take^ for 
particular suppositions made upon the known quantities. 



♦»i. 



The two* folio wing, questions o&f nearly all the circumstaaces 
ihat can. ever occur in equations oi the first degreq. 

A' C B 

Two couriers set out at the same time from the points A and B, 
distant from each other a number m of miles, and travel towards 
each other until they meet. The courier who sets out from the 
point A^ travels at the rate of a miles per hour; the other travels 
at the rate of 6 miles per hour. At what distance from the points 
A and B will they meet? 

Suppose C to be the pointy and 

Let ar == the distance AC 

and y = the distance B C 

For the first equation we have 

:r-f'3f=:AB=fn 

Since the first t^ourier travels x miles, at the rate of a hides 

per hoar, he wiA be — hours upon the road. The second con 

rier will be -y- hours upon the road. But thfay travel equal times; 
b 

therefore, 

LI. 
a^ b 

Putting this value of at into the first equsttioa, it becomes 

ay + by==^bm 
b m 



a-^- b 
a bm abm am 



ay ^ 

'"T/" fc'\a + 6 b{a+b) a+i 

Since neither of the quantities in these values of x and y has 
ihs sign — , it is impossible for either value to become nega- 
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tive. Therefore whatever numbers may be put in place of a^ 6, 
and ffi, tbey . wHl give an answer according to the conditions (rf^ 
the tjuestion. In fact, since they travel towards each other, 
whatever be the dbtance of the places, and at whatever rate they 
travel, they must necessarily meet. 

Suppose now that the two couriers settiBg out from the pomts 
A and B situated as t>efore, both travel in the same direction 
towards D, at the same rates as before. At what distances from 
the points A and B will the place of their meeting, C, be? ' 

A B CD 



Let X s=s the distance froth A to C, 
and y =3? *^ B to C, 

« — y = A C -^ B C^= A B t^ m. 

The second ^uaiioa expressing only tbe e<juality of the tim 
wiU not bq altered* - 

' a b 
Solving the two equations as before,, 

aly 

ay 

ay-^,by^^bm 

a — b 
a -km mbm am 



Xy 



6 ^^^ b a—b 6 (a—.*) a— A 

. Here* the vahi^ of « and y. will not be positive .unle^ a is 
greater dian b; that is, unli^s the courier^ that sets out from Ai 
ttaneeis faster nhao the other. 

Suppose 1^ ss 8 and ft aaa 4. 



Then x = «= — aas 2 m 

6 — 44 

^ 4 w 4 in 

y— : ______ m.^ 

In this case the point C, where they come togeAer, b didtant 
from A twice the distance A B. 

Suppose • siBaBer dmn i, bt example 

<ii :iB& 4 and % «= B. 

r». 4' in 

Theii -x asz — sfis — UK 

4 — 8 

■ 4—8 

Here the values of x and y are both negative; Tiewce flier© 
is some absurdity in the enunciation of the question for tbe9© 
numbers. In fact, it k impossible that the cQoder getting out 
from A9 aad travdltog slower than die other shoiild overtake 
him. 

Let QS pift X and y negative itt im titfo equations; &at i», 
change then: signs* 

Tb^ become -*— ar + y ==^ *** 

^ i 

or y — a: 3s= HI 

•a i( 

The second eqimion Is not affected l^ changing the sign* 
and it ought not to be so, since it expresses 01%* the equaSty ot 
fhe times. 

The first equation becomi^s y-^x^satmy instead of ar-^jf 
^anm, which shows that the point where they «re teg^itber is 
nearer to A than to B, by the distance from A to B. it'Omlt 
ttbefefore be on the other side of A, asmt fi. 

E A B € » 



•—»••• 4r« 9^h9* •* 
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* The eriuncfaition of the question roaj^' be ch»bged in ti*6 ti^ys 
irnvs to answer .the conditions of this equation. 

First, -we maj stippose, that' the couriers, setting out from A 
and B, instead oT going towards D, go in the opposite direction, 
the .dtie "from A at 4 miles pep Iiour, and the other from B v^t 8 
•mHes per hoar; at what distance frofn the points A and J3 is the 
^point E, where they come together? 

Or we may suppose that two couriers setting -out from the 
same place £, one travelling at the rate of 4 miles, and the oiher 
S per hoar, have arrived at the same time at the points A andJB, 
v^hich are m miles asunder. What distance are the jK)ints A and 
BfpomE? 



Suppose 


a=^6 


■^en 


a- — b a — a 


'^ ' 


ft W b M. -0^911 

y 3c= . — ■ " 

a — -b a — a 



How is this resait to be intei^irpted ? 

- Observe that in this case a and ft being eqti^, the ^wG/conrienB 
iravel equdly fast, it is therefore impossible th^t.one should ever 
^arertafce the other, however far they may trav49l;ip either direc- 
^on, and no change in the ^conditions can make it possible. 'Zero 
^ing divisor, then^ is a sign of impossibilUy. 

We may observe that w<h.en there is any diflereooe, 'howeyet 
sitedl, between a and l», the vahies of a; and y will be real,, and 
^e coufier^ will come tDgcrlher in on&^ dipeotiott.or the other; 
and the smaller the difference, the greater will be the distance 
•tiftiveUed before th^ come t<^etiier; that is, the greater will 4>^. 
^ values of or and 2f^ - 

"Stipplwe a = 5 and ^ss= 4, a — ft c= 1, 

iA|^n, Suppose a == 5, and 'ft :== 4 • 5, a — b = 'B, 

» »- rf . . . 

•5 "vO 
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Agatn^ Stip^s<d a = 5^ and h =f» 4- 96> a — i s= • 02^ 



then X s= — == 250«i, and y s= ----- == 249 m 

•02 ^ . 02 

Again, Suppose a=:5 and 6s4-9§S, a-^fras-QOSy 

then X = -^- = 2600 m. 

002 

, 4-998m -^^^ 

.and u =8 — TTTT-^ = 2409 mw 

Here observe, that as the difference between a and h becomes 
very small, the values of x and y become very lai^, ahd the 
difference between them is always tn. Hence, since the smaller 
the divisor the larger the quoti^t, we may conclude^ that when 
the divisor is actually zero, the <}uotlent must be infinite. From 

this consideration, mathemafieians have caHed the expresssion — , 

that IS, a quantity divided by zero, a symbol of infinity. They 
therefore say, tl)at, both couriers traveMing equally &st, theiii^ 
tance, travefled l)erore they come together, is infinite* Bm^s 
infinity is an impossible quantity, I prefer the term impambley-aB 
being a term more easily comprehended. I shall tfaerefei^ coH 

— a symbol of impombilUy. 

If a quantity be divided by an infinite or fmpossibfe quanti^, 

tibe quottent wiU be SBero. If h be divided by — ^ it becomes ->• 

Multiply both numerator and denominator by 0^ it becomes 

X A 

— — sss 0. In fact, since the larger the divisor, die 9miBer 

a 

the quotient, the dividend remaining the same, it foHows that 
if the divisor surpasses any assignable quantity, the quotieof 
must be smaller than an assignable quantity, or notliing. 

One case mone deserves our notice. It is when as=sh and 
VI SB a; in wbich case we have 
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mm a X 



X =1 



a — b 

_ hm _ b XO _ 0^ 
^~ a — b Q O" 



If we return to the equations themselves, they become 



a — y = 

£__y 

a a * 
From the £nt we'hate 

x = y ' 

Sdbstitutiog this value in the second 

a a * 

This last equation has both its members alike, and is sometimes 
called an identical equation. The values of the unknown quanti* 
ties cannot be detennmed from it. In fact, sidce m is zero, both 
couriers set out from the same point. And since they both travel 
at the same rate, they are always together. Therefore there is 
no point where they can be said- to come .together. The expres- 
sion — is here an expression of ^n indeterminate quantity. 

There are some cases where an expression of this kind is not 
a sign of an indeterminate quantity, but in these cases it arises 
from a factor being common to the numerator and denominator, 
which by some suppositions beconoeg zero, tind renders the frac- 
tion of the form of — ; but being freed from that &cior, it has a 

determinate value. 

The following expression's an example of it. 

a ( g* — b') 
6 (a — 6) * 

When a = b^ this expression becomes — . But both numera* 
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tor and denomnHitor contain the factor a — b^ which becomes 
sero when a and b are equal. 

Dividing by a — by the expiressioa becomes 

g (<» + b) ^ 

which is equal to 2 a when a = &. 

It 19 necessary then, when we find. an expression of the fonm 

-^ , .before pronouncing it an indeterminate quantity^ to sea if 

there is not a fiictor, eommen to the numerator and denommator^ 
which, becoming'^ero^ renders the expression of this form. 

The example of the couriers . furnishes some oiher curious 
cases, for which we^must refer the learner to Lacroix's or Bouiv 
don's Algebra. 

Let the learner examine the following examples m a similar 
manner 

In Art.^ rX. examples 15 and 16, the foHowing formulas, relat-. 
iDg to interest, were obtained. How are r and t to be interpreted^ 
when p is greater than a; and bow when a and p are equal ^ 



tp rp 

In Art.. XXIL exaoiples 12th and 13th, the following formulas 
were obtained. In what cases will the results become neg^tivoii 
ijod bow are the negative results to be interpreted? 

J^th. Numeratof *'P("' + "> 

» 9 — ; n p 

]>enoHiiBator \P<"f 

mq — np) 

laih. Numerator *'P^"' + "> 

n p — mq- 

DeniQimiQator yPTWr ^ 

np—mq 
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It is r^uiied to divide a given Hunger a into two^stip)) purts, 
ihnt if r times one part be added to 9 tinies tiie other part, the 
liura win be a pvtn tfumber h, 

h — as 
Am. The part to be «[iuitiplied by r is ^-j 



^d the part >to be f nultiipil^d by « is 



r — i 

ar^ — b 



8 



In what cases tviH one or both of these results lae negative? 
Can both be negative at the same time? How are the negative 
results to be interpreted? In what case? w31 either of them be- 
come 2ero? Oan both become zero at Efoe saine time? What is 
<o be understood when one or both become ^ero? In what cases^ 
will one or both become infinite or in^ossible? Can either of 

• " 6- 
idiem ever be of the form — ? 
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1. A boy being asked how 'many dhickens he had, answered^ 
that if the number were jnuUi|)lied by four times itself, tlie pro- 
Mluct. would be 256. How many bad he? 

Let a: === the nliniber, 

then 4 ar =i four times the number. 

4 ar X ^ s 4 i* 

%y the conditions 4a?*=s:256 

ap* = 64 

f ha^t is »i: = 64. 

This equation Is essentially different from any which we tiaa^e 
lutherto seen. 

It is called an equation of the Btcond degree^ because it eon* 

'tains c', or the second power of the unknown quantity. In order 

to find ttie value of a;, it is necessaiy to find whstf number, nitiki« 

^ied by itself, will produce 64. We know immediately by the 

'4able or Pythagofas that 8 X 8 s^ 64. Theyefor^ 

ff srse 8* ^f^. 8 cfaick«ni* 

J^o/c. The results^of these equations, maybe j^raved like those 
ef die finrt ij^rae. 
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2. A boy being ttsked his age, aqswore^) that if it were malti- 
plied by itself, and from the product 37 were subtracted, and tbe 
remainder multiplied by his age, the product would be 12 tijCMs 
his age. What was his age? 

xXx=zx^ (ar* — 37) ar =» «* — 87 «• 

By the conditions 

ar» — 27 X = 12 a?. 

.Dividing by x, 

X* — 37=12 

a? = 7 ^ns. 7 year^» 

3. There are two numbers in the proportion of 5 to 4, «tid 
the difibrence of whose second powers is 9. What are tb^ nun*- 
bers? 

Let X =ss the larger number, 

4 X 
then — :s±s the sroaQer. 

5 

The second power of — is . 

5 25 

By the conc&tioQs x* — = 9. . 

25 

4. There are two numbers whose sum is to the less in. the 
proportion of 15 to 4, and whose sum multiplied by the less pro- 
duces 135. What are the numbers? 

Let a? == the less, and y = the greater. 

Then x + ytellf 

and X (x + y)zss 135* 

The second gives y =^ i^izif! . 

Putting tins value of y into the first, it becom«i 

135 — JT* 15 ar 
w "r • — : ?=s — -- , &c. 



I 



JBfi^tHse tt itp^eftTs, tfa^ wb^ian example in vol^s the s^eond 
|9ower of the Uffknowo qcntuity, the value of the second pow^ 
must first be foond^ io the same mmioer as the unl^nown qju^itity 
is found <in .simple equations; and from the value of the second 
power, the value of the first power is derived. 

It is easy to find the second povver of any quantity, when the 
first power is known, becaijse it isdone by multiplication; but it 
is not so easy. to find the first power from the second. It cannot 
be done by division, because there 'm no divisor given. When 
the number is the second power of a small number, the prst pow- 
er is easily found by trial, as in the above examples. When the 
number is large, it is still found by trial; but a rule may be. very 
easily found, by which the number of trials will be reduced to 
very few. The first power is calle jthe ropf of the second pow- 
er, and when it is required to find the first powe^ from the second, 
the procesis iB called exftacHns^ th^ root* 

It has been sfhown. Art. XXrV, that the second powa* of 
every quantity, whether positive or negative, is necessarily posi- 
tive; thus 3 X 3 = + 9, and also — 3 X — .3 = + 9. So 
a X fit == a^t and. also : — a X — a =^a^» Horice every second 
powerj properly speaking, has two roots, the one positive and 
the other negative. The conditions of the question will genep 
lally show which b die truQ answer. 

I • 

XXniI. Extraction of the Stecnd Root. 

In order 10 find, a rule for extraf^ting the root, or £ndin^ the 
first power from the second, it will he itecessary, first, to observe 
how the second* power is formed from the first. 

Let a = 20 and h==^7; then a -f fc == 27: 

* The second power of a 4" ^ is 

(a + 6) (a-f 6)==a* + 2aft-f-6r 

o":=20 X 20 i= 400 

a 6 = 20 X 7 = 140 

- a6 = 20 X 7= 140 

fr= = 7 X 7 = 49 . 
«* + 2ii6 + *««9 72S^- 
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» 

The product is formed in precisely the same, manner in the 
Qsual mode of multiplication, as may be seen, if the products are 
written down as they are formed, without carrying, 

27 



4d 

140 
140 

400 



729 

Here we johserve, 7 times 7 is 49, 7 times 20 is 140, 20 
times 7 is 140, and lastly 20 times 20 is 400. These added 
together make 729, which is the seccn^ power of 27. 

We observe, 

1st. When the root or first power consists of two^gures, the 
second power c9nsists'of the second poWer of the tens, plus the 
product of twice the tens by the units, plus the second power of 
tlie units. 

2d. The second power of 9, tlie largest number. consisting of 
one fi<;ure, is 81; and the second power of 10, the smallest num- 
ber consisting of tv^o places, is 100; and the second power of 
100, the smallest number consisting of three places, is 10000. 
Hence, when the root consists of one figure, the second power 
cannot exceed two figures; and when the xoot consists of two 
figures, the second power consists of not less than three figuresj 
nor more than four figures^ 

Prom these remarks it appears, that we must first endeavor to 
find the second power of the tens, and that it wilihe.feund among 
the hundreds andv thousands. 

Lft it be required to find the root of 729. This number con- 
tams hundreds, tlierefore the root will contain tens. The se- 
cond power of the tens is contained in the 700. 20^ X 20 is 
400, and 30 X 30 is 900. 400 is the greatest second power 
of tens contained in 700. The root of 400 is 20. Subtract 
400 from 729, and the remainder is 329. This must contain 
18 « A ~f- ^*5 ^^t is, the product of twice tlie tens by the units, 
]dus the seconxi power of the units. I-f it cpntained exactly the 
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product 2 fl ft of twice the tens by the units, the units of the root 
would be found by dividing' 329 by twice 20, or 40; for 2a6; 
divided by 2 a gives b. As it is, if we divide by twice 20 or 
40, we shall obtain a quotient either exact, or too large by lor 
2. 40 is contained in 329, 8 times. Write 8 in the root and 
raise the whole to the second power. ; 28 X ?8 = 784, which 
is larg^ than 729. Next try 7 in the.place of 8. 27 X 27 = 
729. Therefore 7 is right, and 27 is the root required. 

The operation may stand as follows.. 

729 (20 + 7 =te 27 rpot- 
400 



,,^|||d 



329 (40 divisor^ 
27 X 27 =^ 729. 

What is the root of 1849? 

18,49 (40 + 3 = 43 root. 
16,00 



249 (80 divisor. 
43 X 43 == 1849. 

In this example, the second power of the tens will be found in 
the 1800. 30 X 30 :i= 900; 40 X 40=: 1600; 50 X 50 === 
2500. The greatest second powef in 1800 is 1600^ the root of 
which is 40. Write 40 in the place of a quotient. Subtract 
1600 from 1829. The remainder is 249, which divided by 
twice 40, or 80, gives 3. Add 3 to the root, and raise the 
whole to the second power. 43 X 43 = 1849. Therefore 
43. is the root required. 

It is evident that the result will not be affected, if instead of 
writing 40 in the root at first, we omit the zero, and then sub- 
tract the second power of 4, viz. 16 from the 18, omitting the 
two zeros which come under the other period. Then to form 
the divisor, the 4 may be doubled, and the divisor will be 8 in- 
stead of 80, and the dividend must be 24, the right hand figure 
b^iBg rejected. 



b ■ 



Operation. 

18,49 (43 root. 
16 



Dividend = 24,9^ (8 divisor. ^ 

43 X 43= 18 49. 

Esnmpks. 

1. What is the root of 1444? fSns. 38. 

2. What is the root of 7396? 

3. What is the root of 361 ? 

4. What is the root of 3249? 
6. What is the root of 7921 ? 

5. What is the root of 8281 ? 

The secwnd power of a -f- 6 + c, or (a + fi 4" ^) («+ * + c) 

,sa*+2ab + b^ + 2^t + 2hc + c^~ 

a' + 2a6+*' + 2 {a + b) c+.c\ 

To find the seco&d power of 726 

Let » = 700, 6 =t ^0, and c = 6. 

a' = 700 X 700 = 490000 

2a6= 2X700X20 =28000 

6*= 20X20 == 490 

5 (a + fc) c — 2 X (700+ 20) X 6 = 8640 

c^=^ 6X6 = 36 



527076 



726 
726 

4356 
1452 
5082 

527076 



_ i 
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The firdt three terms of the formula, viz: 

are the second power of a + i or of the hundreds and tens, vix. 
720. Tlje second power of 720 can have no significant figure 
below hundreds, and the significant figures of the second powei* 
of 720 and of 72 are the same; the former is 518400, the latter 
5184. If from the whole number 527076 the two right hand 
figures be rejected, the number is 5270. This contains the 
second power of 72 and something more, viz. a part pf the 
product 2 X (700 4- 20) X 6 := 2 (a + 6) c. 

The method of pfo^edure then, is to find the largest root con- 
tgmed in 5270. The first three terms of the above formula, tiz. 
a* + 2 a b -f- fc% show, that this is to be found by the method 
|iveq j^Qve foi: finding a root consisting of two figures. 

52,70 (72 
49 



37,0 (14 
72 X 72 = 51584 



86 

The root U 72, and the remainder rs 86. Anaex to this the 
two^ feufes rejected above, and it becomes 8676* This contains 
2 (a+b) € + c^] that isj . 

^ 2 X 720 X c + cV 

If 867^ l)e divided by 2 X 730 = 1440, the quotient will be 
either c or a number larger by I or 2. The zero on the right 
of 1440, and the right hand figure in the dividend may be omitted 
tritfaeut afi^cting the quotient. The quotient is 6. PtH 6 imo 
die root and raise the whole to the second power. 

726 X 726 = 527076 
12* 
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Optrotion* 

52,70,76 (726 = root, 
49* 



lat dividend 37,0 (14 = Ist divisKMr. 

^ 72 X 72:^=51,84 " 

2d dividends 867,6 (144 = 2d divisor. 
726 X 726 = 527,076- 

There is, however,- a method, which will slnre considerable 
hbor in multiplying. 

In the last example, for instance, having found the second 
figure of the root 2, instead of raising the whole 72 to the second 
power, we may abridge it very much by observing, that the 
second power of the 70, answeriug to a' in the formula, has 
already been foiind and subtracted; therefore it only remains to 
find 2ab -{- h*^ and subtract it. also. But the 140 is 2 a, and 
the figiire 2 found for the root answers to h\ therefore if we add 
2 to 140, it becomes 142 = 2 a -f- ^* If this be now multi- 
I^d by 2 or 6^ it becomes 

2 X 142 — 284 = 2rt fc -f 6?. 

This completes the second power of 72, which, subtracted froni 
870, leaves 86 as before. 

Prepare as before, and find tlie third figure of the root. Ob- 
serve that the 2d power of 720 or a' -f~ 2 a 6 + ^* l*^ already 
been fbund and siAtracted; it only remains to find thef>th^ parts, 
iiz. 2 (o + fc)tc -h c\ The divisor 1440 answers to 2 (a + *) * 
Add 6, the figdre of the root just fcHind, to this, and it becomes 
1446, answering to 2 (a + 6) -}- «• If this be multiplied by 6, 
•It becomes 1446 X 6 = 8676 = 2 (« -j- fe) c + c\ Tlus coia* 
pletes the second power of 726, which, subtracted firom 8676| 
tht number remaining in the work^ leaves notliing* 
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BxtraeHon of ike Second Rogt. 
Operation. 






62,70,76, 
49 


(726 tQOt. 


1st dividend 370 

284 


14 1st divisor: 
142 1st mukiplicand. 


3d dividend 8676 

8676 


144 2d divisor 
1446 2d multiplicand. 



00 

The same principle will apply when the root consists of any 
number of figures whatever* 

What is the root of 5i^837732164? 

In the first place I observe that Jthc second power of the tens* 
can have no significant figure below hundreds, therefore the two 
right hand figures may be rejected for the present. Also thq 
second power of the hundreds can have no significant figure 
l>elow tens of thousands, therefore the next two may be rejected* 
For a similar reason the next two may be rejected. 4nf this 
manner they may all be rejected two by two until only one or 
two remain. Begin by finding the- root ot tliese, and proceed a» 
4K>ve. 

OpercUion, 

63,38,37,73>21,64 (730642 
49 



433 (143 
42 9 



93,7 (1460 

9377,3 (14606 
8763 6 



613 72,1 (146124 
684 49 6 

S$32S«4. 



After separatiBg the figures two by two, as explained joboFe, I 
find the greatest second power hi the left hand division. It is 
49, the root of which is 7. I subtract 49 fronti 53, and bring 
down the next two figures, which tnakes 43B. Now consideriiig 
the 7 as tens, I proceed as if I were finding the root of 533S; 
that is, I double the 7, which makes 14 for a divisor, and see 
bow many times it is contained in 43, rejecting the 8 on the 
right. \ find 3 times. 1 write 3 in the root at the righf of 
7, and also at the right of 14. I multiply 143 by 3, and subtract 
the product from 438. I then bring down the next two figures, 
which make 937. I double 73, or, which is the same thing, I 
double the 3 in 143; for the 7 was doubled to finl 14. Tliis 
gives 146 for a divisor. I seek how many times 146 is con- 
tained in 93, rejecting the 7 on the right, as before. I fidd it is 
liot contained at all. I write zero in the root, and also at the 
fight of 146. I then bring down the next two figures. I seek 
how many times 146p is contained in 9377, rejecting the 3 on 
the right. I find 6 times. I write 6 in the root, and at the right 
of 14^0, and multiply 14606 by 6, and subtract the product fi-om 
93773. I tlien bring down. the next two figures, and double the 
right hand figure of the last multiplicand, and proceed as before; 
and .so on, till all the figures are brouglit down. The doubling 
.of the rjght hand figure of ttie last multiplicand, is always equiv^ 
alent to doubling the root as far as it is found. 

From the above examples, we derive the foBbwing rale for 
extracting the second root. 

1st. Beginning at the rights separate the number into pdrU of 
two .figures each. The left hand part may consist of one or two 
figures, 

2d. Find the greatest second power in4he left hand party and 

vnite its root as a quotient in division Subtract ihe^seeond peto* 

er from the left hand part. 

» 
3d. Bring down the two next figures at the right of the re* 

mainder. Double the root already found for a ditisor. See 

how many times the divisor is contained in the dividend rejecting 

the right hand figure. Write the resuU in tlie root, at the rigM 

af the figure previously founds and also at the right of the divisor. 

4th. •Multiply the divisor^ thus oi^gmentedj hy the last figvH 
^f the rooty and subtm^j^ ppoduet jrom the whok dividend. 
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5tb« Bring down tht mitt two figures as before^ to'form anew 
dividend^ and double the root already founds for a dmsor^ and 
proceed 08 before. The root will be dotAled^ if the right hand 
fyure of the last divisor be doubled, 

4 

If > ic happens that the divisor is not contained in the dividend 
wheo the right hand figure is rejected, a zero must be written* 
ia tlie root, and also at the right of die divisor; and the next 
0gpres niust be brought down, and tlien a new trial made. 

If it happens that the figure annexed to the root is too small| . 
it may be. dificovj^red as follows. 

The seeood power of a + 1 is a' -4- ^ a -f" I- 

That is, if we have* the second power of any number, th^ 

second power cf a number larger by 1 , is found by mnitipiying 

die firsit number by 2, increasing the product by T, and adding tt 

to the power. For example, the second power of 10 is 100; 

*e second power of 11 is 100 + 2 X 10 ^f 1 «« 121. The 

second power of 12 is 121 -f 2 X 1 1 + T = I44y &c; 

If then tinr f t ntiaiiidcf r,' alter suOlrdclion, is equal to tvvtce the 

root already found plus 1, or greater, the last figtffe of the root 

mtist be increased by 1 . « 

In the last example, the first dividend was 4'%8 and the divi» 
aor 14; the figure put in the root was 3, and the remainder was' 
9.. If 2 instead of 3 had been put in the root, the remainder 
^Mmld have b^en 154, which is considerably larger than twice 
72, and would have shown, that the figure shoutS be 3 instead oi 
2. 

Ther^ are many numbers, of which the root cannot be exactly 
assigned in whole or mixed numbers. Thus 2, 3, 5, % 7, have 
no assignable roots. That is, no number can be found, which, 
inukiplied into itself, shall produce either of these numbers. 
This is the case with all whole numbers, which have not an ex- 
act root in whole numbers. 

This may be proved, but the demonstration is so difficult, thai 
few learners would comprehend it at this stage of their progress. 
The proof may be found in Lacroix's Algebra, The learner, 
however, may easily satisfy himself by trial. We shall soon 
. ffnd a method of approximating the roots of these inimbers, sufll- 
diently near for aH purposes. 
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i XXIX. Extraction of the second Ro<^, of Fractions. 

* « / 

Fractions are miiltiplied together hy rouhiplying their nume- 
rators together, and their denominators together. Hetice the 
second power of a fraction is found by multiplying the nume- 
rator into itself^ and the denominator into itself; ^^us the second 

power of I is f X f =« sf. The second power of-- is-p X -r- 

' b b 

a* 
= — . Hence the root. of a fraction is found by extracting the 

root of the numerator, and of the denominator; thus the root of 
« fe J. 

If either the numerator or denominator has no exact root, the 
root of the fraction cannot be found exactly. Thus the root pf 
ll is between f and | or 1 . It is nearest to | . . 

The denomimtoc of a fraction may always be rendered a per- 
fect second power, so that its root may be found; and for the 
iimfiteracor, ine xiumtier wIjIcK io ne«>>«et. to tW roint. must be 
taken. Suppose it is required to find the root of |. If.hotlj 
terms of the fraction be multiplied, by 5^ the value of the fractiori 
will not be pJtered, and the denominator will be a perfect second 
power, 

• ' . §;=«• 

The root i& n^rest |i This is exact, within less than |. 

If it is necessary to have the root more exactly; after the frac- 
tion has been prepared by muhiplying both its terms by thd 
denominator, we may again multiply both its terms by some 
number that is a perfect second power. The larger His number, 
the more exact the result will generally be. 

3 16 

, % 15' 

If both terms be multiplied by 144, which is the second power 
of 12, it becomes §iJJ, the root of which is nearest to||. This 
is the true root within less than i^ . 

We may apprpxirnate in this way the roots of whole numbers, 
whose roots cannot be exactly assigned. 

If it is required to find the root of 2, we may change it tp a 
' fraction, whose denominator is a perfect second power. 

2 = If}- 
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The root of fH is nearest to }} = 1 /, • This (Sfiers ffojn the 
true root by a quantity less thai^ ^ . If greater exactness is re-, 
quired, a number larger than 144 may be used. 

1. What is the root of jjf,? Jins. ^ • 

2. What is the root of J|jl* . 

3. What is the root of ISjJg = »^3»? 

4. Wliat is the root of 28fJJ? 

6. What is the approximate root of J? 
6; What is the approximate root of Jf? 

7. Whafis the approximate ropt of 3|? 

8. What is the approximate root of 17 1\.? ^ 

9. Wl at is the approximate root of 3? 

10. What is the approximate root of 7? 

11. What is the approximate root of 417.^ 

The most convenient nun^ers. to multiply by^ m order to 
lE^proximate the root more nearly, are the second powers of 10, 
100, 1-000, &c., which ariB 103, 10000, 1000000, &c. By this 
means, the results will be in decimals. 

To find the root of 2 for instance, first reduce it to hun- 
dredths. 

2 s= fgj, the approximate root of which is }J == 1.4. 

Again 2=:f§ggg, the approximate root of which is |JJ = 1.41. 

Again, 2 =a= Jgggjgg , the approxirnate root of which is }JJj ^ 
1.414. 

Ia. this way we may approximate the root with sufficient ac- 
curacy fbr every purpose. But we may. observe, that at every 
approximation, two more Keros are annexed to the number. Ip 
, fact, if one zero is annexed to the root, tl^ere roust be two an- 
nexed to its power; for the second power of 10 is 100, that of 
100 is 10000, &c. ' 

' This enables us to approximate, the root by decilpils, and 
we may annea^ the zeros as we proceed in the work, always 
annexing two serois for each new .figure to be found in the root, 
^ the same manner as two figures ace brought dbwn in whole 
numbers* 
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The root of 2 then may be found as follows. 
2 (1.41421, &c. root. 



1 



10,0 (24 
96 

40,0 (281 

28 I 

«— — 1» ■ 

1 1 90,0 (2824 
1129 6 



60 40,0 (S828i5 
56 56 4 



3 83 60,0 (282841 

2 82 84 1 



1 00 75 9 ' ' 

12. What is the approximate root of 2S? 

13. What is the approximate root of 243? " ^ ' 

14. What fe the approximate root of 270G8? 

15. What is the Jfpproxiraate root of 243|? 

OAta^ 3 04.*^ 37* 24337»0 354.^75000 Sjf% 

The approxtmaie root* of which is y^*^ =;=^ 15.6, &g. 

But it is phirr that this may be performed in the same manner 
as the above. For if the nomher 243^75000 be prrejrared i» the 
usual way, it stands thus; 2,43,37, 50, 00> Now 

MiJ!S'=^243.3750oo, ; ./•.. ^ . ; 

K we take thia number and begin at the- warits and >poiot tewardl 
the teft, and then tQvvard$ the right in the sametnannei', tbe^nudK 
ber win be separated Inlo. the same parts, riz. 2^43.37, 50:)0&. 
The root of this number may be extracted in .the usual way, andt* 
conUQued to any numlier of decunal places by annexing aerc^* 
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N. B. The decimal point mqst be plaeed ia the root,, be- 
fore the first two decimals sire used. Or the root must con- 
tain one half as many decimal places as tlie power, counting 
the zerod which are annexed. 

16. What is the approxiinate root of 213.53 ? 

17. What is the approximate root of 726| ? 

18. What is the approximate root of ITt^^ *• 

19. What is the approximate root of 3|J ? 
30. What is the approxirtiate root of | ? 

21. What, is the approjdmate root of | ? 

22. What is the approximate root of -g^j f 

23. What is the approximate root of xx't a ' 

XXX. Questiofis producing pure Equations of the Second 

jjegree, 

1. A mercer bought a piece of silk for £16. 4s. ; and the 
number of shillings which he paid per yard, was to the number 
of yards, as 4 to 9. How many yards did he buy, ahd what 
was the pride of a yard ? 

Let X = the numoer of shillings he psdd per yard* 

Then — = the number of yards. 
4' • 

The pric6 of the whole will be £_ = 324 shillings. 

ap*=rl44 
a^ =s 12 

^=27. . 

4 

•ins. 37 yards, at 12s. per yard* 

2. A detachment of mi army was marching in regular co- 
lumn, widi 5 men more in depth than in from ; but upcHi the 
enemy coming in sight, the frtmt was increased by 845 men ; 
and by this movement the detachment was drawn up in 5 lifies. 
Required the number of men. 

13 
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Leta? =ir thenumbet in front; 

then oc -}t 5 = the number in depth ; 

aj* -f- 5 a? = the whole number of men. 

Again x -f- 846 = the number in front after the movement ; 

And 5 0? -f- 4225 = the whole nrnnber. 

if* + 5*=:;; 5a; +4225 
(r«/=:4225 
a? =; 65 

The number of men = 5 a? -f" ^^^^ =4560. 

3. A piece, of land containing 160 square, rods, is called an 
a<:re of land. If it -were square, what would be the length of 
one of its sides f 

Let a? = one side. 

a:* ==160 

X 2-12.-6494. 

jlnjs. The side is 12.649 ^- rods. It cannot be found exactly, 
because 160 is not an exact 2d power. 

This is e3Eaot withfn less tiian ^^V^ i^f »«ock It .might be 
carried to a greater degree of exactness if necessary. 

4. What is the side of a square field, contaming 1*7 acres ? 

5. There is. a field 144 rod^.^kyig p,nd 81 rcids wide ; :w^hat 
would be tlie sid^ of a square field, whose content is the same f 

6. A man wishes to mal^e a cistern that shall contain 100 
gallons, or 23100 cubic inches, 4he bottom of which shall be 
square, and the height 3 feet. Wha|; must be the length of 
one side of -the bottom ? 

7. A certain sum of money was divided every week among 
tlie reeid«Qt members of a corporation. It happened <ine week 
that the number, residemt was ^he root »f the nuiuber of dollars 
to be divided. Two men howei^jr^cwniiigpintOi reaiclence the" 
week after^ diwiiushed the dividend of eachof ti)e ii>mier indi% 
viduals 1 ^ dollar^. What, was the sum Uh be. divided. ?^ 

Let X = the number of dallars to be divided : 
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then x^ = the number, of men resyent^ and, also tlie sum 
each received. 

The root of cc is properly expressed by the fractional index 
J. For it has been observed, that when the same letter is 
found in two qtiaQtitie£[ which, aaie to be multiplied together, 
tlie multiplication is performed, as re&pects that letter, by 

adding die exponents. Thus a X a = a* ****== ft* ; x^ X ar* 

= a?* + ' = J?®, &c. , Applying the same rule ; if a?* represents 

a root or first power, the second power or x* X or =-ar'^' 

= a?' or a:. * 

The second power of a letter is fonned from the first by 
multiplying its exponefft by 2^ beeaeuse that is the 6am& as 
adding the exponent to itself. Thus a" x a' = «' ■*" ^ = a* ^ ' 
= a*. This furnishes us with a simple rule to find the root of 
a literal quantity ; which as, to divide its exponent by 2. 

Thus the root of a' is a^ = a} ; the root of a'^ = a'^ =. a'; the 

root of a* is a^ = a*, Ac By the same ruks the loot of a* is. 

JL 3.5 M 

or ; the root of a' is a^ ; the root of a* is a^ ; the root of a 

«■ 
is'dtj&c. 

In the above exaniple 
a? = the number of dollars to he divided ; -« 

and x^ = the number of men resident ; 

, £- ^^ ^fL = x^ = the niNttber of dotlars each received, 
and i X 

x^ x^ _ " 

0?^ -f- 2 = the number of men the succeeding week ; 
— = the number of dollars each received tlie latter week ; 

Hence by^ the conditions 



«* — ± = 



3- ^* + 2 
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I 

i 
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i i 4 X* , n i 8 

* — liL + 2 «* — ^ = a? ~ 
3 ^ ,3 

3 ^ 3 

4 ** . o } 8 

3 ^ 3 • 



— 4 


«* 


+ 


6i* 


= 8 


\ 


- 




2«* 


= 8 
= 4 



a?* X ic* = «* "^ * := a? = 4 X 4 = 16- 

./2n^. ^16. 

Instead of making x = the number of dollars^ we might 
make, 

of = the number of dollars ; 

then X = the number of men resident, &c* 

Then we have 

^ 4 _ a:* 
3 F+3 

3^.3 

«* — if +2a: — ^=i. 
3 ^ 3 

2ar= 8 

a? = 4 

3?*= la. 

•4a*. ^16, OS before. 
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8/ Two men, A and B, lay-out some money on specuktioti; 
A disposes of bb bargain for 411, aqd gains as mueUper. cent, 
as B lays out ; B's gain is ;£36, and 'it appears, tbat A gains 
fotir tildes as much per cent, as B. Required the capital of 
each. 

fit. There is a rectangular field containing^ 360 square rods, 
and whose length is to its breadth as 8 to 5. Required the 
lepgth and bre^Uh. 

10. There are two square fieida,- the larger of which contains 
13941 square rdds mwe than the smallei^, and the proportion 
cf^teiraides is as 15ioS* . Required the sides* 

11. Trtiere is a' rectangular room, the sum ckP whose- length 
aad breadth is to their difference as 8 to 1 j if the rooHi w«^ 
a square whose side iseqv^l t<y the length, it- woukl eowtain 
128 square feet mote than it woUld^ i^f it were only equal to4l^ 
breadth. Required the length and breadth of the room. 

12. There is a rectangular field, whose length is to its 
breadth in the proportion of 6 to 6. A part of this, equal to i 
of the whole, beu^ pkn^edr tiiere rei&ain §or plov^wf^g 625 
square yards. . What are the dimensions of the field? 

13^ A charitable person distributed a certain sum amongst 
some poor men and women, the number of whom were in the 
proportionof 4 to 5. Each man received one third as many 
shillings as there were persons relieved ; and each woman re- 
ceived twice as many shillings as there were women more than 
-vmn. The onen xeceived all together 18s. more .than the-wo- 
' JB6ia. How Qiany were .there of each ? . 

14. A man purchased a field whose length was to riie 
^^bceadth aft S io 5» The mmiber of dollars ^paid per acre was 
-^equal to Ihe number of rods in the length of the field ^land the 

number of dollars given for the whole, was equal to 13 times 
the number of rods ro^md the field* Required the length and 
breadth of the field. 

15. There is a stack of hay whose length is to Its breadth as 
5 to 4) and wha^ height is to its breadth as 7 to 8. It is worth 
as maay cents, per ^ubic foot, a^ it is feet ip breadth ; ajad the 

^ wiiole is n^orth, at that rartc, 224 times as many cents as there 
..«re.squarev|eet«9i<the, b9ttoHi. . Reqiu]:ed the (pensions of 
the stack. 

13 ♦ 
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16. There is a field containing 108 square rods, and the 
siim of ti^ length and breadth is equ^l to. twice the difference. 
Required the length and breadth. 

17. There are two number;) whose product is 144^ and the 
quotient of the greater by the iess is 16. What are the nun^- 
bers i 

XXXI. Quesdfms producing Pure Eqtuitions <^ the Third 

Degree. 

\. A number of boys set out to rob aii orchajrd^ each carry- 
ing as many bags a$ -there were boys in. all, and each^ bag ca- 
pable of containing 8 times as many apples as there were boys. 
' They filled ^eir bags, and fi>und the whole number of apples 
was 1000. Hew many boys were there ? 

Let X = the number of boys ; 
thenjc X 0? == J?* = the number of bags ; 
and ^x X a?* = 8 a?' = the number of appfes. 
By the conditions " 

8^^=1000 

or XXX == 125» 

In this equation, the unknown quantity is raised to the thiid 
power ; and oi: this account is called an equation d[ the #AinI 



In order to find the value of a? in this equation, it is aecessa- 
ry to find whatnumbermuWt>liedtwice by itseJf will make 125* 
By a few trials we find that 5 is the number ; for 

5 X 5 X 5 = 125 ' 

^Feforo * =: 5. Ms. b boys. 

2. Some gentlemien made an excursion ; and every one took 
tlie same sum of money. Each gentleman had as many ser^ 
vants attending him as there were gentlemen; and Ae num- 
ber of dollars which each had, was double die nnmber ^ all 
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the servants ; and the whole sum of naoney taken o^t ^wale 
$1458. How many gentlemen were there ? 

An^. 9 gentlemen. 

^. A poulterer bought a certaia number of fowls. T.he first 
year each fowl had a number of chickens equal to the otigmal 
oumber of fowls. He then sold the old ones. The next year 
each of the young ones had a number of chickens eqiid to 
once and one half the number which he first bought. The 
whole number of chickens the second year was 768. What 
was the number of fowls purchased at first f 

It appears that in equations of the third degree^ as i^ those 
of the second degree, the power of the unknown quantity must 
Srst be separated from tlie known quantities, and made to stand 
alone in one member of the equation, by tlie same rules as the 
unknown quantity itself is separated in simple equations. 
When this is done, the first power or the root must be found, 
and the work is finished. 

y ■ 

* ' - * ^ _ _ 

Extraction of the Third RqoI, ' 

The third power of a quantity i*« easily jbund by multiplica- 
tion, bwt to return from the power to the root, is not so easy. 
It must be done by trial, in a manner analogous to that em- 
ployed for the root of the second power. 

We shall hereafter have occasion to speak of the root of the 
fourth power, of the fifth power, &c. In order to distinguish 
4bcm tli^ more readily, we shall call the root of the second 
power, the second root of the quantity ; that of the third power, 
the third root, that of the fourth fovfetjihe fourth root, &c. To 
preserve {he analogy, we shall sometimes call the root of tlie 
first power, the first rooU 

N. B. Hie first power, and the first root, are the same 
thing, and the same a0 the quantity itself. 

It always has been, and is still the practice of mathcmnli^ 
<5Sans, to call the second root the square rooty and the third 
root the athe root, and sometimes, though not so universally, 
the fourth root tl«& bir-quadrate root. But as these terms axe 
unappropriate, they will not be used in this tr^tise. 

When the root consists of but one figure, it imist be found 
by trial. When Ae root consasis of more (baa olie j^ace, it 
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nragt ftill be fbund by trial, but riUes-may be xoadey^which win 
reduce, tlie number of tri«k to v^ry few, u». has been done 
above for the second root. 

. ^In older to find the rules for extracting the third root, it will 
be necessary to observe how the third power is forra^d from the 
first, when the first consists of several figures. 

^ Leiaz: 30and J ==5; thena + i.=s35. 

(a + 6)' = o» + 3a*6 + »a 6* + b\ Art. XIIL 

a» =50X30X30 =:27000 

3a*6 =r a X ^ X 30 X 5 == 13500 , 

3a6^=± 3x30x 5x5 = 2250 

ftV= S-X 5X5 == 125 



42875 



Hence it sKppears, that the third power of a number consist- 
ing of units and tens, contains the .third power of tlie tens, 
plus three timi^ the second power of the tens multiplied by the 
units, plus t^ree times the tens multiplied by the second power 
of the units, phis the third power of the units. 

Farther, the third power of 10, which isthe smallest nttmber 
with two places, is 1000^ which consists of four places; and 
the third poweir of 100, is 1000000, which -coiisists of seti^ 
places. Hence the third power of tens will never be less than 
1000, nor so much as 1000000. 

If, therefore, there are tens in the root, their power will -not 
be found below the fourth place ; arid if the root consists of 
tens without units, there will be ho significant figure below 
1000. > 

To trace back again the number 42875', the root of th^ t^os 
willlx? found in the 4^d0^ and tliis ikus^ be. found by trial. 

30-;^ 30 X 30 = 27000^ and 40 X 40 X 40 = 64000. 

' " . • •' ■ 

The largest thifd power in 42000is 27Q0Q, the'F6i0t of y^Mi 
is 30. Now I sdi^tmct , 27060 friMn 42875, and the remaiiider 
is 1>5Q75, which contains the;^procbsct of ;three tinges the secoix^ 
power of- lh(5 tens by ite .mfts, pkta^ &c. If it contained ex- 
actly three times ^ sec<md 'pewer of ithe ten^ nmllSplied by 
the tuatks^^ieifmits^ci^'liifi rooV«ic>fild j^ few^ by 
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dividing thii^ remaitider by three linies the second ,p<yvrer of the 
tens; for S cf b divided by 3 a* gives b. As the other parts 
however wiiJ always be smaH in c(»nparison with this, if we 
divide the remainder by three times the second power of the 
tens, we shall be able to judge very nearly what is the root, 
and the number of trials will be limited to very few. 

.30 X 30 = 900, and 900 X 3 = 2700 and 15875 divided by, 
2700 gives,i5. I now add the 5 to the root and it becomes 35. 
To see if this is right, I raise 35 to the third power. 35 x .35 
X 36 = 42875, therefore 35 is the true root. 

4. What is tfic third root of 79507 ? 

Operation* 

79,507 (40 + 3 = 43 root. 
64,000 



15,607 (40 X 40 X 3 = 4800 divisor. 
43 X 43 X 43 =: 79,507. 

As the number consists of five places, the power of the tens 
m\i8t b^ sought in the 79000« 

The greatest third power in,79000 is 64000,ihe root of whieh 
is 40. I subtract 64000 from 79507 and there remains 16507/ 
which L- divide by three times the second power of 40, viz. 
4800, and obtain a quotient 3, which I add to 40. I raise. 43 
to the third power, and find that it gives 79507. If it produced 
a number larger or smaller, I should put a smaller or larger 
number in place of 3 and tiy it again. 

6. What is the Uiird root of 35791 1 .!" 

6. What is the thiid root of 6832 f 

7. What is the third root of 941192 f 

8. What is the third root of 34965763 ? 

It was observed above, that the third power of 10 is .1000 , 
the third power of 100 is 1000000 ; that of 1000 is 1000000000, 
&c. That is, the third power of a number consisting of one 
figure cannot exceed three places ; that of a number x^nsist- 
mg of two places cannot contain less than 4 places nor more 
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tkair 6 ; limr oftS^plMts cannot eentain fetfiklbM 7 «•! mcva 

Hence ve nray knew hnmedrntelj of how imufiy * pbees llie 
thiid root of >anfv given naiinber wtil c«ns]»t, by be^nnin^^t 
the rigbt and sepftratin^ the number into paaetB of 3 placea 
each. The left hand part wilt not always contain^ places. ^ 

In the {vesent instance, the number 34,965,783, thus divided 
consists of three parts, therefore the root will contain 3 places 
or figures. ^ 

In the formula (d + J^frr a» + 3a»6 -pSaJ* + J*, if we 
6onsider a as representing the hundreds of the root, and I the 
tens and units, we observe that the. third power eon^sis of the 
third power of the hundreds, plus 3 times die second power of 
the hundreds,, multiplied by the units and t^ns, (&c. 

Hence we shall find the hundreds of the root by finding the 
highest third power contained in the 34,000,000, and taking its 
root, 

The largest third power is 27,000,OOCr, the root of which is 
300. Subtracting 27,000,000 fi-om the whole sum, the remmn- 
der is 7,96^5,783. If this contained exactly 3 a* 6, that is, 3 
times the second power of the hundreds by the tens aad nails, 
the other twQ figures, of the root might be found immediately 
by division. As it is, it is evident, that it will enable Us to 
ju4ge very nearly what the next figure, or tens, of the root 
must bey aadit* correctness mcnX be proved by trial. 

300 X 300 X 3 = 270000. 

7,96*5^783 divided by 2700W gives for the first %uiei of th# 
quotient 2^ 'which being the tens is 20* Tins added t^. the root 
already feund makes 320. ' 

If in the above formula, we consider a as representing th^^ 
hundreds and tens instead of the hundreds ; and b as repre- 
senting the units ; it shows us that the pow^ centadns the third 
power of the hundreds and tens^ phis^d tins? tbi second po\ver 
of the hundreds and tens multiplied by .the units, &c. Iii the 
present instance a = 320. If now we subtract the third poWer 
of 320 from the whole sum, viz. 34,965,783, and divide the re- 
mainder by 3 ikies the second pqwer of 320, we shall find the 
other figure, or units, of the root/ When we ha^ve raised 320 
to itie mild power^ we can ascertain wfaelbto ths seooiid£guvQ» 
2 is right: . . 
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320 X 320 X^20 ite^27«8eTOi 

This su^racted from 34966783 leaves 2197783, , 

330 >C 320 X 3 = 30^00, 

21 97783 being divided by 307200 gives a quotient 7. ' This 
added to 320 gives 327 for tlie root. 

327 X 327 X 327 = 34,965,783. 

Therefore the result is correct. 

4 

If the root consists of four or more places, the same mode* 
of reasoning m£iy be pursued by making a first equal to the 
highest figure in tiie root, and b equal to all bf^Iow, until the 
fleoond figure of the root is obtained, and then making a equal 
to the two %ures already obtained, and b espial to die rest, 
and sooiK 

The work mar , be considerably abridged by omitting- the 
zeros in the woik, and alsa the numbers uud^r which Ihey fail. 

The work of the above example will stieuid thu3. 

Root. 
34,965,783 (300 + 20 + 7 :?= 327. 
— 27,000,000 3d power of 300 

fst divid. 7,965,783 (270,000 ^ ^£(^xmx^ 

— ^,708,000 3dj)owcraf320 

2ddiyid. %\^t,1^^ (307^00 |^o1<320X^ 

84,96fr,783 = 3d p6wer of K7. 

The same without the zeros. 

34,966,783 (327 
3d power of 3 27 

1 St dividend 7,9 (27 Irt divisot =s 3* X 3 \ 

3d power of 32 82 768 

I 2d dividend 2 197,7 (3072 ??f/*!!rS«i 

j 34,9<»,783. < - ^"^^^ ^ ^ 
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As the third power* of - hmidredg can Iulvq no significant 
figure below lOOOQOO, and as the third power of 300'and 3 
have the same significant -figures, I raise 3 to the 3d power 
and subtract it from 34, a^ if it stood alone. Then, to form 
the divisor, hundreds are mujtipljed by hundreds, therefore 
there can be no significant figure below 10000^ Aiid it being 
the tens of the root, that are to be found, it is sufiSlcient to 
bring down one figure of the next period to form the dividend. 

Having found the second figure of tlie root, J raise 32 to the 
third power, and subtract it from 34,065, omitting the last pe- 
riod, because the tliird power of the tens can have no signifi- 
cant fig'ire below 1000. • ' • 

To form:the second divisor I multiply the second power of 
32 by 3. For the dividend, it is suflicient to bring down one 
figure of the last period to the right of the refnaimler, because 
thcvdivisor, being tens, multiplied by tens„ can have no signiii- 
cant figure below 100. 

JV(?^e. . The second power of the 32 \vas found in finding its 
third power. 

If it happens that the divisor is not contained in the dividend, 
a zero must be put in the root, ami then the next figure must 
be brouo^ht down. to ibnn the dMdend. . 

Ilenee we obtain the following rule for finding the tKird 
;oot. 

Prepare the nmnber hy heginnirtg at the rigJu and separating it 
tnto parta or periods of thr^e Jigures each^ ptUtirig a comhia or 
point between. The^ left hand period may consist of one, two, or 
three figures. 

Find the greatest tinrd potosr in the left hand period, and uoriie 
the root in trie place of a quotient. Sttptrmtthe power from the 
period. To the remainder bring down the frst figure of the next 
period for a dividend. Multiply the second power of the root 
already found by three, to foiin a ditnson See hoto many times 
the divisor is contained in tlie dividend, ahd torite the re^ttli in ihe 
root, liaise the root, thus augmented, to tlie third power. If this 
is greater than the .first two periods, diminish the quotient by one or 
more, until you obtain a third poxvcr, whirJi may be subtrMed fitsm 
the first iu-Q periods. Perform the subtraction, and to the right of 
th£ remainder _ bring down tlte first figure of the nejst perwd to 
form a dividend and divide it by three times tiie second power of 
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the tvjo Jigvres of ^ rooty and^ write the quotient in ilte root. 
Then rmse the vmole root so fiund^ to tlie third power ; and if it 
M not too large^ subtract it from the first three periods.;.^ it is too 
large, dimvmsh the root as before. To the retnainder bring down 
the first figure of the fourth period^ and perform tlie smne series 
of (derations as before. 

Iff' at any time tt should happen that the dividend, prepared as 
above, does not contain the divisor, a zero must be placed in the 
root, and the next figure brought down to form the dividend" 

We explained a method in the extraction of the second root, 
raore expeditious than to raise the root to the eecjond power 
eyery time a new figure is obtained in tlie root. A simila? 
method may l^e found for the third root, though it is rather dif- 
ficult to be remembered. 

Let a = 30 tod 6 = 7; tiieh 
{a + by= (37)' = a' + 3 a* S + 3 a i* + 6' = 50653 

To find the third root of 50653, find the first figure of the 
root as explained above. Then form the divisor as above, and 
find the second figure of the root. Then instead of raising the 
whole to the third power, it may be completed from_thc work 
already done. The tliird power of the first fiigure being found 
and subtract^, the remaining part is 

3 a* 6 + 3 a 6« + 6' = 6 (3 a? + 3 a 6 + 6*). 

But the 3 a* has already been found for the divisor. 

We must now find 3 a 6 and V ; add all together, an J multi* 
ply the sum by b, aiid the third power will 6e completed. 

Operation. 

3rt*= 3 X 30 K 30 = 2700 50,663(30+7 = 37. 
3ii&=;30X 7X 3= 630 27 



fc« = 7 X 7 = 49 23 6,53 (2700 = 80*, 

7 X 3379 = 23 6,53 

9. Whatis the tliird root or34,965,78a? 

14 



We have seen above, that when the reot is to eonmst of seve- 
nd figures, lie Bame course is to be pursued as when it ccmststs 
ofomy two. ' 

' Operation, 

3 a« =: 270000 34,965,783 (300 + 20 + 7 = 3^7. 

3a6= 18000 ^7 

ft* = 400 



288400 57 68 

20 = 6 



79,65 (2700 1st divisor. 



5768000 21977B3 



21 977,83 (307200 2d divisor. 



3(a* + 2a6 + i») = 
3a*+2x3a6 + S&* 

3 a* = 270000 

2X 3<^6= 36000 

36*= 1200 



2d divisor 307200 = 3 X 320 X 320 

3 a* = 3^7200 

3a6= 6720 

6*= ,49 



313969 
2197783 

10. What 18 the third root of 185193 ? 

1 1 . Wliat is the third root of 8365427 ? 

12. What is the thiid root of 77308776 ? 



XXXIl. ExtractUm cfthe Third Root. . 16^ 

l^. T^at is the diird root of 1 99086^^12 ? 
14. What w the thiid root of ^13,345,176,343 ? 
15 What is the tiiird root of 217,125,148,004,864? 

XXXtl. The third power of a fraction is found by raising 
both numerator and denominator to the third poWer. Thus 
the third power of | is | X | X | = Hi* . 

Hence the third root of a fraction is found by finding the 
third root of both numerator and denominator. The third of 



' 84 4 



'Exampksm 

1 . What IS the third root of |H ? 

2. What is the third root of tHt ? 

3. What is the third root of mi = VyV ? 

4. What is tho third root <5f 30} J JH ? 

5. What is tlie third root of Y ? 

It was remarked with regard to the second root that, when 
a whole number has not an exact root in whole numbers, its 
root cannot be exactly found, for no fractional quantity multi- 
plied by itself can produce a whole number. The same is true 
with regard to all roots, and for the same reason. 

Hence the third root of y cannot be found exactly because 
the numerator has no exact third root. The root of the deno- 
minator is 2^ that of the numerator is between 2 and 3, nearest 
to 3. The approximate root is | or 1^. 

6. What is the third root of ^ .^ 

In this, neither the numerator nor the denominator is a per^ 
feet third power j but the denominator tnay be rendered a per- 
fect third power, without altering the value of the fraction, by 
niultiplying both terms of the fraction by 49, the second power 
of the denominator. ^ 

3 X 49 _ 147 
7X 49 343'- 
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The root of this h between f and f , nearest to the feimerv 
It is evident that the denominator of an j fraction may be 
rendered a perfect third power, by multiplying both its terms 
by the second power of the denominator. The third root of 
a whole number which is not a perfect third power, may be 
approximated by converting the number into a fraction, whose 
denominator is a perfect third power. 

What is the third root of 5 ? 

# 

We may find this root exact within less than y'j of a unit, 
by converting it into a fraction, whose denominator is the third 
power of 12. 

(12)'=: 1728 5,= m|. 

The root of f 4|| is between f | and \\ ; nearest the latter. 

The most conv^ent numbers to multiply by, are the third 
powers of 10, 100, 1000, &c. in which case, the fractional part 
of the root will be expressed in decimals, in the same manner 
as vvas shown for the second root. The mulii plication nmy be 
performed at each step of the work'. For each decimal to be 
obtained in the root, three zeros must be annexed to the num- 
ber, because the third power of 10 is 1000, that of 100, 
lOOOOOO, &c, 

7. The third root of 5 will be found by this method as fol- 
lows. 

5.000,000^000 (1.709 -f 
3d power of 1 1 . 

1st dividend =2 4 (3 let divisor. 

3d power of 1.7 4.913 

2d dividend = 870 (867 2d do. =; 3 X (17)' 

3d do. 8700 (867 3d do. 

3d power 1.709 = 4.991,443,829 



remainder .008 556171. 

The 3d root of 5 is 1.709, within less than yyVir ^f a unit. 
We might approximate much nearer if necessary. The other 
method explained in the last article may be used if preferred. 
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8. WbMisthedlbdrootaf 17|? 

The fractional part of this fiiimber must first be changed to 
a decimal. 

17| = 17.75 = VoV/ = 17.750. 

Hence it appears, that to prepare a number containing deci- 
malsy^ it is necessary that for every decimal place in the root, 
there should* be three decimal places in tlie pow^r. Therefore 
Jire jBt^st be^^in at the ^lace of units, and separate the number 
both to the right and left into periods of three, figures each. If 
these do not come out even in the decimals,; they miist be sup- 
plied by annexing z^ros to the right. 

9. What is the approximate thfard root of 25732^75 f 

10. What is the approximate third root of 23.1762 f 

11. What is the approximate third root of 12| ? 

12. What is the approximate tnird root of r|| f 

13. What is the approximate third root of |f ? 

14. What is the approximate third root of -^^ f 

m . _ 

XXXIIL Questions producing Pure Equaiums of the Third 

Degree. 

1. A man wishes to make a cellar, that shall contain 3 11 04 
cubic feiet J and in such a form, that the breadth shall be twice 
the depth, and the jength 1^ the breadlh. What must be the 
length, breadth, and depth i 

Let the depth = x, 

tb^ breadth ^=iStx. 

wid the length =ti?. 

The whole content will be 

«xa«X^ =5=31104 
3 
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cc' ±= 68$2 
a? = 18 = depth 
2 a? = 36 zr breadth 

— = 48 := length. 

2^ Tliere are two men whose ages ure to eaqh other as 5 to 
4, and the siuii of the third powers of their ages is 1377B1. 
What are their ages? 

]Let a? =^ the ageof theelder 

1 4 217 

then = the age of the younger. 

«» + 51f!=: 137,781 
125 

X* = 91,125 

1^ = 36. 

5: ., ■ 

Am. Elder 45 years, and. youngfsr 36«. 

3. A man wieihes to make a cubical cistern tfiat shall con- 
tain 100 gailons. What must, be the length of one of its 
sides? 

4. A bushel is 21 50} ciibic inches. What must be the size 
of a cubical box to hold 1 bushel? 

5. 'What must be the size of a culHcal box to hold 2 
bushel's ? , . 

6. What must be the size of a cubicsl ba£ to bold 8 bushels ? 

7. Find two numbers, such that the second power of the 
greater multij^ied by tfaie lesd may be equal to 448 ; and the 
secDnd power oi the less mukiplied by the greater, may be 
302? 



8. A toian wishes to make a cistern whieh shall hol4 500 
gallonS) in such a forni that the length shall be to the breadib 
as 5 to 4, and the depth to th^ length as 2 to 5. Kequired 
the length, breadth, and depth. 

Note. The wine gallon is 231 cubic inched 

9. A man wishes to make a box which shall hold 40 bUsheli^) 
in such form that the length shall be to the breadth £Ls 4 to 3^ 
and the depth to the breadth as 2 to 3. Required the length, 
breadth, and depth ? 

10. A man bought a piece of land for house, lots, the. breadth 
of which Was to its length as 3 to 2d ; and he save as many 
dollars per square rod, as there were rods in the length of the 
|>ifece. The whole price was $63,504. Required the length 
and breadth. 

1 1 . A man agreed fo sell a stack of hay fqr 1 times as many 
dollars as there were fept in the length of one of the longer 
sides. On measuring it, the length was to the breadih as 6 to 
5, and the breadth and height were equal. Moreover -it was 
foun^ that it came to as many cents per cubic ftK>t as there 
were feet in the breadth. Reqiared the dimensions of tlie 
stack. 

XXXIV. Affected EqncUians of Ike Second Degree. 

When an equation of the second degree consists only of 
terms which contain the second power of the unknown quanti- 
ty, and of terms entirely known^ they may be solved as above. 
But an equation of the second power, in order to be complrte, 
must contain both the first and second powers of the unknown 
quantity, and also one term consisting entirely of known quan- 
tities. These are sometimes called affected equations. . 

,1. There is afield in the form of a: rectangular parallelo- 
gram, whose length exceeds its breadth by 16 yards, and- it 
C.QQtains 900 square yards. Required the length and breadth. 

Let X = the bceodth ; 

then d? -^ 16 2 the leiq^ ; 

imd x* + 16 d? = the number of sqoaie yank. 

H«Me 06^+16^:= 960. 
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in eid€«^ to solve ihii^ equa^oii, it is Bec§83ftry to vaake Ihe 
. first member a perfect secofid power. 

Observe that the second power oT^the binomial x -f-^i is ^y 

-|- 2 a 07 + ^'9 which consists of three terms. 

Now if we compare this with the firstmember or* -f" ^^ ^> we 
find 

«* = a?« 

2<ia; = 16 a?, 

which gives 2 a =r 16 

and a=siS 

fir =r 64 

{x + 8) (x + 8) = a?» + 16 ic + 64. 

Hence, i( to oc^ -{' 16 x we add 64, which is the second power 
of one half of 16, the first member will be a perfect second 
power, but it will be necessary to add the same quantity to the 
second member, in order to prei^erve the equality. The equa- 
tioii then becomes > 

x\ + 16 X + 64 = 960 +64 = 1024* 

Taking the root of both members 

a? + 8 = dz (1024)*= 32. 
By transposition a? = — 8 dc 32. 

It has been already remarked that the 2d root of every 
positive quantity, may be either positive or negative, because 

-r-a X — a = -f-«' as well as 4- ^^ X -f- « = + a*. The 
double sign i is read plus or minus. 

In the preceding examples, the conditions of the questioB 
have always determined which was to be used. But, in the 
present instance, the work not being completed when the root 
is taken, we must give it both signs, and when the values of a? 
are found for both signs, the conditions wilt finally shotv ^tridh 
is to be used. 

x + 8=.±32. . . 



) * 
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If we use the sign 4-'j we have 

a? ==24 

and a? + 16 = 40. 

This gives the length 40 yards and the breadth 24. These 
numbers answer the conditioi)s otthe question. \ 

If we use the sign — , we have 

« = — 4a 

jj+16 = — 2^. 

These numbers will not satisfy the conditions of the question^ 
but they will answer the conditions of the equation, as will be 
seen by putting them into tlie first equation. 

_40 X— 40 + 16 X —40 ==960. 

2. A certain company at a lavern had a reckoning of 143 
shillings to pay ; but 4 of the company bein^: so ungenerous asT 
to slip away without paying, the rest were obliged to pay 1 
shilling apiece more than they would.have done, if all hadp&id. 
WImR jvas the whole number of persons ? 

Let X = the number of persons at first ; 

then x — 4 = the number after 4 have departed ; 

— = the number of shillings each should have paid ; 

X 

and = the number of shillings actually paid by 

X — 4 

each. 

By tlie conditions 

143 , , 143 

+ 1 = -- 

X X — 4 

Clearing of fractions 

143a? + ar*— 672— 4a?=143ar 
By transposition 

a:«-»-4a. 3=572. 
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Tliis equation is siiAilar to the laist, except in Ais» the se- 
cond term of the first member has the sign — . 

Here we must observe that the second power of the binomial 
OP -— ' a, is ^ — 2a X -\- a*j the same as thai of a? -|* ^ ^^ ^^ 
exception of the sigi>t)f the second term. 

In this equation, as before, we find two terms of the s^ond 
power of a binomial ; if we can find the other ietm' we can 
easily solve the question. 

It may be &und as follows, 

2a = — 4 

which gives a = — 2 

and a' = 4 

Adding 4 to both members of die equation it bectnnes 
a^ — 4 a? + 4 = 5t2+ 4 = 670. 

. Since —2 in this corresponds to a^ the root of the first nyny- 
ber is JT — 2. In fact, (± — 2)* = oj^ -- 4 a? + 4. The root of 
576 is 24. 

Hence 

X — 2 = zfc24 

a? = 2 it: 24. 

The two values of a? are 26 and — 22. The former only an 
swers the conditions of the question. 

Proof. If the whole number, 26, hud paid their shares, each 
would have paid VV* = 5^ shillings. But 22 only paid, con- 
sequently each paid *^V '■= 6i shillings. 

3. There are two numbers^ whose diflbrence is 9, and whose 
sum multiplied by the greater produces 266. What are those 
numbers ? 

Let a? = the greater j 

then X — 9 =: the less, 

2 a: — 9 = their sum. 



By die eonditions 

ap(2« — 9)=26e 
2aj^ — 9 a? = 266 





a!*--?f = 133. 
2 






If we 


use' the general fonnula as before,. 


we 


haie 


■ 


a» = «» 


. 






2 

2« = _E 
2 

« = -.£ 

4 




•' 



16 

Completing the second power, the equation becomes 

^_95 , 8l^j33 81 ^.220g 
2 16 ^16 16 

• 

Taking the root of both members 

^_9_ 47 
4 4 

4 4 

which mes x = :~ = 14 

.4 

and JP = ~?? = _9* 

4 ^ 

« — 9 = 5 
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Both values will answer the conditions of the question ; iot 

14 + 6 = 19 
and 19 X 14 = 266 

also _9J + (— lSi)=— 28 

and -— 28x — 9J = 266, 

In all the above examples, after, the question was put into equa- 
tion, the first thisg done, was to reduce all the terms contain- 
ing a:* to one isna, and those containing x into another, and 
to plc^e llioni in one member of the equation, and to collect all 
the terms consisting entirely of known quantities into the other. 
This must always be done. Moreover a:* must have the sign 
-f- and its coefficient must be 1. The equation will then be in 
the following form. 

a:* 4" J* ^ = ?• 

p and q being any known quantities and either positive or 
negative. 

Every equation, however complicated, consisting of terms 
whi<»li contain a:*, and a:, and known quantities may be reduced 
to this form. 

Let the equation be 

^_3a? _ 1 5 — x^ 
5 4 a: — 2 

Clearing of fractions it bepomes 

140 J? — 12 0^' — 70 + 6 a- = 75 — 6 «*• 
Transposing and uniting terms 

146 c?— 7,T* = 145 
Changing all the signs in both members 

7j:»— 146* = — 145 
Dividing by 7 (the coefficient of x*) 

• 146 T 145 
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Here p = and o' = *— — 

To Evolve l^e equation 

We coTwider a?' a^d ;> a? as two terms of the second power 
of the binomial x 4- am which 

2.a.x=:p« . . . ; 

. 2«=j> -_■... 

• ♦ 

P 

■ .■ 4 : 

Henee the binomial a? + a is equal to « -|--2, and the third 
teita of the second pcnvcr is £. In fact 

Therefore the first member of the above equation may be . 
tendered a con^plete second power, of which ^ ^ P is the 



root, by adding to it X.. The same, quantity must bo added to 

the second member, to preserve tlie equality. 
The equation then becomes 

Taking the root of both m<embcis 



15 



=-i^(«+i)' 
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From the above observations we derive the following general 
rule for the solution of equations which contain the first and 
second powers of the unknown quantity. , 

1st. Prepare the ejj^uation, by collectir^ all the. terms contain^ 
ing the first and second powers of the unknoam quantity into the 
first member, and aU the - terms eomisting entirely ff hnoum quuty- 
tities into the other member. Unite all the terms containing the 
second power into one term, and all containing the first power 
into another. If the sign before the term containing the second 
foioer of the unknown quantity be not posiiive, make it so 6** 
changing all the sig7is of both members, ff the coefficient tj 
this term is not .1, medce it' so by divieting all the terms by its coef- 
ficient, ' r ' 

2d. MrJ(e the first men>ber a complete second pm&er. This is 
done by adding to both members the second poiver ofhulfthe coe^- 
cvent of X (or of the first power of the unknown ^pmntity,) 

3di Take the root of both members. 

The roQt of the first me.nhe" wUl bea btnonnnly the. first term ef 
which will be the unhwwn quantity, and tJie se^cond will be half the 
coefficient of x as found above. The root of the second n^mhem 
must have the dovJble s^n :±:. 

4th. Transpose the term consisting of known quantities from ike 
first to the second member, and the vahie of x wut be found, 

4. A and B s^ld ISO ells oi silk (of which 40 c^ils wei^ A% 
and 9Q B's) for 42 crowns. i\ow A sqW for a crown one third 
ef un elluiore than B did. How many elk did each sell for a 
crown.'* 

Let a? = the number of ells B pold for a crown ; then x 4- 
\ = tlie number .A sold for a crovi^n ; 

— =c the price of 90-ella j 
==: die price o£40 ellss. 



4? + i 






(€ + i 
9Qa?+ 304'40a: = 4a«!+ 14a? 

Changing signs 42 jt* — 1 1 6 a? =: 30 

Dividing by 42 a^ — ll5f ==: ?2 

^- 42 42 

Blueing fractions q?* — 2L-^ = — . 

, 21 7 

To complete the second power of the first member, take one 
half of — ff, which is — |f, and add its second power to 
both members. 

^_68jc^ , J4l _5 , J41 _ J16. , 841 _ 1156 

2i "^ 2iy 7 2T)' 217 2ir ITT 

Taking the root of both members, 

29 , 34 
2i 21 

X =s ' — dc — 
21 21 

' Whiehgire « = 52 = 3 
® 21 

and x=z — — 

21 - 

The first value only will answer the conditions. 

An$. B sold 3 ells for a crown, and A SJ. 

' The learner may observe, that in raising f f to the second 
fN>wer, I multiplied the numerator into itself, but expressed the 
power odhe denominator by an exponent. This «aved isome 
work in this example. It may always be done^when the num- 
ber in the right hand member can be reduced, to a fraction 
with the same denominator as the number added. In this case 
4 CQUld be reduced to 21ths. The 4 was reduced thus : 
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5X 3 _ 15 X 21 _ 315 

7X3 21 X 21 "^ 21)* 

When the second member i$ a whole number, it can be re- 
duced to a fraction with any denominator ; consequently this 
fonn may be used. 

5. A man bought a certain ntimber of sheep for 80 dollars ; 
if he had bought 4 more for the same money, they would have 
come to him 1 dollar a^ece cheaper. What was the number 
of sheep? 

6. A merchant sold a quantity of brandy for £2Q and gained 
as much per cent, as tlic brandy cost him. How much did it 
cost him ? 

Let X = the cost. 

then — == the rate per cent. 
100 . *^ 

and ZL = the gain. 

100 ^ . 

also 39 -— T =r tlie gain. 

7. Two persons, A and B, talking of their money, says A to 
B, if I had as many dollars as I have shillings, I should have as 
much money as you ; but if I had as many shillings as their 
number multiplied by itself, 1 should have three times as much 
money as you, and 63 shillings oyer. How much money hod 
each i 

8. A colonel has a battalion of 1200 men,, which he would 
draw up in a solid body of an oblong foriP) so that each rank 
may exceed each file by 59 men. What numbers must he I 
place in rank and file ? * 

9. A. grazier bought as many sheep as cost him £60 ; out of \ 
which he reserved 15, and sold the remainder for X54, gaining 
2 shillings a head by them. How many sheep did he buy, ai^ 
what^was the price of each ? 

10. A person bought two. pieces of cloth of different sorts ; 
of which the finer cost 4s. a yard more than the other. Fcwr 
the finer he paid £18 ^ but for the coarser, which exceeded 
the finer in length by 3 yards, he paid only £16. How many 
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yards were there in eath pie^e, and what wi^ the price of 
each ? 

. 1 1 . A labourer di^g two trenches, one of which was 1 6 yards 
longer tlian the other, for $77.6,0 ; and -the digging of each 
cost as many dimes per yard, as there were yards m length. 

What was the length of each ? 

•» ■ • « , ■• 

12. There are two square .bui-Idings,. that are pi^ved wtfh 
stones each a foot square. The side of one building exceeds 
thkt of the other by 12 feet, and both their pavements taken, 
together contain 2120 stones. What are the, lengths of them 
separately. . . 

13: A man bought two sorts of linen for $13|. A yard' of 
the finer cost as many shillings as there were yarcfe of tlie finer. 
Also 30 yards of th^ coar^r, (whicK was the whole quantity,) 
were at such a price, that 7 yards cost as much as a yard of the 
finer. How many yards were there of the finer, and what was 
the value of each piec« ? • . 

14. Two partners A and R gained £18.1>y trade. . A's mo- 
ttej was tn trade 12 months, and he received for his princips^l 
and gain £26. Also B'a money, which visas i^3(), was in trade 
16 months. Wliat money did A put into trade ? 

15. The plate of a looking glass is 18 inches by 12, and i» 
lo be framed with a frame, all parts of which ieure of equal tvidth^ 
and the area of the frame is to be equal to that of tlie glass. 
Required the width of the frame. 

16. A and B set out from two towns, which were distant 247 
miles, and travelled the direct road till they met. A went 9 
miles a day ; and the number .of days, at tlve end of which they 
mely.was greater by 3 than the numbef of miles which Bwent 
itt a day. . ilow many miles did each go .'^ . . 

17. A set out from C towards D, and tiiSLveHed 7 miles per 
day* After he had gone 32 miles, B set out from D towards C, 
and went every day jV ^^ ^^ whole journey ; and after he had 
travelled as many days as he went mdes in one day, he niet A.. 
What is tlie distance between the places C and D f 

In tliis case both values will answer th^ conditions of Ibt 
question. 

16» 
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18. A man had a field, the length of which exceeded the 
breadth by 5 rods. He gave 3 dollars a rod to have it fenct^, 
which amounted to 1 dollar for every square rod in the field. 
What was the length and breadth, and what did he give for 
fencing it ? 

* 

9 

* 19. From two places at a distance of 320 miles, two persons, 
A and B, set out at the same tiine to meet each other. A tra- 
velled 8 miles a day more, than B, and the inimber of days in 
which they met was equal to half the nuqab^r of miles B wci»t in 
a day^ Hiow many miles did each travel, and how far per day ? 

20. A man has a field 15 rods long and 12 rods wide, which 
he wishes to* enlarge so that it may contain just twice as much ; 
and that the lepg^h a^d breadth may be in the ^same propor- 
tion. How much pjiust each be increased } . 

In this example, the root can be obtained only by dpproxi* 
mation. 

21. A square court yard has a rectangular gti^vel walk 
round it. The side of the court wants 2 yards of being 6 
tinnes the breadth of the gravd walk; and the number of 
square yards in the walk exceeds the member of yarJs in the 
periphery of iJhe court by 104. Ro§uired the area of the 
court i . 

All equations of the second degree xmy be reiduccd to one 
of the fallowing fodns. 

1.' a^^px ^ q ' 

2, of — ,p j: = 5 

4. 0?' -^_p a? = — J. 

» ■■■ » 

After the equation has been brought to one of these forms, 

it may be solved by one bf the following formulas, whicli are 

ntunbcred to correspond to the equations from which iiiey are 

derived. 



1 



«=+fi(?+f)^ 
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2 ^4 '^ 

Tlie lirst equation arid the first formula are sufficient for the 
V whciey if pimd q are supposed to be positive or negative quan« 
titles. 

- ^2. There are two numbers whose difffcrence is -111, and 
whose product Is equal to 4 times the larger minu^ 9. What 
are the numbers ? 

Let a? c=i the larger; - 

then X — 11} rz.dic smaller. 

a?* — ll|a? = 4a? — 9 

X* — '|»=:— 9. 
This equation is in thfe form of a?* — p«=r-i-y, in which' 

;...^4^ = ^2* = ^i^andj = D. 
^ 5 2 ly 4 100 ^ 

X = li ± ( V«V ^^)* = H i f *AV)* = 7.8 ± t.2. 
Or wc may use the first formula, then 

78 » ' 78 rf 6084 ^ , ^ 

» = , ^ = — — 5- = " and q = — 9 

^ 6 2 10 4 mu ^ 

0^ =^ if i: ( VttV —5)* =^ « nfr ( V.V)* = 7.8 ± 7 2. 
Both values of x, being posi.tive, will an3wer the conditions 
of the question. 

^ns. By the first value the larger number is 15 a&d the 
smaller 3f . By the second value of a?, the larger is |, and the. 
smaller — 11. 

Let tlie learner solve some of the preceding questions by the 
fbmmla. 

XXX V^ We shall now demonstrale that every oquaticm of 
the second degree, necessarily admits of two values for the un* 
,kno\yn quantHy, and only two* 
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Let us take the general equation. 

This, we have seen, may represertt any equation whatever 4>f 
the second degree, p and q being any known quantities and 
either positive or negative. If ;? = the equation becomes 

which is a pure equation or an equation with two terms, 
. If we make the first member of the equation a^ +p w = y, 
a complete second power, by the- above rules, it becomes - 

a^ + pa? + |? = 9 + |! 

then m = (j + ^)* 

Then we have {x +-^) =s= w»* 

transposing m' . (^+ o) — ^*»*=?^ 

The first member of this equation is the difference of two 
second powers^ which, Ait XlII, is the same as the product of 
the sum and difference of the numbers. 

TTie «iirais« + ^ -|- n^ and the diffexenee is a? + -^ — P^y 
and their product is 

In. this equaikm^ Ae first micmbef conastsortwo ikciors, 
aiid the seciMod is zero. PJow the first member . of the above 
equation will be equal to zero, if either dT 'm SfcXot^ \ft «qttal^ 



to zero. For tf any ntitober be Hmltiplied by teto, ttie prcxbict 
in zero. 

Makkig the first foctor equal to zero. 



gives 
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a: =1 - 


2 


- m* 


> 


• 



Making 



gives 

Either of these values of a? must answer the conditions of the 
equation. 

N. B. Though either value answers the conditions sepofrate- 
\Vy they cannot be introduced' together, for being different 
meir product cannot be a?*. . 

Instead of m put its value, and the values of x become 






which are the values we had obtained above. (This demon ; 
stration is essentially that of M/ Bourdon.) 

Discumon. 
Let us take again the general equation* 

Since the expression contains a radical quantity, that is, a 
quantity of which the roo^ is to be found, in order to be able 
to find the vulue of it, we must be able to find ike root either 
exactly or by approximation. Now there is one case in which 



1 

I 

•i 
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a k impOflBifale^o .find the foot. It is when q m negative and 
greater than A. In which case the expression y -^ i- is ne- 

Stive ; and it has been shown above, that it is impossible to 
d the root of a negative quantity. In all other cases the 
value of the equation may be found. 

In all cases i(q is positive, the first value will be poaiiive, 
and answer directly to the conditions of the question proposed. 

For the radical Iq + ILy is necessarily greater thaa JL^ be- 
cause the root of IL alone is JL ; therefore the expression 

«- JL db.i? +^1 i8ne<3^^*Barilyof the same sign as the 

radical. 

The second value is for the same reason esseiitiany ncgativei 

for both ^and iq + ^l^are negative. 'This valucj though 

it fiilfils the conditions of the equation,' does not answer the 
conditions of the question, from which the equation was derived ; 
but it belongs to an analogous question, in which the x must be 
put in with ftie sign — instead of -f- ; thus of — px=q^ which 

gives a? = ^ =fc (? + -^^ I > * vahie, which differs from the 
first only by the sign before £-^ 

If 9 is actually negative, the equation becomes 

a^±px = — y, 
and the values are 

In order that it may be possible to'find the root, q must be 
less tliipi^. When this is the case, the two values are real. 
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Since it- — gj* is smaller than £^ it follows that both 

values are negative if p is positive in the equation j that is, if 
«^ -f"l^ a? = — J, which gives 

and both positive ifp is negative in tlie equation, that is, «• — 
p a? = — j, which gives 

V 

When both values are negative, neither of them answers di- 
rectly to the conditions of the question j but if — xhe put into 
the original equation instead of j?, the new equation will show 
what alteration is to be made in tlie enunciation of- the. ques- 
tion ; and the same values will be found for x as bdfoce, with 
the exception of die sighs. 

If in this equation q is greater than i~, the quantity 

4 

/ ^ — jl- becomes negative, and the extraction of tlie root 

cannot b6 performed. The values are then said to be imagir 
ndry. 

J. It is required to iind two numbers whose sum is /?, and 
whose product is j* 

Let X = one of the numbers, 
then p — X = the otlier. 

X{p—x):^q 

p X — J?* = j; 
Changing signs a?* — |> a? = ■^— y. 

Tliis example presents the case above mentioned, in which 
p and q are botli negative* 



^ 
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The value ia 

Supposdp = 15 and j = 54. 

15 ^ /225 ..A} 15 , /225 — 216\J 



2B = 



15 



The v&lues are 9 and 6, both positive, and both answer the 
conditions of the question. And these are the two num- 
bers required, for 9 + ^ = l*^x 9 X 6 =z54* This ought to be 
so, for X in the equation represents either of the numbers in- 
differently. Indeed whichsoever x be put for, p — oo will re^ 
present the other ; ^nd px ~ x^ will be their product. 

Again let^ = 16. and q :^ 72. 

Here (— 8)* is an imaginary quantity, therefore both values 
are Imaginary. 

In order to discover why we olnain this imaginary result, let us 
first find into what two pans a numl>er must be divided, that the' 
product of the two parts may be the greatest possible quantity. 

In the above example,// repieseiits the sum of the two nnm-' 
bers or parts, lot d represent their difference, then 

^-+ — = the greater, and Z — if. = the loss. Art, IX. 
2^2 ^2 2 

Tlieir product is 

(L + ±\ tL^J\ = t -^£ Art. XIH. 

\2 ^ 2/ \2 2/ 4 4 

The QSpressioD A — — is evidently less than IL so long as 

otisgreaterihan zero; but when i/= 0, the expression becomes 
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s 

£. \^hich is the second power of :^. Therefore the grenfert 
4 2 

possible product is when the two paints are equal. 

In. the above -exomide^ = 8, and Si = 64. This is the 

^ 4 

greatest possible product that <jan be formed of two nuniber» 
whose siim is 16. It was therefore absurd to require the pro- 
duet to be 72 ; and the imaginary values of <3C arise JSpom ihaX 
absurdity. ^ 

2. It is reqiaired to find a number sCich, that if to 'its se^ondl 
power, 9 times itself be added, the sum will be equal to threat 
times t|ie number less 5. 

a?* + 9 0? = 3\r — 5. 

This equation is in the form of x^ -^ p x ■=:. — j, which 
gives 

Putting in the values of j> and q 

The values arc — 1 and -^ 0, both negative. Consequently 
neither value will answer the conditions of the question. Tins 
shows also ihat those conditicais cannot be answered. 

But if we change the sign of x in the equation, that ia, put 
m -^ a; instead of J^, it becomes 

X* — 9a: = — 3a: — 5. 
Changing all thi^; signs 

9 a? — a?* = 3 a? 4- 5. 

ITiis diows that the question should be expressed thus : 

It is required to find a number, such, that if from 9 times 
itself, its second power be subtracted, the remainder will be 
equal to^ 3 timea the number plus 5^ 

16 
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The values will both be positive in this, and both aomver the 
conditions. 

«* — 9a? = — 3a? — 5 

a?* — Ga? = — 5 

a? = 3zfc(9t— 5)* =3±2. 

•. » "^ ' 

^. The vahjes are 5 and 1 as before, but now botb^e positive^ 

and both answer the conditions of the question. 

3. There are two numbers whose sum is a, and the sum of 
whose second powers i& 6. It is required to fiad the numbers. 

Examine the various cases which arise from giving diflbreitC 
values to a ^id ft. Also how the negative value is to be inter- 
preted. Do the same with the following examples. 

4. There are two numbers whose difference is a^ and the 
wun of whose second powers is h. Required the numbers. 

5. There are two numbers whose difference is a, and the 
diflference of whose third powers is h. Required the numbers. 

6. A man bought a number pf sheep for a number a of dol- 
lars ; and on counting them he found that if there had beea a 
number 6 naore of them, the price of each would have Ijeenless 
by a sum c. How many did he buy I 

?♦ A grazier bought as many sheep as* cost him a sum a, out 
of which he reserved a number 6, and sold the remainder for a 
suin c, gaining a sum A jxjr head by them. How many she^ 
did he buy, and what was the price of each .'^ 

8i A mercbant sold a quantity of brandy for a sum a, and 
gained as much per cent, as the brandy cost bun. Whjat w^ 
the price of the brandy ? 

XXXVI. Of Powers and Roots in General* 

Some explsma^ipn of. powers both c^ numeral and Jiteral 
quantities was given Art. X. The method of finding the roots 
of the second and third pov/ers, that is, of finding the second 
and third roots of numeral quantities, has also been explained*; 
and their application to the solutioil of equations. But it is 



\ 
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freqxwB^iY feeqessary, to fitid the roots of odii^r powera, as well 
as of the second and third j anil of literal, a» well as of numeral 
quantities. Prei>aratory to this, it b necessary to attend a' 
little more particularly to the formation pf powers. 

The secofid power of a is a X a z=: a^. 

The fifth power of a is a X « X a X <i X « = ^** 

If a quantity as a is multiplied into itself until it enters m 
times as a factor, it is said to be raised to the mih power, and is 
expressed tt**. This is done by m — 1 multiplications ; for one 
miUiplication as a X « produces a* the second J)ower, two 
multiplications produce the third power, &e. 

We have seen above Art. X. thatwheu the quantities to be 
multiplied are alike, the multiplication is performed by adding 
the exponents. By thi* principle it is easy to find any power 
of a quantity which is alre?idy a power. Thus 

The second power of a^ is a' X «^ == «^' = «*- ' 
The third power of a* is a* X «' X a^ = a*+V = a*. 
The second power of a*" is a*" x a* = a*^* = a**. 
The third pawer of o* is a^ X «** X «* =3? a"''*''*^^ =i; a** . 

ThiB wth power of o' is a* X a' X flf X «* X ..... 

= «a+»+a+a+ , Until a* is taken m times as a factor,^ tliat 

is, until the exponent 2 has been taken m times. Hence it id 
expressed a**. 

The nth power of a** is a* X a* X «*•••• = c^'»+™+*+ • • • 
watil m is taken n times^ ^nd the power is expressed a'^\ 

N. B. The dots ..... in the two last examples are used to 
expresJB the continu^ition of the UKiltiplicatidn or addition, be- 
cause it caniiot come to an end until m in tlie^ first case, and n 
isk the second, receive a d^erminate value. 

In looking over the above examples we observe ; 

1st. That the second power of a^ is the same ^as the third 
power of a', and so- of all odiers. 
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2. That in JSnding a power of a letter the exponent is added 
until il is taken as many times as there are' units^ in the expo« 
nent of the required power. Hence any quantity may be raised 
to any power by multiplying iis exponent by the exponent of ike 
power to which it is to be raised. 

The 5th power of a' is «?><* = a*^ 

The 3d povjrer of d' is a'^^ = a", &c. 

The power of a |)roduct is the same as the product of that 
power of all its factors. 

The 2d power of 3 a & is 3 a J X 3 ai = 9 a* J». 

The 3d power of2a*6Ms 2aH' X 2a* 6' X 2a*y= 8a*^'. 

■> 

Hence, when a quaniity consists of several letters, it may be rais- 
ed to any power by multiplying the exponents of each letter by the 
exponent of the pow&r required ; and if the quantity has a numeral 
coefficient, thai must be raised to the poufer required. 

The powers of a fraction are found hy raising both numera- 
tor and denominator to the power required ; for that is equiva- 
lent to the continued multiplication of the faction by itself 

1 What is the 5th power of 3 a* 6' m} 

2 What is the 3d power of ?^' ? . 

Powers of compound quantities are found like those of sim^ 
pic quantities, by the continued multiplication of the quantity 
into Itself. The second power is found by multiplying the 
quantity once by itself. . The third power is foui^d by twonxui- 
tiplications, .&c. 

The powers of compound quantities are expressed by enclose 
ing the quantities in a parenthesis,, or by drawii^ a vincuIuDn 
over tliem, and giving them the exponent of the power. The 
third power of a -f- 2 6 — c is expressed (a + 2 b — c)* ; or 



a -{- 2 b — c. 

The powers are found by multiplication as follows: 



ta 
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a + 2b — c 

— ac — 2ic + c* 



a*4.4a6 + 46* — 2flc— 46c+c» = (a4-2J— : • 
a+2b — c 

a* + 4a*6+4a6* — 2a*c — 4abc+'a<^ 

2a*6 + 8a6*+85' — 4a6c— &&'c + S5c* 

— cfc — 4aJc— 46'c+5ac' + 46c'- 



■•^■"'^■•"■■'^w*'**^*""""^^^"^""^" 



y * 

If the third power be multiplied by a -f- 2 A— iJ, it "will pro- 
dace the fourth power. 

3. What is the second power of 3 c + 2 rf ? . 
4i What is the third power of 4 a— bc^ 



• V 



5. What is the fifth power of a — 'b ? .. 

6. What is the fourth powei^ of 2a*c — t^f 

In practice it is generally more convenient to express the 
powers of compound quantities, than actually to find them by 
multiplication. And operations may frequently be more easily 
oerformcd on them wlten theyare only expressed*. 

(a+*)'X(« + 6)'=:(« + A)^* = (ffl + J)* 
(3a — 6e)*X(3o — 5cVa=(3or-5«y^ ' 



Thct is, when ane power of a xompound quanitiy is to he rmdti^ 
plied htf any power of the same quantity, it may be expressed by add- 
ing the exponents^ in the same manner as simple quantities. 

The 2d power , of <a + h)\ is (a + 6)» x (d + 6)' 
= (a +&)H^ =: (a + 6)^x» = (a + A)*, - 

The 3d. power of (2 a — dy is 

(2a — rf)^*+V=:(2« — rf)*x'=:(2*a — rf)" 

That is, any qtianiity, which » ulready a power of a compound 
qaantity, may he raised to any power by multiplying its exponent 
by the exponent of the power to which it is to be raised. 

7. Express the 2d power of (3 6 — c)\ 

8. Express the 3d power of (a — c + 2 rf)*. 

9. Express the 7th power of (2 a* — 4 c^)'. 

Division may also be pcrfQnned by subtracting the exponents 
as in simple quantities. 

(3 a — J)» divided by (3 a — A)' is 

(3a— 6)'^» = (3a— 6)« 

10. Divide (7 m + 2 c)' by (7 m -i- 2 c)». 

If (a -f- i)* is to be multiplied by any quantft;r c, it may be 
expressed thus : c (a + by. Bui in order to perform the ope- 
ration, tlie 2d power of a + 6 must first be found. 

c(/?+A)'=:c(a* + 2aJ + 6*)=a'c+2a6c + i*c 

If tite operation were performed previously, a very er^^oneoUs 
result 'would be obtained; for c (a + 6)* is very different fi-om 

{c^c^b c)*. The value of the latter expression is c* c* + 2 a 4 

f' + h'c*. 

11. What is the value of 2 (a 4- 3 by developed as above?. 

12. What is the value of 3 J c (2 a — c)' .^ - 

13. What is tlie value of (a + 3 c») (3 a — 2 ly ? 

14. WhaVis the value of (2 a — bY («" + b cY ? 
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We have had occasion in the preceding pages to return from 
Ihe second and third powers to their foots. We have shown 
how this can be done in numeral quantities ; it rauains to be 
shown how it may be effected in literal quantities. . It is fre* 
quentiy necessary to find the roots of other powers as well as 
of the seconH and third. 

The power of a literal quantity, we have just seen, is found 
by multiplying its exponent by tiie exponent of the power to 
which it i^ to be raised. * 

The second power of a® is a^X* iisf «*; consequently these* 
cond root of c^ is a* = a*. ♦ 

The tbiid power of a* is d** ; hence the third root of «^ 
must be a ^ = a* . 

The second root of a*, then must be a^. 

1 

Proof. The sec6nd power of a ^ isa ^ .?= a"*. . 

In general, the root of a literal quantity maif be found by divtd^ 
wig iis exponent by the nu/ither expressing the root ; thai is, by 
dioidiTtg by 3 for the second roof, by 3 jor the third root, <fec. 
This is tbo reverse of the method of finding powers. 

It was siiown above, that any power of a quantity consisting 
of several fectors is the same as the product of the powders of 
the several factors. Fn>m this it follows, that any root of a 

Suantity consisting of several factors is the same aa tbo pro- 
uct of the roots of all the factors* 

The third power of a* 6 c* is of A' c* ; the third root of of 4* 
-c* must therefore be a* A c'. 

Numeral coefiTicients are factors, imd in finding powsers 
they are raised to the power ; consequently in findmg root9| 
ihe root of tlie coefficient must be token* 

The 2nd root of 16 «* i* is ,4 rt* &. 

Froof. 4 a* 6 X 4y 4 = W a* V. - 
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When the exponent of a quantity is divisible by the numbei 
expressing the degree of the root, llie root can be found exactly ; 
but when it is not, the exponent of the root will be a fraction. 

The second root of <r* is a*. The second root of a is «*. 
Hie third root of « is a . The nth root of a is a •. The silh 
root of a* is an. 

The root of a fraction is foutid by. talcing the root of its nu- 
merator and of its denominator. This is evident from the me- 
thod of finding the powers of fractibns. 

The root of any quantity may be expressed by enclosing it in 
a parenthesis or drawing a vinculum oyer it, and writing a fino- 
tional exponent over it, expressive of tl)e root. . Thus 

The 3d root of 8 a' 6 is expressed 

(8 a^i)* or 8a^*. 

. The root of a compound quantity may be expressed, in t^^e 
same way, , 

The 4th root of a' -^ 5 a 6 is expressed 

{a^ + babf ox d* + bab^. 

When a compound quantity has an exponent, its root may 
be found in the same manner as that of a simple quantityl 

The 3d root of (2 i — af is (2 6 — a)"» = (2 b-^af. 

With regard to the signs of roots it may be observed, that all 
even roots must have the double sign ±; for sinee all even 
powers are necessarily positive, it is impossible to tell wljethw 
the power was derived from a positive or negative root, unless 
something in the conditions of the question shows it. An even 
root of a negative quai^tity id ii»possible. . AU odd root^ will 
have the same sign as the power. 

15. What is the sfec6nd root of 9 a* Vi 

16, What is the third root of— 125 a* *• e? 
17 What is the fifth root of 02 o" c^ r ? 
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18. What is the tliird root of ^'^' ? 

27c*flP 



19. What is the fourth root of ^i^Ll. ? 

m 



T* 



20 Wliat is the second root of (2 w — a?)' f 

21 What is the 6th root of (3 a -f- a:)* ? 

XXXVII. Roots of Compound Quantities. 

When 9, compound quantity is a perfect power, its root may 
be found 5 and when it is not a perfect power, its root may be 
found by approximation, by a method similar to tlmt employed 
for finding the roots of numeral quantities. 

Fir&t we may observe, that no quantity consisting of only two 
terms can be a complete power ; for the second power of a bi- 
nomial consists of three terms ; that of a -f- a?, for example, is 
a* -f- 2 « ^ + ^' The quantity a* + 6* is not a complete se- 
cond power. 

Let it be required to find the second root of 

9a?'a* + 4a*6'+ 12^a*6». 

The root of this will consist of at least two terms. The se- 
cond power of the binomial a -f- 6 is «* -}- 2 a 6 -f- 6*. This 
shows that the quantity must be arranged according to the 
powers of some letter as in division, for the second power of 
either term of the root will produce the highest power of the 
letters in that term. 

Arrange the above according to the powers of a?. 

9x*a^ + 12 or" a^b^ + 4 a* b* 

The formula a* -f- 2 « 6 -f- J* shows that we should find the 
first term a of the root by taking the root of the first term ; the 
same must be the case in the given example. 

The root of 9 x* of is 3 a?* a'. Write this in the placg of a 
quotient, and subtract its second power. Then multiply Scr* d* 
by 2 for a divisor, answering to 2 a of the formula. 
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Divide the next term by the divisor. This gives 2 a 6* for 
the next term of the root. Raise the whole root then to the 
second power and subtract it. Or, which is the same thing, 
since the second power of the first term has already been sub- 
tracted, write the quantity 2 a 6* at the right of the divisor as 
well as in the root. Multiply the whole divisor as it then stands 
by the last term of jthe root. This produces the terms corre- 
sponding to 2 a 6 -|- ^*5 = ^ (2 a -l^ 6) of the formula. This pro- 
duces 1 2,1^ a* i* -fj 4 a* 6*, which being subtracted^ tliere is no 
remainder. Consequently the root is 3 a?* «® r)- 2 « 6* or — 
3 07* a' — 2 a b*. The second power of both is the same. If 
the double sign had been given to the first term of the root, tlie 
sec<>nd would have had it also, and the positive and negative 
roots would have been obtained together. 

Let it be required to find the 2d root of 

36 a«m*^6aa 6 m* + 25 4*. 

Setfm^ — eOabm* +25 5* (6 a m* — 5b 
36 a* w* 



* — 60aJ«»« + 256« (12am«— 5ft 
— 60aAOT* + 25ft^ 



The process in tliis case is the same as in the last example. 
The second term of the root has the sign — in consequence of 
the term 60 a 6 w* of the dividend being aifected with that sign. 
If the quantity had been arranged according to the powers of 
the letter 6, thus, 25 ft* — 60 a ft w' + 36 a* m\ the root would 
have been 5ft.— 6.a m^ instead of 6 a m^ — 5 6. Both rootsi 
are rigbt^ for the second powers of the two quantities are the 
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mane* TJie^secoftd power et -*- 6 is the same as ihat <vf 6 *— a. 
One is the positive and the other the negative root. If the dou- 
ble sign be giveii.to the first tern^ of the root^ botli . results will 
be produced at the same time in either arrangement. 

25b' 



— 60flJw»'-f 36a*wi* 



In dividing — ■ 60 a J w^ by ± 10 6, both signs are changed^ 
the + to, — , and the — to 4-« Thifi gives totlie second term 
the sign =F. The first yalue is 5 i - — Gam^, and the second is 

When the qii^tity whose second r.oot is to be found, con- 
sists of niore than three terms, it is not the second powor of a 
binomial, but of a quantity consisting of more than two terms 
Suppose the root to. consist of the three terms m + n +7?* I^ 
we represent the two 6rst terms m -f- n by Z, the oxpc^ssion be- 
comes Z -f-p, the second power of ^hich is 

Developing the second power J* of the binon^ial m ^n^ it 
becomes tH^ + 2 m w + ^a. This shows thstt when the quantity 
is arranged according to the powers of some letter, the second 
root of the first term wiU be the first term m of the root* If in' b^ 
subtracted, and the next termbe divided by 2 m, .the -next term 
n of the root will be obtained. If the second power of aw -J- w 
or I' be subtracted, the remainder will.be 2 Ip -{-p^. If the. 
next term 2 Z o be divided by 2 ^ equal to- twice m -|- n, the 
quotient will be o, the tliird term of the root. The same -prin- 
ciple will extend to any number of terms. 

It is reqQbed to &id the see<nld root of ^ 

4 a* + 12 a' a? + 13 a* cc' + 6 ^ "^ + «*• 
Let this badisp(9sed iKscoidi^g to the powens^^a or of x« 
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*• + 6 a «' -I- 13 a*a^ + 12a»a? + 4 a* (x^ + 3aa? + 2 rf root, 

— — 1st dividend. 

♦ 6a«*+13a*jc* (2 a? • + 3aa? .1st divisor. 
6 a a^ + 9 a* a^ 



2ddivid. * 4a*x' + Ua'x + 4a* (2a^ + 6aa^ + 2fl• 2Adi 



The process is so similar to that of numeral quantities that 
it needs no farther explanation. 

The double sign need not be given to the terms during the 
operation. AH the signs may be changed when the work is 
done, if the other root is wanted. This will seldom be the 
case when all the terms are positive ; but when some of the 
terms are negative, if it is not known which quantities are the 
largest, the negative root is as likely, to be found first as the 
positive. When this happens the positive will be found by 
hanging all the signs. 

Examplei. 

1. What is the second root of 

2. What is tiie second root of 

2 2 16 ^ 

3. What is the second root of 

— 4x* + 4 «• + 12a:' -^6a? + «• + 9 ? 

4. What is the second root of 

fit' + 20:c* + 25a.^ + 16 + 4x^+10«* + 24 x» 



r 
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XXXVin. Eodractum <^ ik& Roots of Compound i^AdntvCies 

(faniff Degree, 

By examining the several powers of a binomial, and.observmg 
that the' principle may be extended to roots consisting of more 
than two terms, we may deri^'e a genei'al rule for <5fxtractiug 
ro^ts of any degree whatever. 

(a + a;)* = fl + J? 



a*-|- ax 

(a + «)•== rt" + 2aa: + af 
a +0? 






T^ 



{a -f xf = a* + 3a* « +. 3 ojc* -f-o;' 



a*+ 3a*a? + 3rt^x» + aa;' 

a* a?+,3 aV -f- 3 a a^' -I* a?* 



1^ I III 



a' + ® 



rt*MIMita.M»i 



«• + 4a*a: + 6a»aj« -l-^a'a^ + a*^ 

a^ar + 4 aV + 6 d'a?" + 4a^ 4- a?* 

^— — *— 1— *■ " '■ < " - ' I ■ I 1 

{a + «)• is «• + 5 a*a? + 10 a'aj* + 10 a«a?»+ 5aa?* -fa?» 

By examining these powers, we find that the first term is the 
jSrst term of the binomial, raised to tlie power to wliich the bi- 
Bomiul is raised. The second term eonsistil of tlie first te«0 
of the bmomial one degree lower than in the $fst term, nutlti- 

It 
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plied by the number expressing the power of the binomial, and 
also by the second term of the binomiaL This wilf hereafiet 
be shown to be true in ail cases. 

The application will be most easily understood by a particu- 
lar example. 

Let it be required to extract the 5th root of the quantity 

32 a''— 80 a^ 6»+ 80 a* V— 40 a' V + 10 a* V* — i" (2 cP —V 

IHvidend. 

* _80aH' 80 «« divisor. 

The quantity beipg arranged according tofte powers of a, I 
seek the fifth root of the first term 32 a*^ It is 2 a*. This I 
write in the place of the quotient in divisioQ. I subtract the 
fifth power of 2 a', which is 32 a^^^ from the whole quamtily. 
The remainder is 

— 80 a'' V + 80 a* *« — <fec. 

* The second term of the fifth power of the binomid a -J- a? 
beinff b a* x shows that if tlie second term in this case be di- 
vided by five times the 4th poyver of 2 a*, the qipiotient will \m 
the next term of the root. The 4th power of 3 a* is 16 o^ and 
5 times this 80 a^ Now — 80 «* 6* bdng divided by 60 a* 
gives — h^- for the next terra of the root. Raising 2 aj — 6' 
to the fifth power, it produces the quantity given. If the root 
contained more than two terms it would be necessary to sub- 
tract the 5th power of 2 a* — ¥ fit>m the whole quantity ; and 
then to find the next term of the root, divide the first term ctf 
the remainder by five times the 4th power of 3 a* — 6^. 'Fhe 
first term only liowever would be used which would be the 
same divisor that was used the firi^ time. 

Wlien the number expressing the root has divisors, the roots 
may be found more easily than to extract them directly. The 
second root of a* is a*, the second root of wKicb is a. Henc^ 
the 4th root may be found by two extractions of the second 
root. The second root of o* is d', or the 3d root of a* i9«*. 
Hence the 6th root may be found by extracting the 2d and 34 
roots. The 8th root is found by three extractions of tlie 24 
root, ^c. . 



1. Whftt is the 3d root of 

6a?» + jc^— 40a;'+^6a?— 64? 

2. Wbkt is the thifd root of 

15a?* — 6cp+a^~6y — 20a:»+15a?^ + 1? 

8. What is the 4th root of 

216 a«^ — 216 a.a?^ + SI a?* + 16a* — 96a*a:f 

4. What is the $ih root of 

80a^— 40(r* + 32ic» — 80a:* — 1 + lOo:? 

XXXIX. Extraction of the Roots of. Numeral Quantities cf awj 

D^ree. 

By the above #xpression of the several powers, we may ex- 
tract any root of a numeral quantity. Let us take a particular 
example. 

What is the 5th root of 6,443,532,400,000 ? 

^ In the first place we observe that the 6th power of 10 is 
100000, and Ihe 5th power of 100 is IQOOOOOOOOO. TherefcM^e 
if the root contains a figure in th^ ten's place, it must be soui^ht 
among the figures at the left of ^e first five places cotmtiog 
fi^m the right. Also if the root contains a figure in the him- 
dred's place, it must be ^ught at the left of the first ten figures. 
'This shows that the number may be divided into periods of 
five figurei» eiaeh) beginning at the right. The number so pre- 
pared will stand 

544,35924500000 (340 
243 



Drridend. 3013 (405 Divisor. 

544 35324 

* 00000 
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in the first place I find the greatest 5th pow^ in 544. It is 
243, the root of which is 3. I write 3 in the root, and subtract 
'243, the 5th power of 3, from 544. The rejmainder must con- 
tain 5 a* a? + 10 a' a:* +, (fee. The 3, that part of the root al- 
ready found, and which, by the number of periods, must be 
300, answers to a in the formula. 5 a*, that is, five times tke 
fourth power of 300 will form only an approximate divisor, 
since the remainder consists of several terms besides 5 a* o?^ 
stiU it will enable us to judge' very nearly, and we shall find 
the right number after one or two trials. As the fomth power 
of 30 will have no significant figure below 10000, (we may 
consider 3 to be in the ten's place, with regard to the next 
figure to be found,) we may bring down only one f^ure of the 
next period to the remainder for the dividend, and use 5 times 
the fourth power of 3 for the divisor. The dividend is 3013 
and the divisor 405. The dividend contains the divis6r at 
least 6 timei^, but probably 6 is too large fi>r the root. Try 6. 
This gives for the first two figures 35. Raise 35 to the 5th 
power and see if it is equal to 544,35324. It will exceed it. 
Tlierefore try 4. The fifth power of 34 is 5^,35324. Hence 
34 is right. Subtract this flrom the uianber, there is no rer 
mainder. There is still another period, but it contains no sig-. 
nificant figure, thierefore the next figure i^ 0, and the root is 
340. The 5th power of 340 is 5,443,532,400,000. If there 
had been a remainder after Enabtracting the 5 th po:vi^er of 34, it 
would have been necessary to bring down the next figure of 
the number to it to form a dividend, and then to divide it by /5 
times the 4th power of 34 ; uid to proceed in all respects m 
before. 

The process of extracting roots above the second is very te^ 
dious. A method of doing it by logaridims will hei^after be 
shown, by which it may be much more expeditiously per- 
formed. 

Examphsy 

1 . What is the 5th root of 1 5937022465957 ? 

2. What is the 4th root of 36469158961 ? 

For this, the fourth root may be extracted directly, or it may 
be done by two extractions of the second root. Let the learner 
do it both wfl^s. 
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S. What is the (Jth root of 481S90304 ? 

Tjiis may be done* by extracting the 6th root directly, or by 
extracting first tiie second and then the third root. Let it be 
done both ways. 

4. What is the 71h root of 13492928512 ? 

XL* tVactional Exponents and Irrational Quantities, 

The method explained above, Art. XXXVI, for extracting 
the roots of literal quantities, gives riee to fractional exponents, 
when they cannot be exactly divided by the number expressing 
the root. Since quantities of this kind frequently occur, raa- 
thematicians have invented methods of performing the differ- 
ent operations upon them m the .same manner as if the roots 
could be found exactly ; and thus putting off the actual ex- 
iantciing of fine root until the last, if it happens to be most con- 
Teaient. The expressions also may often be reduced to athers 
vmch tnore simple, and whose roots maj be itiore easily foiind. 

It has been already observed that the root of a quantity con- 
dsting of several factors, is the same as the product of the 
mots of the several factors. 

. '(a»)* = («•)*. {af = {a)i. (a)*, (a)* 

= a^. a*, a** = a. o* = a _ = a". 

We see that the same expression may be written in a great 
BMiij different forms. The most remarkable of th^ above are 

On this [Hincifrfe we may actually take the ro6t of a part of 
the ftictbrs of a quwAty when they have roots, and leave the 
foots of the others to be takea by ^i^noxuBatioii at a conve- 
juent time. 

The qoaatity (72 a* 6* -c)^ may be resolved into ikctors thtts. 

17* 



The root of the fir^ factor 36 a* b^ can be fonad ejotetly^ 
and the expression becomes 

6 a 6« (2 a 6 c)*. 

This expression is much more simple than the other, for now 
it is necessary to find the root x)f only 2 ab c. 
The expression might have been put in this formi 

(72)* J 6* c* =5 (36.2)* a^* 4^* c* = 6-2* ^ a*6*i* c* 

= 6ix«»(2aftc)*. 

1. fieduce (16 tf* h^y to its simplest form. 

Aw. 2« 6 (3 a* 4)*. 
. 3. Reduce (k>4 a o:^)^ to its simplest form. 
S. Reduce I . . ^^ i^ to its simplest form. 

TJ \3 6 c/ 

4. Reduce (1 6 tf* 4* + 32 a* 4' m)* to its simplest form. 
(I6a»4* + 32fl«4*m)*=:(l6a'4«)* {db^ + 2bwi}^ 

wini. 4a4(a4*+24m)* 

6. Reduce /135^^"ie8«W\* ^^ .^ ^j^^ g,^^ 
\ 64 m'n« / 

Sometimes' it is convenient to multiply a root by another 
quantky, or one root by another 

If it is l^ttired to multiply (3 a* 4)^ by a 4, it may be expretth 

ed thus : a fr (3 a* 4)% But if it is required actually to' unite 
Uwm, ii4 must fwsl be raised to the second power, and the jiuro- 
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duct becomes (3 a* 6')* This will appear more jplain in the 

following mamier, 

(3«'&)*=3* a 6* 
This multiplied by a & is 

3*aJ* X ai = 3*'a* 6^* = 3* a« i* = (3tf* ft»)* 

If instead of enclosiiig the quantity in the parenthesis and 
writing .the exponent of the root over it, we divi'de the expo- 
nent of all the factors by the exponent of the root, all the ope- 
rations will be very simple. 

Let a' be multij^ied by a', 

a* X a* = o*+^ = 0* =5 a*. 

u^ b^ X cfl b^ == a^+^ b^+\ = o^ 6*. 

That is. multiplication is performed qn. similar quantities by 
adding the exponents^ as when the exponents are whple nurQ- 
bers. In fike manner division is perfomied by subtractiBg the 
expdneats. 

(^ I — 

It must be obs^ed that a^ may be retid, the fM^d root of At 
ieeond power rfa^ or the second power of the iSird root of a. For 

the 3d root of a-* is a ' ^ and 

The 3d power of a' is 

atxa*X«»=aJ+»+»=«»^'=ai 

That is, a power of a root may be Ibirod by miiRiply^ 
log the fiuctional exponent by the exponent pf the power. 



_=«l-*=ai 
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Conseqaentlr a root of a root may be feaad bjr dhriding the 
fractional index by the exponent of the root. In inohiplymg 
and dividing the iractional exponents, we must apply the same 
rules that we apply to cumson fiacti(»u. 

The 3d root of o' a a^. 

The 3d root of a^ is a^. 

The 5th toot of o* b^ 'w a^ b^. 

if the numerator and denominator both be multiplied or d>- 
Tided by the Bame number, the value <rf^. the quuitity will not 
be altered ; for that is the s&me as raiung it to a power, and 
then extracting the root 

If it 18 required to multiply a^ by a^, the fractions may be 
reduced to a i^ommon denomiuator and added : thus, 

The same may be done in divinon and die exponents Biib> 
traoted. 

.* ,1- 

a* oH «H 

In fiict, quantities wiA fractional exp<meDtB are subject to 
precisely the some rules, as when the exponents dire whole 
numbers ; bnt the rules must be applied as to ftactnNia. The 
fractions may be reduced to decimals wi&out altering the 
value ; dHw 

I II- 1.25 J26 .3 ' .06 
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a* Xa' ==a^ X a = « =: a X a^^ X «^^^' 

t . • > . ■ 

It is very important to remember how th^se quantities may 
be separated into factors. Since multiplication is perforraea 
by adding the exponents, and division by subtracting them, any 
quantity may be separated into as many factors as we please, 
by separating the exponent into parts. Thus, 

c* =z a' X a*^ = a X «* = a X a' X «• 



= a^ X a^ Xa*X a^ X (^ X a^ X a*. 

' The sum of all the exponents in the last expression is 5, Lo- 
garithms are of the saHoe nature o^ these exponents, and afford 
as great a fecility in operating upon numbers, as these do upon 
letters. And the operations are performed in the same way, 
as will be explained hereafter. 

If the learner should ever have occasion to read other trea- 
tises on mathematics, he will generally find the roots express-, 
ed by what are called radical signs. The second root is ex- 

, 3 

pressed with the ^ign y^ , the third root y/ the same sign 
with the index of the root over it. The 4th root is 4/"^ , &c. 



a* = 


V« 


«* 


3 


«i = 


V" 


3 

aJ - 


y/a' 



2^ flT 6^1== VSft^fr*, &c. 

They will be easily understood if the radical sign be removed, 
and the exponents drvided by the index of the root or the quan- 
tity enclosed in a parenthesis, and the root written over it* 

The expression y'd a'i? becomes. 

5* a^ 6^= (5aH»)* 
The expressioa s/ p^*-^ 6* is equivalent to (a* +6') 
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XLL Binomial Theorex^ 

It has already been remarked that the powers of any quanti- 
ty are found by multiplying the quantity into itself as many 
times, less one, as is expressed by the exponent of the power* 
Sir Isaac. Newton discovered a method, by which any quantity 
consisting of more than one term may be raised to any powef 
whatever, without goiuj^ through the process of muitipiicatioB. 

The principle on which this method is founded is called the 
BinTmial Theorem. Its use is very important and extensive in 
algebraic operations. 

Next to quantities consisting of only one terni, binomiab, or 
quantities consisting of two terms, are the most simple. 
^ Let a few of the powers of a + ^ b^ found and dieir'fonii9- 
tion attended to. 

(a + xy =z a-^-x 

n -f- X 



fa + x)*= ef + 2ax + 3f 

a^l-x 



a*x -|- 2 a a? -|- a?* 






c? a? + 3 «• jc* + 3 a a?* + a^ 

(a + a?y=: a!' + 4a'ic + 6a*a^ + 4ax' + a<' 

fl -|- a? 

a* + 4(^x + 6ifx' + 4a^x^ + aa!' 

a*a?4'4a*a:* + 6a'ar» + 4aa?* +a?** 

{a + xy=z a^+5a*x+\0a^ii^+l0a^x^ +&ax* + «* 
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The 14w of Ibe fitfiliacion of/tfae Ifleml put is sfifficiently 
manifest. 

In each power there is one term more than tlfe ,nuinl>er de- 
noting the power to which it is raised* The first power con- 
sists of two terms, the secoiid power of three temis, the third 
power of four terms, &c. 

In every power a is found in every term except the last, and 
X is found in every, term except the fkst* The exponent of a in 
the first term is the same aa the exponent of the power to' 
which the binomial is raised j and it diminishes by one in each 
succeeding term. . . 

The exponent of x ii^ the second tenh is I, and it Jncreasips 
by one in eaph snacce^ding term, until ia the last term.it i^ the 
same as that of a in the first term. 

. The )aw of ^ coefficients is not so simple^ though it is not 
less remarkable. 

The coefficients of the first power,, viz. a -{- a?, are 1, 1 ; those 
of the second power are 1, 2, 1. These are formed from the 
^rist as follows. When a is multiplied by a,, it p;'odu<^es a*, 
and no other tenh being produced like it, there is nothing add- 
ed to it, and it remains with the same, coefficient as the a in the- 
multiplicand. In multiplying x by a and afterward a by x^ 
two similar terms are produced, having the coefficients of the ' 
a and x in the multiplicand, viz. 1 and 1 ; aild the addition of 
these forms the 2. The other 1 is produced like the first. 

The coefficients of the third power are 1, 3, 0, 1. The Id, 
are produced from the second power, as those of the second 
power are produced from the first. In multiplying 2 ax by a, 
the term produced is 2 a* x, having the coefficient^ of the se* 
cond ter^ of the multiplicand ; and in multiplying a* by x^ the 
term produced is a* x^ similar to the last, and haying the coeffi- 
cient 1 of the first term of the multiplicand. The addition of 
the coefficients of these two terms produces the 3. before a' x* 
That is, the coefficient of the second, term of the third power is 
formed by adding togethet the coefficients of the first and se- 
cond terms of the second power. In the same manner it may 
be shown^ that the coefficient 3 of the third term of the third 
power is formed by adding together the coefficients o£ the se- 
cond and third terms of the second power. , 

The following law will be found on examina^on to be ge« 
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The coeffieieQt of the first tenn of eveiy power is 1. Tlie 
coefficient of the second term of every power is formed by add- 
ing together the coefficients of the first and second terms of 
. the preceding power. The coefficient of the third term of 
every power is formed by adding together the coefficients of 
the second and third terms of the preceding power* The co- 
efficient of the fourth term of every power is found by adding 
together the coefficients of the third and fourth terms of the 
preceding power. And so of the rest. 

This law, though perhaps sufficiently evident by inspection^ 
may be easily demonstrated. 

Suppose the above law to hold true as far as some power 
which we may designate by n. The literal part of the nth 
power will be formed thus. 



We cannot write all the terms witliout assigning a particular 
value to n. We can write a few of the first and last. The 
points between show that the number of tierms is indeterminate ; 
there may or may not be more than are written. 

Suppose that A is tlie coefficient of the second terin^ B that 
of the third, &c. and let the whole be multiplied hy a -^ x^ 
v^hich will produce the next higher power, or the (a-^- l)th 
power. 
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In tills result we pbserve that the exponents of bodi a tind x 
are increased by 1 in each t^rm, txnd there is still one terni 
without X and another without a. - Before the terms of the pro-r 
duct were added, there were twice as many terms in the pro- 
duct as in the multiplicand, but they have alj united two by 
ttvo except the first and laBt. The terms C a*""' x* and Fa* 
«*^* have not united with toy others, but it is evident that they 
would have done so, if all the terms could have been written. 
There is then one more term in this power than in the last. 

The cpeffi4?ient of the ilrst term is still 1. That of the se- 
cond is the sum of the coefficients of the firsj and second terms 
of the multiplicand, viz. 1 + A. That of the third is the sum 
of the coefficients of the second and third terms of the multi^ 
plicand, viz. A -jr B ; &c. 

The above formula shows that if the law above mentioned i« 
true for one power, it will be so for the next higher power. 
We hfeive seen that it is true for the 5lh power, therefore it will 
be true for the 6th ; being true for the 6lh, it will be^so.for tl):e 
7th, &c. 

Let the coefficients of several <if the first powers be written 
without the letters, forming them by the above principle. 

First observe that (« 4- tr)* == 1. 

Adding 6 to this 1 gives 1, and then 6 again on the ether 
side gives 1. Hence we have 1, 1 for^the coefficients of the 
first power. 

Adding to the first 1 gives 1 : adding 1 and 1 gives 2, and 
then 1 and are 1 . Hence the coefficients of die second pow 
er are 1, 2, 1. 

Ag6in,0 + 1 = 1 ; 1 +2=3; 2+l=?3; 1+0=1. 
Hence 1, 3, 3, I are the coefficients of the third power. 

Again, + 1 = 1; 1 + 3 = 4 ; 3 + 3 = 6 ; 3 + 1 = 4 ; 
and 1 + 0=1. Hence 1^ 4, 6, 4, 1 are tlie coefficients of the 
fourth power. 

AgHiin, 0+1=1; 1+4 = 5; 4 + 6=10; 6 + 4 = 10; 
4 + 1 = 5; and 1 + = i. Hence 1, 6, 10,10, 5, 1 are the 
coefficienid of &e 5th power,- <&e. 
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The Coefficients (f the first Ten Powers. 

1 

1 1 . . 

12 1 
1 3 3 1. 
14 6 4 1 
I. 5 10 JO 5 1 
, I 6 16 20 15 6 1 
1 t 21 35 35. 21 7 1 
I 8 28 66 7b 66 28 S 1 
1 9 36 84 126 126 84 36 9 1 
I 10 45 120 210 262 210 120 45 10 I 

Here we observe that the first row of figures taken obliquely 
downward is the series of numbejs 1, J, 1, &c. 

The second row is the series of natural numbers, 1/2, 3, 4^ 
5, &,c. whose difierences are 1. 

The third row is the series 1, 3, 6, 10, 15, <fec» whose differ- 
ences are the last series, viz. 1^ 2, 3, 4, &c: 

. The foitfth row is the series 1, 4, 10, 20, 35, &c. whose dif- 
forences are the last series, viz. 1, 3, 6, 10, &c. Each succes- 
sive row is a series, whose difiierences form the preceding row. 

We may observe farther that the- coefficient of the second 
tenn of any power is the term of the series 1, 2, 3, 4, &c. de- 
noted by the exponent of the power. That of the second pow- 
er, is t|ie second term ; that bf the third power, the third term ;" 
that of the nth power, the nth term. But this being the series 
of natural aumbors, the number which denotes the place of the 
term is equal to the term itself, so that the coefficient of the 
second term will always be equal to the exponent of the 
power. 

The coefficient of the third term of any power is the term of 
the senes 1, 3, 6^ tO, &c. denoted by the. exponent. of the pojtv- 
er <toinished by.i. That of the third power is the second 
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term, that of the fourth power the third term, that of the nth 
power the (n- — l)th term, &c. 

The coefficient of the fouith term of any power is the term 
of the series 1, 4, 10, 20, &c. denoted by the exponent of thfe 
power dijninisiied by 2. That of the fourth power is the se- 
cond term, Xhni of the fifth power is the third term, that of the 
»th power is the (n — 2)th term. And so on as we proceed to 
the right, the place of the term in the series is diminished 
hyl. 

- We may observe another remarkable fact, the reason of which 
will be manifest on recurring to the formartion of these series 
We shall take the 7 th power for aa example, though it is equal- 
ly true of any other.. 

The coefficient <5f the second term, vi^. 7, is the sum of 7 
terms of the precedtag series 1, 1,1, &c. andivas in fact i<yxmf 
jd by adding them. 

The coefficient of the third term, 21, is the sura of the first 
six terms of the preceding series, 1^ 2, 3, &,c. and \\ as nctmlfy 
formed by adding them, as may be seen by referring ta the for* 
mation. 

The coefficient of the fourth term, 35, is the siim of the first 
fiye terms of the preceding series, 1, 3, 6, 10, &c. and was 
fopned by adding lliem. 

The same law continues through the wiiole. If now we can 
discover a simple method of finding the sums of thtese series 
without actually forming the series themselves, it will be easy 
to find the coefficients of any power without fonniug the pre- 
ceding powers. This will be our next inquiry. 

XLII. Summation of Series by Differences. 

It is riot my purpose at present to enter very minutely into 
the theonr of series. I shall examine only a few of the most 
simple of them, and those principally with a view <rf demon- 
straiing the binomial ibeorenu 

A series by differences is-^^veral numbers arranged tog^^T^ 

the successive terms of which differ from each other by soga^ 
regular l^w 



XLn. SumTmtian tf Series by JQtfferenees, 209 

I-call^iserfea. of the first order that, in wbsch all the terms 
are aiike, as 1, 1* i, 1, &c« 3, 3, 3, 3, .&c. a, ^ , a, a, &c. In 
these th6 difierence is zeFO. 

The suni of all the terms of such a series is evidently found 
tyjrmuhiplyiaig.oiie of the terms by tlie number of terms in the 
series. Every case of multipli;eation is an ,ex4mpre of finding 
the sum of such a series. 

The sum. 5 of a number n of terms of imy series a, a, tf, &c 
IS expressed 

na 

s c= . 

1 

t 

When a = 1, it becomes «=:=-. 

1 

A series in wMch the terms increase or diminish by a con- 
stant difference^ is called a series of the seoond.order. As 1, S, 
3, 4, 6, 4fcc, 3, 6, 9, 12, &c. or \2, 9^ 6, 3. A series of this 
kind is formed from a series of the first order* The differences 
between the successive terms form the series fr6m which it is 
derived. 

At present 'I shall examinp only the series of natural nura 
bers]^2y3, 4, n. 

This series is formed as follows : 

^ + 1 = 1 

. , V 1+1=2 
1+1+1=3 
1+1+1+1=4 
1 + I + I + 1 + 1 =: 5, itc. 

The sum of any number » of terms of the series 1,1,1,1, die. 
IS equal to the nth term of the series 1, 2, 3, 4, <fec. 

Write down two of these series as follows and add the* cor- 
responding terms of the two together. 

1, 2, 3, 4, 5 

5, 4, 3, 2, 1 , 



mtm^bt^ 



9i 6| 6^ 6| a 
18* 
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1, % 3. 4, . . . (n— 3>,(it^2),<ii— 1,) n 



n, {»— 1 ),(n— 2), («— 3) 4, 3, 2, 1 



(ii+l),(«+l),(n+l),(»+l). ..(n+l), (n+l),<n+l),(»+l) 

The 6lh jienn of the series is 6, andit append tha^ 5 tkna 
6 will be twice the sum of 5 terms of the series. 

The {n + l}th teno of the series 1, 2, 3, 4, &c. is n -f 1. It 
appears that n times (n 4* 1) ^ill he twice the sum of n terms of 
the series. 

The sum tf of any number n of terms may be ex{»%sse<) 
thus. 

^_ n(«+ 1) 
1.2 

It is freqtjcnfly convenient louse the same letter in sffnilar 
sTtuations to express different values. In order to distif^uisb 
it in different places, it may be marked thus, *, s^y ^'^^"y which 
may be read s^ s prime, s sercnd, * third, &c. 

How many times does the hammer of a clock strike in 12 
houts i 

In this example nt=z\2 n -f- 1 = 13. 

^^ ^ ^^ = 78. Am. 78 times. 

1X2 

The rule expressed in words is ; To find the sum of any num- 
ber of terms cfihe series 1, 2, 3, 4, &c. find ike next succeeding 
term in the series^ and muUiply it by the number (f tem^ in the 
series y and. divide the product oy 2. 

The same thing may be proved in another form which is 
more conformable to the method that will be used for the series 
of tiie higher orders. . ' 

S'ippose it is required to find the sum of the first five tQrms 
of the series. 

The sixth term of the series is the sum of 6 terms of the sei- 
riesy 1> h ^9 <&c. thus 

1+14.14.14-1+15=6. 
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' Let <)S8 series- be wtiiten dowii five times, one under the 
olfcer, thus. 

1, 1, 1, 1, 1, 1 

1, Is h li I, 1 

1, 1, 1, !, 1, 1 
1, I, I, .1,1,1 

h 1, 1, 1, 1, 1 

If this series be divided by a line paseiiig diagonally through 
It, so that the part below and at the left of tlie /line may con- 
tain one terra of the first serifes, two of the second, three of the^ 
dwrd, fi>«r of the fourth, and five of the fifth ; the terms so se* 
mrated will -form the first five terms of the series 1, ^, 3, &c. 
There will he the same number of terms above and at the right 
of the line, which will form the same series, if tlie terms bo 
added vertically instead v/f horizontally. 




1, 1, 1, 1,\1, 1 

1, 1, 1, 1, J,N 1 

(t is easy to see that this series continued to nny number of 
terms will be formed twice. over in this way, if the number of 
series written under each other is equal to the number of terms 
required and the number of terms in each series exceed the 
number of terms by one. And the reason of it is manifest fi'om 
the manner in which the two series are formed. 

Hence n times the ^ries consisting of n-|- 1 terms of the 
series 1, 1, 1, 1, <bc. will be twice the sumV of n terqss of the 
series 1, 2, 3, 4, &c. 

That is, 2 • = n (n + 1 ) and • = ^^^f ^K 
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sive tenns of which is a series of the second ordor^ I sbtii 
consider only the series formed from the series 1 , 2, 3 &c. 

F&rmadon, 

1 

0+1 =0+1=1 

1 +2^ i= 1+2= 3 

1+2 + 3 - = 3 + 3= 6 

1+2 + 3-^4- = 6+4 = 10 

1+2 + 3+4 + 5 =10 + 5=15_ 

• ■ 1 +2 + 3 + 4 + 6+6=15 + 6 = 21, &c. 

"^ . . ' . _ 

The first term of the series 1, 2, 3, &c. forms the first term ; 
the sum of the first two terms forms the second ; the sum of 
the first three forms the third term, &c. and the sum of n terKQs 
will form the nth term of the series 1, 3, G, 10, <Slc. 

Let it be required to find the sum of the first five terms of 
the series 1, 3, 6, 10, 15, 21, &c. 

llie sixth term of this^ series is the sum of the first 6 terms 
of the series 1, 2, 3, &c. 

1+2 + 3+4 + 5 + 6 = ^.iU = 21 = 6th term. 

Write this series five times one under the otiier, t^nd draw a 
Ikie diagonally so as to leave on the left and below, the first 
teim of the first, the first two of the second, the first three of 
the third, &.C. and the first f^rc of the fifth. ' ' 

1,\3,. 3, 4, 5, 6 
1, 2>s3, 4, 5, 6 
li 2, ^\4, 5, 6 
1, 2, a, V\6, 6 
1. 2. 3, 4, V\6 
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Th« %ure8 so eut olTlbnn the (mi five Icrnad of the. series 
1', 3, 6, 10, 15, &c. the sum of which we wisli to find. It will 
now be shown that the sum of the. terms on the right and 
ckbove the Ime, is equal to twice tlie sum of those below and 
at the left. 

By the rule gfyea- above^ for findiog. tho sum of the series 1 , 



ISle sum of 1 terra, or 1 



_ 1 X 2 



2 



The sum oiF2 terms, or 1 + 2 = ?21^, 

•fhe smn i^f 3 terms, or 1 + 2 .+ 3 = ^21.?, 

2 



The sum of 4 termd, or 1 + 2,+ 3 + 4 



_4x 5 



The sum of 6 terms, or 1 + 2 + 3 + 4 + 5 = iii^. 

Hence 2 (I) r= 1 X 2 

•2(1+2) =2X3 

2(1+2 + 3) =3X4 

2(1+2+3 + 4) =4X5 

iJ(l+2 + 3.+ 4+5) =5X6 

That is, the 2 is twice the 1, 

The two threes are twice (1+2), 

The three fours are twice (1 +2 + 3), 

The ibur fives are twice ( 1 + 2 + 3 + 4), and 

The five sixes are twice (1 + 2 + 3 + 4 + 5)^ 

Since the part below die line forms the series whose sum is 
required, and the part above the line is equal to twice that be- 
low, both parts together are equal to tliree times the series 1, 
3y6, 10, 15. Therefore if 21, which is the next tenii in the 
series, and which is also the sum of the series 1, 2, 3, 4, 5, 6, 
be multtpiied by 5. the nuniber of terms to be summed, and 
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<!ivulcd by 3, the qudtieni will he the sum of the seii^s ^e^ 

quired. 

It is easy to see that if the series 1, 2, 3, . . . (n + i) ^ Writ- 
ten n times and divided by a line like the above, the part be- 
low the tine will form n terms of the series 1, 3, 6^ 10, &e. 
And the part above the line will be equal to twice the part be^ 
low, because the sum of n terms of the series 1» 2, 3^ &c, ts 

n(n -h 1) 
1X2' 

Therefore to find the sum of n terms of the series 1, 3, 6# 10, 
muUrpiy the (n + l)th term of that series by n and' divide by 
3, and the quotient niill be the sum required, 

.But the (n -f- l)th term of the series i» equal to the mm c^ 
( n -|- I) terms of the series I, 2, 3, 4, &c. The lUh term of 

this series being ?i^-i_J, the (n + l)th t«tn will be 

(n + l){n + 2) 
1X2 

This being mulUpBed by n, the number of tci:pis, and diioded 
by 3, gives 

n{n+l)(n + 2) j . 
1 X 2 X 3 

Hence the sum s'' of n terms of tiie series will be express 
thus, 

^/- n(w+l)(n + 2) 
1X2X3/ 

A series of the fourth order is one, the difference of whose 
terms is a series of the third oider. 

I shall at present * consider only the one fonned from the 

scries 1 , 3^ 6^ 1 0, 1 5, &c. 



.\ 



! 



I 
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1+3 ,== 1 + 3= 4. 

1-^3+6 is 4+ 6== 10 

1+3 + 6+10 =10+10=:=20 

1+3 + 6+10+16 =20 + 15=35 

1+3+6 + 10 + 16 + 21 =35+21 = 56' 

The first tferm of the seties 1, 3, 6, &c. istheiir5i.teimbrihe 
new series 5 Ae sum of the first two terms forms the second^ 
&c. thesum of n terms will form the nth term of the new 
ti^iies* . > , 

» 

It is requitisd to fi^d the suln of five terms of this series. 

The sixth term oflhis series is equal to the sum of the first 
six temuk of the preceding. 

ia.3-L.o + ]o + 15+ 21= ^.-^.liS-? :^ 5& 
• ' ' J ^ • 1X2x3 

Write this series five times, one under the other, and sefia* 
rate it into two parts by a line drawn diagonally in the same 
manner as was done with the last series. The terms below the 
line will form the series whose sum is required, and tlie temis 
above the line will be equal to three times those below* That 
ifV ^^ wboie will be four tkdes the sum. reqaifed. 

1,\ 3, 6> 10, 15, 21 

\- 

1, 3,\^ 6, 10, 15, 21 - 
1,' 3^ 6, lo\l9, 2t 

I, at «, 10, IV *> 



216 AlgAriu XLIL 

By the rule given abo^-e for findiog Uie sum of the sexics i, 
3, 6, 10, dM5, 

The sum<rf'oiie term, or 1 ~ ^=1- 

£X 6 
The sum of two temuJ, or 1 -jr 3 =r -^— = 4- 

Hie 43imi of three tertiis,or 1+3 + 6 == 2iLl?= 10. 

The sum of fourterais,or 1 + 3 + 6 + io = i^Sj^ ='20. 

The sum of five tem^, or 1+3+6+10+ 16 == L^Hn=: 35. 

The five 21s are 3 times 1+3 + 6 + 10+15. 

The four l5s ore 3 times 1+3 + 6 +10 

and so of the rest. 

It is easy to see that tlife principle willexiehd to any number 
oftcrins. 

Therefore to find the sum of /t terms of the series 1, 4, 10, 
20, &€., multiply the {n + 1 )ui. loim of the series by », and 
divide th3 product by 4. and me quotient will be the sum^ re- 
quired. ' 

But the (n + ])th term of tliis series is oqaal to ^ suga of 
(ai+ 1) terms of the preceding series. 
The ntli term of the preceding series being 

n(« + l)(n + 2) 
IX Si X 3 ' 

the (n + l)th term will be 

(» + 1)(n+2)(n + 3) 
^ 1X2X3* 

lliift biHng mttUipli^d by n ^d divided by 4,^vet 

^/.^ ^(^ + l)(n + 2)(« + 3 ) 
1X2 X 4^ X 4 7^ 
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XLIIL The principle of suraming these series^ may be 
proved generally as follows : 

Let 1, (7, 6, c, rf ? be a series of any order, such that 

the sum of n terms may be found by multiplying the {n + l)th 
term by w, and dividing the product by m. If Z is the (» + 1 ) 
th term, and 5 the suin of all the terms, wc shall have by hy 
pothesis 

s = — , and m s = n L 
m 

That is, n Z will be m tinles the sum of the series. The next 
higher series will be formed from thi;^ as follows : 



I « • • • 


• 


= 1st term. 




1 + a . , , . 




= 2d « 




1 -ffl + ft . 


» 


== 3d " 




l+a-f-6 + <?. 


• 


=: 4th " 


\" 


1 + a + 6 -J- c 4- rf 


•■ 


= 5th '* 
• • • * 


• 



1 -fa + 6 f c + d + ....i =«th « 
1 + a -I- i 4-c + d + *...&-f /= (n + l)th. 

The first term 1 of the original series 1, «, 6, &c., fornix the 
first tenii of the new series ; the sum of the first two forms tlie 
second term ; the sum of the first three ibrms the third term, 
&c., and the sum of (« + 1) terms forms the (n + l)tli term. 

Let the series formjiig the {n + l)th t6rm, be -written n 
tim6s, o;ie under the other, term lor term. And lot a line be 
drawn diagonally, so that the first term of the first row, the 
first twa of tlie second. row, and n terms of the nth row may be 
at the left, and below the line. 

19 



vie 



1, \ a, 6, c, d, i, / 



XLIU 



1, a, \ 6, Cf rf> • *, / 



1 a, &,\c, d, • i» I 



1) rt, i, c, \»» • A:, J 



li Oy 6, c, £2| \ • A;, / 



1 9 fli bj Cf df • \ At, I 



if Oy iy c, (?, • kf\ I 



The terms below and at the left of the line, form n terms of 
tlie new series. It is now to be shown that the terms above, 
and at the right of the line, are equal to m times those below, 
and, consequently, that the whole together are equal to w + 
I times n terms of the new series. 



By the hypothesis 

The sum of one term, or 1 

The sum of twotofms^ or 1 -{- a 

The sum of three tenns, or 1 4. a -f 6 

The sum oTfour terms, or I + a + b + c 



_ 1 a 

w5« 



4d 



m. 



The sum of n teims, otl-^-a +b 4-c-f-c/-f>..is Jli. 
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Miildpljing both members of the. above e^p^tions by m : 
m. 1 == 1 a 

m (1 + a) " =26 

m{l +a + b) . !=:3c 

m(l +a + b+c) =4rf 

m(l + ^ + ^ + ^ + ^ + " • • ^) " = n Z 

Hence it appears, that a is m times 1 ; 2 i is m times (I -{-a) 
&c. ; and n-Z is m times (1 -}* a -j- i -f" <^ +^ "h • • • • ^) r that 
is, the part above and at the right of the line, is m times the 
part at the left and below ; consequently the whole, or n times 
the {n -|- l)th term of the new series, will be (m -{- I) times 
the sum of n terms of the isame series. 

We have already, examined all the series as far as the fourth 
order, and have found the ^bove hypothesis true so far. Let 
us suppose the series 1, a, 6, &c. to be a series of the fourth 
order, in which we have found that the sum of n terms may be 
obtained by multiplying thie (h -j- l)th term by n, and dividing 
the product by 4; in this case w is equal to 4. The series 
formed from tiiis will be a series of the 5th order, and m + 1 
= 4 -j- 1 = 5. Therefore by the above demonstration it ap- 
pears that the sum of rt^ terms of a series of the 5th order may 
be obtained by multiplying the (« -j- l)lh term by ti, and 
dividing the product by 5. 

If nqw the series, 1, a, 6, &c., be considered a series of the 
6th order, m = 5 and m + 1 = 6. Hence the same princi- 
ple extends to the 6th order. ' 

If then we continue to make 1, «, ft, &c., represent one se- 
ries after another in this way, we shall see that the principle 
will extend to any order whatever of this kind of series. 

We have then this general rule ; 

' To find the sum of n terms of a series of the order denoted 
by r, derived fromlhe series 1,1, 1, &c., midiiplyihe (n -j^ Ijik 
tenn of the series by n and divide the product byr. 

Also, the nth term of the series of the order r, is equal to the 
sum of » terms of the series of the ordier r -^ 1 , 
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When the series is <rf the first order, ^ sum of ». tenns.. is 

"dor!! 
1 1 

» i 

The sum of (» + I) terms of this series is -y^- This is 

the (n + 1 )th term of the series of the second order. This 
multiplied by n and divided by 2 gives the sum of n tcKjns of 
the series of the second order: 

— ii ■ • 
1X2 

The.sum of (» + 1) termsof the same series is 

(«'4.1.)(» + 2 ) 

1 X 2 

This is the (n4- l)th term of the series of the third order. 
This multiplied by n and divided by 3 gives the smn of n tenns 
M* this series: 

n(n + l)(n + 2) 
1X2X3 

The sum of (n + 1) terms of the last series is 

(n+l)(n + 2)(»+3) . ' ' 

1X2X3 

1 * • * ' 

A 

This is the (n + l)th term of the series of the fourth order. 
This multiplied by n and divided by 4 gives tlie sum of > terms 
of the series of the fourth order : 

V »(yt+ 1 y {» + 2)- (n -+• 3) 
1X2 X 3 X 4 

Hence for the series of the order r we have (his formula : 

n (n 4- 1) (n + 2) (w + 3) . . . > (n + r — \\ . 
1X3 X 3 X 4 X -.-• . r 

We have examined only the series formed from the series 1 
1, 1^ 1, &c., which are sujBicient ftfr.our present purpose. TT^e 
• principle may be gei^erolized fio as to find the sum of any seri«|B 
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of tlie kind, wiratcver be the origmal series, and wiiatevcr be 
the first tenns of those formed from it. 

XLIV. Binomial Theorem, 

fidibre reading this article, it is recommended to the learner 
to. review article XLL 

Let it now be required to find the 7th power of a + ^- The 
letters without the coefBcientd stand thus ; 

a', a* a?, a* x*, a* a:', a^ x*, a* a?*, a x^^ «'. 

The coefllicient of the first term we observed Art. XLI, is 
always 1 . That of the second term is 7, the exponent of the 
powei:, Of the 7th tertn of the sejries 1, 2, 3, &.c. 

The coefficient of the third term is the sixth term of the 
series of the third order 1, 3, 6, 10, &.c. which is the sum of six 
terms of the series 1, 2, 3, &c. This sum is found by raultt*« 

E lying the 7th term of the series by 6 and dividing the produqjt 
y 2. But the 7th term is 7, the coefBcient last found. 

121:? = 21. 

The coefficient is 21. 

The coeflicient of the fourth term is the 5th terra of the 
series 1, 4, 10, &c., or it is the sum of five terms of the preced- 
ing series. The sum of five terms of the series 1, 3, 6,. &c., is 
fpund by multiplying the Gth term by 5 and dividing the pro- 
duct by 3. The 6th term is the coefficient last found, viz. 21. 

3 

. TTie coefficient is 35. 

The coefficient of the fifth ternv is the fourth term of the 
aeries of tlie fifth order 1,5^ 15, dbc.^ or it isihe dU{«t of 4 termt 
of the preceding dories. The sum of 4 terms of tim series I, 
4, 10, &c. is found by multiplying the fifth term of the series 
by 4 and dinding the prodtict by 4. The fifth term is the cor 
effieicnt last felind, viz* 35* 

lft» 
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1212^=: 35. 
4 

The coefficient is 36, 

The coefficient of the 6th tenn is the 3d term of the series 
of the sixth order, which is the sum of 3 terms of the series of 
the 5th order. The sum of 3 terms of this series is foo^d by 
multiplving the 4th term by 3 and dividing the product by 6. 
The 4th term is the coefficient last found, viz. 35 

l><i£ = 21. 
5 

The coefficient is 21. 

The coefficient of the 7th term is the 3d term of ihe senesr 
of the 7th order, which is the sum of two terms of the series of 
the 6th order. The 3d term of this series is the coefficient lasjt 
found, viz. 21. 

2X21_^ 
6 

The coefficient is 7. 

The coefficient of the last term is 1, though it may be fotmd 
by the rule 

IX 7_, 

7 

Hence the 7th power of o + a? ia 

a'+7a*^+21aV f 35a'a?" + 35a';t?*+21 flV+7flrtc»+tr' 

Examining the formation of the above coefficients, we ob- 
serve, that each coefficient was found by multiplying the coef- 
ficient of the preceding terra by the exponent of the leading 
quantity a in that term, and dividing the product by the num- 
ber which marks the place crfthat term* Thus the coeffixrient 
of the third term was found by multiplying 7^ the coefficient o£ 
the second term, by 6, the exponent of a in the second term, 
and dividing the product by 2, the number which marks the 
place of the seconid term. This will be true /or all cases^ be- 
cause that exponent must necessarily show the number of t^iriQs 
of which the sum is to be found ; the coefficient will always be 
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the terni to be muItipHed) becafuse the-nombcr. of tertos al- 
ways diminishes by . 1 for the successive coefficients, and the 
place of the term always marks the order of the series of which 
the sum is to be found. - ' 

Hence is obtained the following general rule. 

Knowing ilie coefficient of any term in the potjoer^ ^c c04fficieni of 
the succeeding term is found by midtiplyirig tlie coefficient of (he 
Tcaown term by the exponent oft/ie leading quantity in that tenh^ 
and dividing the product by the nunber tvfiicn marks tlie place of 
iliat term from the first. 

The coefficient of the first term, being always 1, is always 
known. Therefore, beginning with this, all the others may b^ 
ibund by the rule. 

It may be farther observed, that the coefficients of the last 
half of the terms, are the same as those of the first half in an 
inverted order. This is evident by looking at the coefficients, 
page 207, and observing that the series are the same, whether 
taken obliquely to the loft of to the right. 

It is also evident from this, that a-\- x is the same asx + a, 
and that, t^ken from right to left, x is thfe .leading quantity m 
the same manner as a is the leading quantity from left to 
right. 

Hence it i^ sufficient to find coefficients or one half of the 
terms when the number of tierms is e>en, anfl of one mora thni) 
half when the number is odd. The same coqi5}cietitsmay then 
be written before the correspoiiding, terms counted from the 

right. 

• .- 

In the above example of the 7th power, the coefficients of 
the first four terms being found, we may begin on the right, 
and put 7 before the second, ^I before the third, ^5 before 
the fourth, and then the power is complete. 

1 . What is the 7th power of a + a? ? 

Am. a' + 7 a« i + 91 a» «* + 35 a* a?» + 35 o» x' + m rf» «?• 
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2. What k the lOtfa power of a + a? ? 

Ana. «** + 10a*a! + 45a*a;»+ 120a'a?»4-21brf'a?*4-., . 
252a* a?» + 210 rt*x« + 120 a* a?' + 45 a* a^ + lOcti* + «'*. 

3. What is the^9th power of a + J ? 

4. What is the 13th power of m 4- n ? 
5; What i» the 2d power of 2 a c + rf ? 

Make 2 a.c= b. 

The 2d power of J + rf is 6* + 2 5 d + rf*. 

Putting 2ac the value ofb into this, instead of J, observing 
that i* = 4 a* c*, and it beconoes 

4a'c' + 4acd + cP. 

6. What is tlie 3d power of 3 c' + 2 5 d ? 
Make ft == 3 c* and a:- =: 2 J rf. 

The 3d power of a -j-x is a^ -p ^ a*^ic -f- 3 a4:* + x', 
i^ut into this the valuer of a and x and it becomes 
27.c«+:54c*frrf+.36c'6»(P + 86f^, . 
which is the 3d ppwer of 3 c* -f- 2 1 d. 

7. What is the 3d power of a -—6 ? 

Malce a? = — fi, then having found the 3d power of /i -f- x 
put — A,in the place of ar and it becomes 

which is the 3d power of cf — b. 

Ift fact it is evident that the powers of a — Swill be the 
same as the. powers qf a 4" ^) ^^^h the exception of the signs^ 
It is also evident that every term which contains an odd power 
of the term affected with the sign — must have the sign — , 
and every term whicfh contains an even power of the same 
quantity must have the sign +• 

8. What is the 7th power of »^— »? 

9* What istlie 4th power of 2«~64^? 
id. What is the 5th power of a* c — 2 c*? 



. 
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11. What is the 3d power of a -j- J + c? • 

'■ If ake m rz 6 -(. c. Then « -f-m=±o^ J + c* 

The 3d power of a + m is a* -rf- 3 /i* m -^ 3 a m* + m\ 

ftil w =^ i + Cj i?i* =;:; i* + 2 i c -j- c*, and 

. w'=6' + 3&*c + 3 6c* + c*. 

Substituting these values of »?, the thfrd power of a + ^.+ c 
will be 

ft»-f3a«6-|-3aV^3a5«^6aJ^+3ac*+6'+3i'c+i36c»+A 

12. What is the 3d power of a — I + c? 

Make a — b r= m, raise m'-\rc to the 3d power, and then sub 
«titute the value of ;». 

wJ«*. a* — 3a*64-3a*crj-3^6*-^i6a8c -J-3ac* — B'.... 
+ 3i'c — 3Bc' + c»^ . 

which is the same as the last, except that the terms which con^ 
tain the odd powers of 6 have the sign — -. 

Hence it is evident that the powers of an^ compound quan- 
tity wTiatever, may be found by the binomial theorem, if the 
c(uantity be first changed to a binomial with two simple terms, 
one letter being made equal to several, that binomial raised to 
the power required, and then the projjer letters restored in their 
places. 

13. What is the 2d power of a + 6 + c — d? 

Ans. a* + 2 ab + b* + 2^0-^21 c—2ad — 2bd+if 

— 2cd + JP. 

14. What is the 3d power of 2 a — 6 +4^9 

15. What is the 7th poweif of 3 a* — 2 a* d? 

16. What is the 4th power of 7 J* + 2 c — rf" ? 

17. What is the 13th power of a* ~ 2 b*9 
18 What is the 6th power of »• — c — 2 d? 
19. What is tlie 3d power of-a — 2 d + c* rf? 
120. What is the 3d power of a — b — 2 c* — rf» J 
?1, What is the 5lh power Of 7 a" A* — 10 a* r*? 
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XLV. The rule for finding the coefficients of Uie poweiv of 
binomials msiy be derived and expressed more generally aa 
follows: 

It is required to find the coefficients of the nth power of 

It has already been observed, Art. XLI., that the coefficient 
of the second term of the nth power is the nth term of the se^ 
ries of the second order, 1, 2, 3, &c., or, the sum of n tenifis 
of the series 1, 1, 1, &.c. ; that the coefficient of &e third 
term is the sum of (n — 1) terms of the series of the second 
order ; that the coefficient of the fourth *term is the suni of 
(n — 2) terms of the series of the third otder, (Slg. So that 
the coefficient of each terni is the sum of a number of terms 
of the series of the order less by one, than is expressed by the 
place of the term ; and the number of terms to be used is less 
by one for e^cli sucooeding series. 

By Art. XLII. the sum of n terms of the series 1, 1, 1, is 

I The sum of (n — 1) terms of the series of the second 
Older w- - 

n(n — 1) 
1X2 

The sum of (n -^ 2) terms of (lie series of the third order is 

«(n — 1) (n — 2 ) 
1X2X3"' 

Hence (a + «)« = a« + * a«-' x + "("~^) « 



n(«-l)(»-2) ^^^^&c. - 
1X2X3 ^ 

It may be observed that n is the exponent of a in the first 

Aft 

term, and that n or its equal - forms the coefficient of the se- 
cond term. 1 
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' The coefficient of the tliird term is ? multipfied by , or 

multiplied by (» -^ I) and divided by 2. But (n *— 1) is the 

exponent of a in the 2d term, and 2 mai^s tlie place of the 
second term from the left. Therefore the coefficient of the 
third term.is fouiid by multiplying the coefficient of the second 
term by the exponent of a in that term, and dividtng the pro- 
duct by the number which marks the place of that term 'from 
the left. 

By examining the. other terms^ the following general riile 
will be found true. 

Multiply the coefficient of any term by the exponent of lAc lead- 
ing quantity in thai ierm^ and divide the product by the number that 
marks the place of that term from the feft, and you wiU obtain the 
coefficient of the next succeeding term. Then diminish the exponent 
qf^ the leading quantity by 1 und in6rease that of the other by I and 
Uketefm is complete. 

By this rule only the requisite niuiiber of terms can be ob* 
tmned. For a:*, wMch is properly the last term o{^{(t -+->)*, 
is the same as a* a?*. If we attempt by the rule to obtain ano- 
ther term from tliis, it becomes x a~* or *^^ which is equal to 
zero. 

It has been remarked^above, tliat the coefficients of the last 
half of the terms of any power, are the same as those of the 
first reversed. This may be seen from tlie general expression : 

If n = 7, then ? =. I; ?J=i = ?5 !L=l^s=l} 

112 2 3.3 

n — a 4 . n — 4 3« — 6 2 






, — -X — — 7> 



4 4 5 5 6 6 

n—^6 _- 1 

7 ~T 

This furnishes the followhig fiticti<Mis, viz. 
« h h h h h I. f 
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The ficst c^ tbese 18 the coefficient of the second term : tte 
coefficient of the second multiplied by | Ibnns tlic cocfficidnt 
of the third temi^&c; 

^ X f ;=ai. 21 X f =86. 

Now 35 multiplied by } = 1 will not be altered ; hence two 
successive coefficients wiU be alike. 21 multiplied by | pro- 
duced 35 ; 'SO 35 multiplied by | must reproduce 21. In thb 
way all the terms will be reproduced ; for the last half of the. 
fractions ure the first half inverted. 

This demonstration might be made more getieral, but it" is 
not necessary. 



XLVI. - Progression by Differeriee^ or jiritlmeiioal Progre$d^^ 

A seried of numbers increasifig-or decreasing by a eonstaiti 
difference, is called a progression by difference^ and somas times' 
im. arithmetical progression. 

The first of the two following series is an example of mi ior 
creasing, ^d the second of a decreasing, progression by dit 
ierence. 

5, 8, 11, 14, 17, 20, 23.'. . 

50, 45, 40, 35, 30, 25, 20 ...... . 

It is easy, to find any term in the sefFes without calcuratmg. 
the mt^^icdiate terms, if wc know tfie first term, the common 
difference, and the number of tnai tenn in the series Beckoo' d' 
firom the first. .. 

Let a feethe first term, r the common difference, and n the 
number of terms. The series is 

a^a-^-r^a '\r2rya -^Sr^. . .a-^' {n- — 2) r, a-f- (n — l)r. 

The points are used to show that some terms are left 

out of the expression, as it is impossible to express the whole 
until a particular value is given to n. 

Let Z be th^ term, required, then < 
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Hence, any term may be found by adding the product of the 
common difference by tiie number of terms less one, to .the first 
term. 

Example. 

« 

What is the 10th term of the series 3, 5, 7, 9, &.c. 
In this a = 3, •• = 2, and n — 1=9. 

/ = 3+9 X2 = 21. 
In a decreasing series, r is pegative. 

Example. 

What is the 13th term of the aeries 48, 45, 42, &c. ? 

a = 48, r = — 3, and n — 1 = 12. 

7 = 48 + (,12x— 3)z=48 — 36 = 12i. 

Let a, 6, c, be any three successive terms in a progression by 
difference. 

By tlie definition, 

b^-^az=zc — h 

2.i=r' + c 



6 = 






That is, if three successive terms in a progrcission by differ- 
ence be taken, the sum of the extremes is equal to twice the 
mean. 

Examphf 

Let the three terms be 3, 5, and 7. 

2x5 = 7+3= 10. 

Example 2d. Let 7 and 17 be tliC first and last term, what 

is tlic mean ? , . 

-_ _ • . > .»' .. •• 

20 
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X 



= !+:!! = 12. 

2 



Lei a, i, c rf, be four suc<^»sive terms of* a progression by 
difTereflce. 

Thai is, ihe sum of the two extremes is equal to the sum of 
the two means. 

Let 5, 9, 13, 17, be four successive terms. 

9+ 13:1=17 +^5 ==22. 

Let a, 6, c, r/, 6 . * • • . A, i*, k, /, be any number of terms in a 
progr^ession tjr differences ; by the definition we have 

h — a :=. c-^b^=-d' — c = e — rf=:i — A=iA'— *-t = l^ — k^ 

1) — a = Z — A: 
c — b = A: — i 

which by fransposition give 

a 4" * :±^ 5 -}- A:, 

c + t ;=: rf -j- A, d:C'. 

That is, if the first and last be added together; the second 
and the last but one, the tlitrd and the last but two, the sums 
will all be equaL 

Let 3, 6, 7, 9, 1 1, 13, be such a scries^ 
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3, 


5, 


7, 


9, ^l, 


13, 


13. 


H, 


9, 

* 


7, 5, 


3, 



16, 16, ]6, 16, 16, 16. 

It will now be easy to find tRe sum of all the terms in any 
progression by difference, and that even when but part of the 
terms are known. 

Let S represent the sum of the series, then we have 

Also iSr z= Z + A + i + A + . . : . (i + c + 6 + a. 
Adding these term to terni as they stand, 

But it has just been ahown that 

That is, all the terms are now equal, and one of them be- 
ing multiplied by the whole number of terms will give die 
whole sum : thus 

2 

Hence, th£ sum of a series of numbers in progression ly differ- 
ence is one half of the product of the number of terms by tlie sum of 
the first and last terms. 

Example. 

How many strokes does the hammer of a'clock strike in 12 
hours? 

0=1, 7=12, and7j=12. 

S = lllL±i^ == 78, ^7w.78^rokes 
2 

In the forptiula Z = a + (n — 1) r; substitute d instead of 
r to represent the diffeience ; thus , 



/= 6 4- (n— l)d 



• ■« I*** u J -' •' .«• 
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. This formula and Ihe following 

s - ^ (^ + 0, 

-.2 ' 



• 



contain five difTerenl things, viz. «, Z, n, //, and iS; any thretj 
of which being given, the other two may be found, by combin- 
ing the twp equations. I shall leave the learner to trace these 
himself as occasion may require. 

Examples in Progression by Difference.' 

1 . How many strokes do the clocks of Venice, which go on 
to 24 o'clock, strike in a day ? 

2. Suppose 1 00 stones to be placed in a straight line S yards 
asunder ; how far would a person travel who should set a bas- 
ket 3 yards from the first, and then go and pick them up one 
by one, and put them inte the basket ? 

3. After A, who travelled%at the rate of 4 miles an hr^ur, had 
lieen set out 2^ hours, B set out to. overtake Imu, aiid in 
order thereto went four miles and a half the first hour, four and 
three fourths the second, five the third, and so ori,^ increasing 
his rate one fourth of a mile each hour. In how many hours 
will he overtake A ? 

The above example is solved by using both the above for- 
mulas. The known quantities are the first term, tlie difference, 
and the sum of all the terms. The unknown are the Ipst term, 
and the number of terms. It involves an equation of the se- 
cond degree. It is most convenient to use x, y, &c. for the 
unknown quantities. 

4. A and B set out from London to go round the wprld, 
(24990 miles^) one going East and the other West A goes 
one mile the first day, two the second, three the third, and so 
on, increasing his rate one mile per day. B goes 20 miles a 
day. In how many days will they meet, and Jw)w many mites 
will each travel ? ^ 

-5. A traveller sets out for a certain place, and travels 1 mile 
the first day, 2 the second, and so on. lo 5 days afterwaLrila 
ai^tbi*j.s^t8 out, and travels 12 miles a day.. How long and 
}ibw fer -eiu^Vhe travel to overtake the 'first '* 



f 
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6. A and B 165 miles distant from each otber scl out with a 
design to meet; A travels 1 mile the first day, -2 the second, 
3 the third, and so on. B travels 20 miles th^ first day; 18 the 
second, 16 the third, and soon. How ^K)on will they meet ? 

Ans. They will be together on the 10th day, and continuing 
that rate of travelling, they may be together again on the 3^x1 
day. Let the learner explain how this can take place. 

7. A person makes a mixture of 51 gallons, consisting of 
brandy, rum, and water ; the qnantities of wliich are in arith- 
metical progression. The number of gallons of brandy and 
ram together, is to thq number of gallons of rum and water 
together a^ 8 to 9. Kequired the quantities, of each. 

Let X = the number of gallons of ruin 

and y = the common difference. 

Then x — y, a?, and a? + y will express the three quantities. 

8. A number consisting of three digits which are in arith- 
metical progression^ being divided by the sum of itsdigits, gives 
a quotient 48; and if 198 be subtracted from the number, the 
digits will be inverted. Reqmred the number. 

9. A person employed 3 workmen,* whose daily wages were 
m arithmetical progression. IHie number of days they worked 
was equal to the number of shillings that the second receive<l 
per day. The whole amount of their wag6s was 7 guineas, and 
the best workman r^eived 28 shillings more than the worst. 
What were their daily wages ? 

Proareasion ..by difference is only a pqjrticular case of the 
series by difference, explained Arts, XLU.. and XLilIL All the 
principles and rules of it may be derived from the formulas 
obtained there. It wouki be a good exercise for. the learner 
to deduce these rules from those formulas. 



XLVIL Progression by Quotteni^ or Geometrical Progression. 

Progression by quotient is a scries of nnmber^^ch, that if 
aay term be divided by the one which precoHes it, the quotient 
18 the same m whatever part the two terms be ^ken. If the 

20* 
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series i? increasing, the quotient will be greater tlian ohity, if 
decreasing, the quotient will be less than unity. 

The following series are examples of this kind of psogres* 
sion. 

3, 6, 12, 24, 48 &c. 

72, 24, .8, I, I, ^V- 

In the first the quotient (or ratio^ as it is generally called,) b 
2, in the second it is jr* 

Let tty b, Cy d^ . . . . Ic, I, be a series of this kind, and let q le* 
present the quotient. 

Then we have by the definition, . 

b c d € I 



... "TT* 



a b c d k 

From these equations we derive 

6 .= tt J, c-=i:bq, d=zcqy ez^dq /= A j. 

Putting successively the rvalue of -6 into fliat of c, and tliat of 
€ int6 that of ci, <&c., they l>ecome 



b ^=. aq^ c = a j^ d ^=z aq^, c =: a q'^i . . . . 1 1=: aq 



m~» 



designating .by n^ the rank of tlie term /, er the number of terms 
in the proposed progression. 

Any terro whatever in the series may be found ivithout find- 
ing the intermediate terms, by the formula 



Z.=: a q 

Example* 

What is the 7tli term of the series 3, 6, 12^ dx. i 
^icTC a ^.3, q ^. % apd n, — J = 6. 



i 
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* We may also find the, sum of any number of terms of tiie 
progression . ' 

If we add the equations . . 

we obtain 

b -^ c '\' d -{- e-\' , , \ ,1=1 {a -\-b -{-c -{- d -\' e -\' , , . <,fc\q 

Observe that the first member is' the^um of all tlie terms of 
the progression except the- first, a, and the part of tlie secono 
member enclosed in the parenthesis, is tne sum of all the terms 
except the last, I; and this, multiplied by j, is equal to the 

0i^t member. 

• ■ ' . ' ' ' . 

Now putting S for the sum of all the terms, we have . ' 

6 + c-f rf-f-e-j-'. 1=1 S — a 

a '\' b -\- c -\- d ^ e -^ * .* . ^k/:=zS-'-^^L 

Hence we conclude that 

S-a^(S-l)q, 



which gi\ as 



« ql — ( f- 



Example* 

What is the sum of seven terms of the series 

6, 15, 45, (fee. 

3 — 1 
The two equations 

/=± a j«~', and S=ti£ri?, 



1 
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contain all the relations of the five qaan titles. a, /, 9, rr, and S ; 
any three of which being given, the other two may be foand. 
It wouhl however be difficult to find n, without the aid of lo- 
garithms, which will be explained hereafter. Indeed loga- 
rithms will greatly facilitate the calculations in most cases of 
geometrical progression. Therefore we shall give but few ex- 
amples, until wc have explained them. 

If we substitute, a }•""* in place of?, in the expression of S, it 
becomes 

g — 1 

When q is greater than unity, the quantity 5* will become 
greater as n is made greater, and 5 may be made to exceed 
any quantity we please, by giving n a suitable value ; that is, 
by taking a su^ficiqnt number of terms. But if 9 is a fraction 
less than unity, the greater the quantity n, the smaller will be 

the quantity 9*. Suppose q = — ,. m being a number greater 
tlian unity, tlien 

Substituting — . in place of g^'in the expression of b\ and it 



becomes 



5=-^-: • 






* Changing the signs of the numerator and denominator, and 
multiplying both by m, 

aikil — l) a« — iLil am ±- 

m — 1 m — 1 iii_i • 

It is evident that the larger n^is or the more terms we take 



XLVIL Geonieifival Progression, 237 

ill tiie progression, the smaller will be ibe quantity ^..y und 

consequently the nearer the value of S will approach -^ 

m - 

from which it differs only by the quantity 



^» 



n 



(m — l)w«""* 

But it can never, strictly speaking, be equal to it, for the 

quantity — '■^—-. will always have some value, howevei 

(m — 1 ) m* ^ 

large n ipay be ; yet no quantity can be assumed, but this ex- 
pression may be rendered smaller than it. 

The quantity — '. is therefore the limit which the sum 

m — 1 

of a decreasing progression can never surpass, but to which 

tlie value continually approximates, as we take more terms in 

the series. . 

In the progression 

h if h h tVi ifcc. . . . 

a = 1 — = J. 
m 

_ 1 X 2 1 _o I 



Hence S = -L^Ul — 1 ^ =: 2 — 



1 (2 — I) X 2»--* 1 X 2«-* 

In this example the more terms we take, the nearer the sum 
of the series will approach to 2, but it can never be strictly 
equal to it. Now if we consider the number of terms infiaitey 

the quantity — will be so small that it may be omitted 

1 X '^ 
without any sensible error, and the sum of the series may be 
BiUd to be equal to 2. 

By tdfiflg more and more terms we approach 2 lliii8| 
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1 , = 2—1 

1+J = 2 — f 

l+i + i = 2— i 

'Examples^ 

What is the simi of the series 1, i, ^, xr, &g. continued to 
an infinite number of terms f 

ill 

3—1 2 

2. What is the sutn of the series, 5, f, f, /y, &c. continued 
to nn infinite number of terms f 

3. What is the sum of the following series continued to in- 
finity ? 

. 35, 7, J, /j, &c. 

4. What is the sum of the following series coiitiiived to ilk 
finity ? 

208, 26, 3i, If, (tc. 

5. What is the sum of the following series continued to in- 
finity ? 

38, 4|, H,7%>&c. 

6. What is the 10th term of tlie series 

5, 15, 45, &c. ? 

7. What is the sum of 8 terms of the series 

35, 175, 875, &c. ? 

When three numbers are in ge(MinetncaI progressftm, the 
middle term is called a mean proportional between tlie other. 
two* 
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Let three numbers^ a, b, c, be in geometrical prog-ression, so 
that 

a h 

_ — — , 

6 c 
Weliavc i* z^a^ 

^nd J = (a c)*. • 

6 Find a mean proportioiml between 4 nnA 9. 

4 .^ a? 
Ip ^ 

x^ = 36 

a? = 6. •4/15. 6, 

"9. Find a nrican pTx>poitional between 7 and 10. 
10 Find a mean proportional between 2 and 3 

XL VI II . I»ogariih vs. 

We have seen, Art. XXXVI, with what facility multiplica- 
tion, division, the raising of powers, and the extraction of roots 
may be performed on literal quantities consistmg of the same 
letter, by operating on the exponents. We propose now te 
apply the same principle, though in a way a little different, te 
numbers. 

Multiplication, we observed, is performed by adding the ex- 
.ponents, and division by subtracting the exponent of the divisor 
fr(»n that of the dividend. 

Thus a' X o* is a^ = «•, And —is a'-» = a». 



«• 



In the same manner 2' X 2* = 2*+» = 2% 

and ^ = 2'-*= 2*. 

2» 

Let us make a table consisting of Ifro columns, the first con- 
taming the different powers of 2, and tlir; second the exponents 
of tliosc ^powers. 



t 
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Obsen'e first tliat a* = 1, sd also ^ =; 
2» ^ 8, 2* = 16, 2* = 32, 2* = 64, 2' = 

TABLE. 



XLviir 



Powers. 


Expon. 


Powers; 


Ezpoil. 


1 





128 


7 


2 


1 


256 


8 . 


4 


2 


^512 


9 


8 


3 


1024 


10 


16 


4 


2048 


H 


32 


5 


4096 


12 


64 


6 


8f92 


13 



1, 2^ = 

:128,&C. 


2,'2»— 4, 


Fowere. 
16,384 

32,763 
. 65,536 


Expon. 

15 
16 


131,072 
262,144 

524,288 
,048,576 


17 

- 18 

19 

20 



Suppose now it is required to multiply 256 by 64. We find 
by the table that 256 is the 8th power of 2, that is 2*, and that 
64 is 2\ Now 2* X 2* = 2H-« = 2'\ Returning to the table 
again and looking for J 4 in the column of exponents, against 
it we find 16384 for the Hih power of 2. Therefore ihe pro- 
duct of 256 by 64 is 16384. 

This we may easily prove. 

25(> 
64 



1024 
1536 

16384 



Multiply 256 by 128. 

Findkig these numbers in the table in the column <)f powers, 
and looking in the other column for ihe exponents, we find 
that 256 is the 8th power of 2, and 128 the 7th power. Add- 
ing the exponents 8 and 7, we have 15' for the exponent of 
the product. Now looking for 15. in the column of exponents, 
we find against it in the column of powers, 32768 for the, lr5th 
power of 2, which is the product of 256 by 128. .Let the 
learner prove this by multiplying 256 by 128. 

■ 

Divide 8192 by 32. 

Looking for tliese numbers in the column of powers, and for 



1 



] 
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the corresponding exponents, we find 8192 is the 13tli power 
of 2, and .32 is the 5th power. ^ 

Looking for 8 in the column of exponents^ and forlts corre- 
sponding number, we find 256 for the 8th power of 2, or the 
quotient of 8192 by 32, 

Divide 32768 by 512. ' 

4 

TTie exponents c#rrespo?icIing to these numbers in the table 
are 15 and 9. 15 — 9 = 6. In the column of exponents, 6^ 
corresponds to 64, which is the true quotient of §2768 by 512. 

What is the S<J power of 32 ? 

( 

c , 

The exponent corresponding to 35 is 5. Now to find the 
3d power of a* we sliould-n\ultipIy the efxponent by 3, thus 
^5X3 -- ^is, go the third power of 2' is 2^^^ = 2'\ Against 
15 in the column of exponents we find 32768 for the 15tli 
power of 2. Therefore the 3d power of 32 Ts 32768. 

What is the 2d power of 128? 

The exponent corresponding to this number is 7. 7x2== 
14. The number corresponding to the exponent 14 is 16384, 
which is the second power of 1 ?S. 

What is the 3d root of 4096 ? 

The exponent corresponding to this number is 12. 

The 3d root of 2'* is 2 ^ =: 2\ 

The miinber corresponding to the exponent 4 is 16, which 

is the 3d root of 4096. 

- 

Whatas the fourth root of 65,536 ? 

The exponent corresponding to this number is 16 which 
divided by 4 gives for the exponent of the root 4, the number 
corresponding to which is 16. The answer is J 6. 

•'• '• 21 • ,' 
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Exwnptexi, 
Y Muitiply 512 by 256. 

2. Multiply 8192 by US. 

3. Multiply 2048 by 25G. 

4. i)ivid6 262jl44 by 128, •' 

5. Divide 1,048,576 by 512. - 

6. Divide 524,288 by 131,072. 

7. What i& tlic 2d power of 1 024 ? \ 

8. What is the 3d power of 64 ? 

9. What is the 5th power of 16 f 

10. What is the 2nd root of 262,144 } 

1 1 . What is the 3d root of 262, 144.?. 

12. AVhat is the 4th.root of 1,048,576 ? 

13. "WTiat is the 5th root of 1,048,576 f 

1 4. What h the 6th root of 262, 144? 

The operations of multiplication, division, and the extfao 
lion of rootsarevery easy ty means r>f thi^ table. This table 
howevei* contains but very few numbers. But an exponent of 
2 may be found for all numbers from 1 as high as we pleaSo. 
For 2^ = 2, and 2^ == 4. Hence the exponent of 2. answering 
to the number 3 will be between ] arid 2; that is, 1 and a 
fraction. So the exponents answering; to 5^ 6^ fffid 7^ will be 2 
and a friiction, &c. 

XLlX. A table may also be made of the powers of 3, or of 
4, or any btlier number except 1, which sliaU have the same 
properties. Exponents might be found ahs^^'ering to every 
number from 1 upwards. 

3^ = 1, 3^ = 3, 2r*:c: 9,. 3' = 27,<fec. 

The column of powers will alwtiys consist of the numbers I, 
2., 3, &c. but the column of exponents will be different aceoitl- 
ing as the nuinbers are considered powers of a difTereot 4ium- 
- ber. 
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The formula a^ t=iy will apply to every table of this kind. 

If any number except 1 be put in the place of ct, and y be 
made successively 1 , 2, 3, 4, a suitable value may be found for 
a?, which shall answer the conditions^ 

If a be made 1, y wijl always be 1, whatever value be given 
to x; for all powers, as weH as all roots of 1, are 1. 

But if any number greater than 1 be put in the place o(a,y 
may equal any number whatever, by giving x a suitable value 

Giving a value to a then, we begin and make y successively 
1, 2, 3, 4, &c. and these numbers will form the first column or 
columns of powers in tlie table. Then we find the yalues of 
X corresponding to these values of ^, and write them in the se- 
ec^d column against the values of y, and these form the column 
of exponents. These exponents are called logariihms^ The 
first column is usually called tht? column of numbers, and the 
second, the column of logarithms. The number put in the 
place of a, is called the base of the table. Whatever number 
is made base at first, must be conthiued through the table. 

Obpcrve that a® = 1 ; therefore whatever base be usedj the 
logarithm of 1 is zero. And 1 will be the logarithm of the base, 



for a^ = <t. 



The most convenient number for the base, and the one ge- 
nerally used in the tables^ is 10. . 

10*^ = 1, 10* = 10, 10^ == 100, 10' = 1000, 10* == ioooo, 
10* = 100000, 10* = 1000000, Stc. . , 

Now to find the logarithm of 2, 3, 4, &c. 

Make 10* = 2, 10' = 3, 10' == 4, &c. 

For all numbers between 1 and 10, a? must be a fraction, be- 
cause 10^ = 1 and 10* = 10. 

Make x = — , then it becomes 

z ' - - 

10' =2. 

As the process for finding the value o(z in this equation is 
long and rather too difficult f6r young leari^rs, we will suppose 
it already fosind. 
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i- = .30103 very nearly. 

z 

3.0 1 5 

Hence lO'"*^^^^^ == 2 very nearly. 

To understand this^ we roust suppose 10 raised. to the 30103d 
power, and then the 100000th root of it taken, and this will 
differ very little from 2. The dumber .'30103 is the logarithm 
of 2. The fractional part of logarithms is always expressed in 
decimals. 

Having the logarithm of 2, Ve may find the Togarithm of 4 
. by doubling it, for 2* = 4. That of 8 = 2' is found by tri- 
pling it, and so on. ' 

The logarithm of 4 is .30103 X 2 = *602O6< 

The logarithm of<8 is .30103 X 3 = .90309. 

The logarithm of 16 is .30103 X 4 =: 1.20412, &c. 

Again 10^^'* «^^^^ = 3 very nearly. 

Hence the logarithm of 3 is .4771213, 

Since 2x3 =.^5 the logarithm of 6 is found by adding the 
logarithm of 2 and 3 together. 

.3010^+ .4771213 =: .7781513 = logarithm of 6. ^ 

- Since 3* = 9, the logarithm of 9 is found by multiplying that 
of 3 by 2. With the logarithms of 2 and 3 the logarithms of all 
^ the powers of each, and of all the multiples of the two may be 
found. , - 

The logarithm of 5 may be found by subtracting that of 2 
from that of 10, since 6 :^ y. The logarithm of 10 is 1. 

1 — .301 03 = .69897 = log. of 5. 

Now all the logarithms of aU the multiples of 2, 3, 5,ail4 10 
may be found. Hence it appears that it is necessary to find 
the logarithms of the jH-ime ntmibers, or such as have no divi- 
sor except unity, by trial ; and then the logarithms of all the 
compound numbers may be found from them. 

The decimal parts of the logaritlims of 20, 30, Slc are the 
same as those of 2, 3, 4, &:c. For, since the logarithm of 10 is 
i ; that of 100, 2 j that of 1000, 3, &c., it i»^ evident that fidd- 
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ing these logarithms to tfie logarithms of any other numbers, 
will not alter tlie decimal part. Hence 1 added to the loga-- 
rithm of 2 forms that of 20, and 2 added to the logarithm of 2 
forms that of 200, &c. 

Log. 2 = .3010,% log, 20 =± 1.30103, log. 200 = 2.30103 
lo:^. 2C00 — 3.30103. 

The logarithm of 25 is 1.39794 ; that of 250 == 25 X 10 is 
1 + 1.39794 = 2.39794; that of 2500 =: 25 X 100 \%'2 + 
1.39794 = 3.39794. - 

The logarithm^ of all numbers below 10 are fractions, tfiose 
of all the numbers between 10 and 100 are 1 and a fraction ; 
those of all numbers between 1 00 and 1 000 are 2 and a frac- 
tion ; those of all numbers between 1000 and lOOCO are 3 and a 
fraction. Tliat is, the whole number which precedes tlie fraction 
in the logarithm is always equal to the number of figures in the 
number less one. This whole number is called the iiideiic or 
characteristic of the logarithm. Thus in the k)garithmi2. 3576423, 
the figure 2 is the characteristic showing that it is the loga- 
rithm of a number consisting of three figures or between 100 
ai>d 1000. 

As the characteristic may always be known by the number, 
and the number of figures in a number may bo known by the 
characteristic, it is usual to omit the characteristic in the table, 
lo.save the room. It is useful to omit it too, because the same 
fractional part, with different characteristics, forms the loga- 
rithms of several different numl^ers. 

The logarithm of 37 is 1.568202. 



\1.56820S 



CTf-J iril. 68820* 

•>^ zn 3 7 == ^ JQ^SWM*. ' . 

10 * 10 "" 

The logarithm of 3.7 is .56820?, which is the same as that 
of 37, with the exception of the index. 

^J[2f = 37.^2 = ^2i : =z: 10»-«**»» 

'100 lO*^ . 

?Z^ == 3.762 == l?!!!!^ = 10«**»»' 
iOOO 10' 

21* 
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CD 

That is, all numbers which are tenfold, tlie one of the other, 
have the same logarithm. 

376200 has for its logarithm ' 5.575419. 

37620 '' " 4^75419, 

3762 « ' " . 3.576419. 

376.2 " 2.575419. 

37.62 « 1.575419. 

3.762 « 0.575419. 

When a number consists of whole numbers and decimal 
parts,' we find the fractional part of the logarithm in the same 
manner as if all the figures, of the number belonged to the 
whole number, but we give it the index corresponding to the 
whole number only. 

In most tables of logarithms they are carried as far as s^ren 
decimal places. Some however are only carried to five or siji;. 
The disposition of the tables is sonaething different in diflferent 
sets, but they are generally accomipanied with an explana- 
lion. When one set of tables is wey understood, all others will 
be easily learned. The logarithms for the following examples 
may be found in any table of logarithms. They are used here 
33 far as six places. 



* • 

1. Multiply 43 by 25. \ ^ ^ 

Find 43 in the column of numbers, and against it in the co- 
himn of logarithms you will find 1.633468, and against 25 you 
will find 1*397940. Add these two logarithms together and 
their sum is the logarithm of the product. 

loff. 43 . . . . 1.633468 

«• 25 ... 1.307940 



u 



1075 .... 3i)31408 



Find this logaritlim in the column of logarithms, and against 
it in the column of numbers you iiiid 1075 which is the product 
of 43 multiplied by 25. The index, 3, shows that tlie number 
must consist of four places. , 
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Let the learner prove the results at first by actual multipli- 
cation. 

2. Multiply 2520 by 300. 

By what was remarked above, the logarithm of 2520 is the 
«ame as that of 252 with the exception of the index, and that 
of 300 is the same as that of 3 except the index. 

Find the number 252 in tlie left* hand column,. and against it 
in the second column you find .401401. The number 2520 con- 
sists of four places, therefore thejndexx)f its logarithm must be 
(4 — 1) or 3. The logarithm corresponding to 300 is .477121, 
and its index must be 2, because 300 consists of three places. 

log. 2520 • . . . 3.401401 



i( 



« 



300 • . . 2.477121 



756000 .... 5.878522 



Find this logarithm, and against it in the column of numbers 
vou will find 756 ; but the index 5 shows that the number 
must consist of 6. places ; therefore three zeros must be annex- 
ed to the right, which m^kes the number 756000, which is the 
product of 2520 by 300. 

3. Multiply 2756 by 20. ^ 

* To find the logarithm of 2756, fmd in the column of num- 
bers 275, and at the top of the table Io<»k for 6. In the co- 
lumn under 6 and opposite 275 you fmd .440279 for the deci- 
mal part of the logarithm of 2756. The characteristic will 
be 3. 

log. 2756 . . . 3.^40279 
"20 . . . 1.301030 



"55120 . . . 4.741309 

Looking in the table for this logarithm, against 55 1 you will 
find .741152 and against 552 you will find .741939. The lo- 
garithm .741309 is between these two. Against 551, look 
along in the other cqlumns. In the colunm under 2 you find 
the logarithm required. The figures of the number, then, are 

* In some tablet the whdie niimber 2756 may be found in the left hand co« 
liunn. 
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6512, but tlie characteristic being 4, the number most consist 
of five places ; hence annexing a zero, you have 55120 for the 
product of 275G by 20. 

4. Divide 756342 by 57867. 

Both these numbers exceed the numbers in the tables, still 
we shall be able to find them with, great accuracy. 'First find 
the^ logarithm of 756300, whi<jh is 5.8786^4. The difference 
between this logarithm and that of 756400 is 58. The differ- 
ence between 756300 and 756400 is, 100, and the difference 
between 75Q300 and 756342 is 42. Therefore, if yVo = -42 
of 58 be added to the logarithm of 756300, it will give the lo- 
garithm of 756342 sufliciently exact, 58 x -42 = 24, reject- 
ing the decimals. 5.878694 -f- 24 = 5.'878718. The 58, 
and consequently the 24, are decimals of the order of the two 
last places of the logarithm, but this circumstance need not be 
regarded in taking these parts. It is sufficient to add them to 
tli<3ir proper place. 

The table generally furnishes means of taking out this loga- 
rithm more easily. As the. differences do not often vary an 
unit for considerable distance among the higher numbers, the 
difference is divided into ten equal pafts, (that is, as equal as 
possible, the nearest number being used, rejecting the decihial 
parts) and one part is set against 1 , two parts against 2, (Slc. in 
a column at the right of the table^ 

In the present case, then, for the 4 (for which w^ are to take 
y*y of 58,) we look at thiBsepar|^s and against it we find 23, and 
for the 2 (for which we must take y|^ of 58,) we find 11. But 
II is y\, consequently to obtain yf^ we must take tV^^ ^I 
which is 1, omitting^ the decimal. The operation may stand 
thus : 

log, 756300 6.878694 

yVofdiff. 23 



3 

T?nr 



1 



log. 766342 6.876718 

To find the logarithm of 27867, proceed in tl:e same nianner, 
first finding that of 27860, and then adding y"^ of the^difference 
whicii will be found at th6 right hand, as above. 
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log. 2^7860 4.444981 



log. 27867 
Frcyji loff. dividend 



4.446090 

5.878718 
Subt. log. of divisor 4.445090 



log. of quotient 27.141 1.433628 

We find the decimal part of this logarithm is between 
.433610 and .433770, the former of which belongs to the num* 
ber 2714, and the latter to 2715. Subtract 433610 from 
43;i628, the remainder is 18. Looking in the column of parts, 
the number next below 18 is 17, which stands^ against 1 or j\ 
of the whole difference. ' 

Put this 1 at the right of 2714, which makes 27141. The 
characteristic 1 shows that the number is bet\Yeen 10 and 100. 
Therefore the quotient is 27.141. This quotient is correct ta 
three decimal places. 

If the table has no column of differences, take the whole 
ilifference between .433610 and .433770, which is 160 for a 
divisor, the 18 for a dividend, annexing one or mor^e zeros. 
One place must be given to the quotient for each zero. 



160 



160 
.1 



5. What is the 3d power of 25.7 ? 

log. 25.7 
Multiply by 9 



log. 



16974.6 



Jim. 



1.409933 
3 

4,229799 
16974.^ 



6. What is the 3d root of 15 .? 
log. 15 



1.176091 (3 



log. 2.46621 



.392030 
Ana. 2.4662+. 



L. Since a fraction consists of two numbers, one for the nu- 
merator and the other for the denominator, the logarithm of a 
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fraction mast consist of two logarithms ; and as a fraction ex- 
presses the division of the numerator by the denominator, to 
express this operation on the logarithms, that of the denominst- 
tor must be represented as to be subtracted from the nume- 
lator. 

The logarithm of | is expressed thus : 

log. 3 — iog. 6 = 0.477 121 — 0.698970. 

The logarithm of a fraction whose numerator is 1, may be 

expressed by a single logarithm. For i^ is the same as a^. 
If we would express the logarithm of i for example , 
lQ.Anx2x _ 3^ consequently JL^^^^^ = IQ--*'"" = J. 

That is, the logarithm of i is the same as the logarithm of 3, 
except the sign, which for the fraction is negative. Any frac- 
tion may be reduced to the form — , but the denominator will 

a* 

consist of decimals or still contain a fraction. 

3 ^ 1 1, L_ 

* if 1.666+* 

If the subtraction be actually performed, on the expression of 
this fraction given above, it will be reduced to the logaritlim 
of a fraction of this fonn. 

0.477121 — 0.698970 = — 0.221849. 

The number corresponding to the logarithm 0.221849 is 1.666 
+, but the sign bemg negative, shows that the number is 

1 



1.666 + 



The logarithms of all common fractions may be obtained in 
either of the above forms, but they are extremely inconvenient 
in practice. The iSrst on account of its consisting of two loga- 
rithms would be useless as well as inconvenient; because 
though we might fipd a logarithm corresponding to any frac- 
tion, yet in performing operations, a logarithm would never be 
found in that fprm when it was required to find its number. 



The second (anp is inconvenient because it is negative, nnd 
<also. because in seeking the number corresponding tq the loga- 
rithm, a, fraction would frequently be fouBfd with iiecimals in 
the denominatDr*, It would be much better that the whole 
Fraction should be e}f pressed in decimals. If the fraction is 
used in the decimal form, the logarithms may be used for them 
almost as easily a<» for whole nnmbets. • 

Suppose it is required to find the logarithm of .5 or /-j. 

log. 'S— log. 10 =0.69$970— 1. = — i + .698970. 

Suppose it is required to find the logarithm of .05 or :r|y, 

log. 5 — log. 100 ziz 0.698970 — 2 = —'2 +.698970- 

The logarithms of 10, 100, 1000, (fee. always being whole 
tiumbers, we have the two parts distinct. The logarithm of .& 
4s the same as ihsit of 5 except that it has the number 1 joined 
to it with th6 sign -« — , which is sufficient to distinguish it, and 
show it to be a fraction. The logarithm of .05 al^o is the same^ 
except that - — 2 is joined to it. That is, the logarithm of the 
numerator is positive, and tliat of the denominator negative. 

Thisnegative number joined to the positive fractional part, 
serves as a characteristic, and is a continuation of the principle 
'shown above ; tluis 



The log. 


500 is 


g,698970 


a i( 


50 


\^.mmio 


•« •'< 


5 


0.698970 


is C( 


.5 


T'.^9897€ 


ii n 


.05 


T.698970 



The logaritlmi ctf a decimal is the same as that of a whole 
number expressed by the same figures, with the exception of 
the characteristic, which is negative for the fi-action ; being — 
1 when the first figure on the left is tenths, '— 2 when the first 
IS hundredths, &,c. It is convenient tO' write tho sign ovet the 
characteristic thus, "T, "2^ &c. It is not necessary to put the 
sign -|- before the fractional part, for this wiU always be un- 
derstood to be .positive. 
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L.. 



In operating apon these numbers, the same rules must be ob- 
served, as in other- cases where numbers are found connected 
with the signs 4- and — • 

When the first figure of the fraction is tenths, the character- 
istic is 17 when the first is hundredths, the characteristic is "2^ 
&c. , V 

The log. of .25 is log. 25 — log. 100 

= 1 .397940 — 2 = — 2 + 1 .397940 =;= 1 .397940. 

This is the same as the logarithm of 25, except that the cha- 
racteristic X shows that its first figure on the left is lOths, or 
one place to the right of units. 



Multiply. 325 by.23- 

log. 325 
log. .23 

log. 74.75 Ans. 

Multiply 872 by .097 . 

log. 872 
log. .097 

log. 84.584 Ans. 



2.511883 
T361728 

1.873611 



2.940516 
T.986772 

1.927288 



In adding the logarithms, there is 1 to cany from the deci- 
mal to the units. . This one is positive,- because the decimal 
part is so. 



Multiply .857 by .0093 
log. .857 
log. .0093 

log. .0079701 An9. 

Divide 75 by .025. 

log. 75 
log. .026 

log. 3000 Am. 



T.932931 
T.9684&3. 

"5:901464 



J. 875061 
"2:397940 

3.477121 
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In subtracting/ the negative quantity is to be added, as in 
nlgebraie quantities. 

Divider 275 by ,047. 

log. 276 . . . 2.430333 
log. .047 . . "2:672093- 

log. 5851.06 */?»^. . " . . 3.767235 
Divide .076 by 830. 

log. .076 ^880314 = "3: 4-1.880^14. ' 
log. B30 . . . 2.919078 

log. .0000915662 Jins. . "5:961736 

In order to be able to take the second from the first, I clrange 
the chtu-acteristic X into T -|- ^ which has the 3ame value. 
Tins enables me to takfe 9 from 18, that is, it furnishes a ten to 
borrow for the last subtraction of the positive part. In sub- 
trrxting, the characteristic 2 of the second logarithm becomes 
negative and of course must be added to the other negative.. 

Divide .735 by .038. 

log. .735 . . T866287 

loi?. .038 . . $J.579784 



log. 1 9 .? 121 Jlns. . 1 :286503 

What is the 3d power of .25 .^ 

log. .25 .' . . ■ ■ ".^97940 

3 



Jog'. 0. 1 5625 Am. T + 1 . 1 93820 z± "Jl 93820. 

What is the third root of 0.015625 f 

The logarithm of this number is "g^l 93820. This character- 
istic ~2 cannot be divided by 3, neither can it be joined with 
the first decimal figure in the, logarithm, because of the differ- 
ent sign. But if we observe the operation above in finding the 
power, we shall see, that in multiplying the decimal part there 
was 1 to cafry, which was positive, and after the multiplication 
was completed, tlie characteristic stood tJms, X + 1 which was 

22 
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afterwards reduced to aT Now if we add ~ + 1 to the "2" in 
the present instance, it will become "5" + 1> ^^^ ^^ ^he same 
time its value will not be altered. The negative part of the 
characteristic will then be divisible by 3, and the 1 being posi- 
tive may be joined to the fractional part. .- 

log. .016G25 ^193820 ^ T -}- 1.103820(3 

log..25^7ijr. ~397?40 

In all cases of. extracting roots of fractions, If the negative cJut' 
racterisiic is not divisible by fke nurnber eoqfresdng the root^ it must 
be made so in a similar fhanner. 

If the characteristic were "^ and it were required to find the 
fifth root, we must add "2" + 2 and it will beo9^gie "5" + 2. 

What is the 4th root of .357 ? 

log. .357 "r.552G6S = T+ 3.5520(58(4 



log. .77298 .4n5, ' i.8S8167 

Any common fraction may be changed to a decimal by its 
logarithms, so that when the logarithm of a common fraction is 
required, it is not necessary to change the fraction to a decimal 
previous to taking it. 

It is required to find llie logarithm of \ corresponding to i 
expressed in decimals. 

The logarithm of 2 being0.30ia3,that of J will be —0.30103. 

Now — Q.30103 z;= — 1 + I — .30,103 

= — 1 + (1 — .30103) =T.G9S97. 

The decimal part •69897 is the log. of 5, and — 1 is tlie log. 
of 10 as a denominator. Thereibrc 1.69897 is the log. of 
5 = ^. 

Pccdace | to a decimal. 

* .- ^ - 

log. 5 0.69807 r= — 1 -}. 1.698970 

log. 8 0.903090 



log. 0,625 r= \ Ans. T.79588a 
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When there are several moltiplications and divisions to he 
performed together, it is rather more convenient to perform the 
whole hy multiplication, that is, by adding the logarithmst 
This may be effected on the following principle. To divide 
by 2 is the same as to multiply by J or .5. Dividing by ,5 is 
the same as iftultiplying by i or .2, &;c. 

Suppose then it Ls required to divide 435 by 15. Instead of 
dividing by 15 let us propose to multiply by ^^3. First find the 
iogarithm of j^g leduced la^ decimal. 

log. 1 i^ = — 2 + 2.000000 

k)S. 15 subtract . 1.17G091 



log. y'y in forip of a decimal 2.S23909 

log. 435 add 2.6384S9 



log. 29 = quotient of 435 by 15 1.462398 

The logr. of tV viz. "2^823909 is called the ^%itkmctlc Comple 
ment of tlic log. of 15. 

The ariihmeiic complement- is found by subtracting the logarithm 
qft/te number from the logarithm of 1, which is zero, but which may 
always be represented by T -j- 1, 2" -f- 2, §*c. It must cdwiys be 
*-epresented hy such a number that the logarithm of the nun'ber may 
be subtracted from the positive part. Tliat is, it must always be 
equal to the charaeieristic of the logarithm to be subtracted, plus 1 ; 
for 1 must ahoays be borrowed from it, from which to subtract the 
fractional part. 

It is irequired to find the value of x in the foHowing equa- 
tion. 

* 



/ 35 X 28 X 56.78 \ 
V 3S7 X 2.B96 / 
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log. 35 , 1 .544068 

log. 23 1.447158 

Iqg. 56.78 1.754195 

log- 387 2.587711 Arilh. Com. : 1:412289 

Jog. 2.896 0.461799 " « T.53S201 



1.695911 



5.087733(5 

log. .10.4123 very nearly answer 1.017546 

I multiply by 3 to find the 3d power, and divide by b to ob- 
tain the 5th root. 

LI. There is an expedient generally adopted to avoid tlie 
negative characteristics in the logaritlims of decimals. I shall 
explain it and leave the learner to use the method he likes the 
best. 

1 . Multiply 253 hy .37. 

^ log. .37 T.568202 

log. 253 2.403121 



log. 93.61 nearly answer 1.971323 

Instead of using the logarithm 1.568202 in its present form, 
add 10 to its char£^cteristic and it becomes 9.568202. 

log. .37 9.568202 

log. 253 2.403121 

11.971323 
Subtract 10. 



log. 93.61 as above. 1.971323 

In this case 10 was added to one of the numbers and after- 
wards subtracted from the result ; of course the answer must 
be the same. 

2. Multiply .023 by .976. 
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Take out the logarithms of these numbers and add 10 to 
e^h characteristic, 

log. .023 8.361728 

log. .970 • ^ 9.989460 



18.351178 
Subtract 20 



Iog..022448 nearly ans. 2.351178 

« 

We may observe that, in this way, when the first left hand 
figure is tenths, the characteristic, instead of being T is 9, and 
when the first figure is hundredths, the characteristic is 8, ifec. 
That is, the place of the first figure of the number reckoned 
firom the decimal point corresponds to what the characteristic 
falls short of 10. Whenever in adding, the characteristic ex- 
ceeds 10, (he ten or tens may be omitted and the unit figure 
only retained. 

In the first example, one number only was a fraction, viz. 
37. In adding, the characteristic became 11, and omitting 
the 10 it became 1, which shows that the product is a number 
exceeding 10. 

In the second example both numbers were fractions^ of course 
each characteristic was 10 too large. In adding, the charac- 
teristic became 16. Now instead of subtracting both tens or 
20, it is suflScient to subtract one of them, and the characteris- 
tic 8, which is 2 less than 1 0, shows as well as 2~ would do, 
that the product i& a fraction, §^d that its first figure must be 
in the second place of fractions or hundred tli's place. 

If three fractions were to be multiplied together, there would 
be three tens too much Used, and the chafacteVistic would be 
between 20 and 30 ; but rejecting two of the tens, or 20. the 
remaining figure would show the product to be a fraction, and 
show the place of its first figure. 

3. What is the 3d power of .378 f 

log. .378 .... 9.57749? 
Multiply by ' 3 



' ' ) — 

28.732476 

log. .05401 nearly aas. 8.73247^ 

22 * . 
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Mdlti plying by .3 is the same as adding tlie number twice to 
itself. The characteristic becomes 28, but omitting two of the 
tens or 20, it becomes 8, which shows it to be the logarithm of 
a fraction whose first pkce is hundredths. 

If it is required to find the 3d root of a fraction^ it is easy to 
see, that having taken out the logarithm of the fraction, it will 
be necessary to add two tens to the characteristic, for it is thea 
considered the third power of some other fraction, and in rais- 
ing the fraction to that power, two tens would be subtracted. 

In the last example the logarithm of the power is 8.732476, 
but in order to take its 3d root, it will be necessary to add the 
two tens which were omitted. . . 

For the second root one ten must be previously added, and 
for the fourth root, three tens, &c; 

4. What is the 3d root of .027 i ■ 

log. 027 . . . * ,8.431364 

or considered as a 3d power 28.431364 (^ 



iog. .3. Ans. . . . 9.477121 

5. What is the 2d root of .0016 ? 

log. .0016 . . 7.204120 

or considered a second power 17.204120 (2 

log. .04. Jins. 8.602060 

In dividing a whole number by a fraction, if 10 be added to 
the characteristic of the dividend, it cancels tho 10 supposed 
to be added to the divisor. If both are fractions the ten m the 
one cancels it in the other j and if* the dividend only is a frac- 
tion, the answer will of course be a less fraction. Consequent- 
ly in division the results will require no alteration. 

6. Divide 67 by .018. 

log. 67 . . 1 ,^56875 

log. .018 ^ . . 8J255272 



log. 31 G6.7 nearly ans. 3.500003 
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Here in subtracting I suppose 10 to be added to the first 
characteristic, and say 8 from 11^ &c. 

7. Divide .2172 by .006. 

log. .2172 ._ , . . ' 9.336S60. 

log. .006 . . . 7.778151 



log. 36.2 Am. . •, . . 1 .558709 

In taking the arithmetical complement, the logarithm of the 
number may be subtracted immediately from 10. The loga- 
rithm of 2 being .301030, its arithnielical complement is 
T.698970. Adding 10 it becomes 9.698970. It would be the 
same if subtracted immediately from 10 thus 10 - .301030 
= 9.698970. 

8. It is required to find the valuo of x in the following ex- 
pression * 



I 
I 



X = ^7/ 13.73 X .07 06\^ 
1 12 \ .253 



; 



log. 13.73 1.137670 

log. .0706 8.848805 

log. \253 9.403121 Arith. Com. 0.596S70 

Sum 0.583354 

3 



Product by 3 1.750062 (3 

Quotient by 2 p.875031 

log. 17 1.230449 

log. 112 2.0492 J 8 Arith. Com. 7.950782 

log, a? tz 1.13831 nearly 0.056262 
find the value of a; in the following equatio^is. 

I 



\ laJ7 X 57C / 



360 AlgAra. UI* 

417 V03S X4086/ 



11. « = 



25 /873\ /278Y 



\956/ \ 



f 



476* V 956 /\ 1973/ 

12. 38* = 583. 

Obsen'e that the 2d power of 38 is found by multiplying the 
logarithm- of 38 by 2, the 3d power by multiplying it by 3, &,c. 
which will give the logarithm of the result. Hence we have 
the following equation ; the logarithm of 38 being 1.579784 
and that of 583 being 2.765669. 

X X 1.579784 = 2.768669 

X = 2'*^^^^^ - 1.75066 + 
1.579784 

The value of x is found by dividing one logarithm by the 
other in the same manner as other numbers. It might be done 
by logarithms if the tables were sufficiently extensive to take 
out the numbers. By a table with six places an answer cor- 
rect to 'four decimal places may be obtained. 

In taking out the logarithms the right hand figure may be 
omitted without affecting the resuH in the first four decimals. 

log. 2.76567 . . 0.441800 

log. 1.57978 . . . 0.198596 

log, a? = 1.75067 . 0.243204 

13. What is the value of a: in the equation 1537' = 52? 
This gives first 1537 = 52*. 

This may now be solved like the last. 

LII. Questions relating to Compound Tntere^;- 

It is required to find what any ^iven principal j9 will amount 
to in a number n of years, at a given rate per cent, r, at com- 
pound interest. 

Suppose first, that the principal is ^l^or £1, or one unit of 
money of any kind. 
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1 X ^ ' 

The interest of I for one year 15 — - — , or simply r, if r is 

considered a decimal. The amount of 1 for one year then, 
will be 1 -f- r. The amount of ^ dollars will be ^ (1 -j- r). 

For the second year, ^ (1 -f- r) will be the principal, and the 
amount of 1 being (1 -|-r),'the amount of p (1 + r) will be 
P(l+r)(i+r)o€p(l+ry. 

For the third year p (1 + r)^ being the principal, the amount 
will hep{l + ry (1 + r) of ^ (1 + r)\ 

For n years then, the amount will be jp (1 -f- r)». 

Putting A for the amount, we have 

A=p{l + ry. 

This equation contains four quSmtities, A, p, r, and n, any 
three of which being given, the other ma.y be found. 

• Logarithms, will save niuch labour in calculations of this 
kind. 

Examples, 

1. What will $753.37 amount to in 5 1 years, at G per cent 
compound interest ? 

Here p = 753.37, r = .06, and n = 5f . 

log. 1 -h r ;= 1.06 . . 0,025306 

»= 5| 



0.003 163i 



0,009490 
0.126530 



\ocr.(l+rfi . . • • ■ 0.136020 

Io|. 753.37 . . . * . ^>877008 

log. $1030.462 Ans. 3.013028 
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2. What principal put at interest will amount to $5000 in 
f 3 years at 5 per cent, compound interest ? 

By the above fonnula 



(1 + r)' 



log- 1 + r = 1.05 



n = 



Subtract 
From 



0.021189 
13 

,063567 
21189 

9 • I ■ ■ 1 

.275457 
3.698070 



3*423513 



log. A = 5000 

log. p = $2651.63 nearly A^is. 

3. At what rate per cent, must $378.57 be put at compound 
interest, that it may amoimt to $600 in 5 years ? 

Solving the equation .5 =p (I + r)* making r the unknowp 
quantity, it becomes 



r + 1 



=(7) 



log. .4 = 600 
log. p = 378.57 

Dividing by n == 6 



2.698970 
2.578146 

0.120824 (6 

0.024165 



log. {r+l) = 1.05722 
Consequently r =i 0.05722 An». 

4. In what time will $284.37 amount to 760 at 7 per cent^? 

Making n tlie unknown quantity, the equation wj =p (1 + r)" 
becomes 

log, —z=znx log. (1 + r), and 
P 



i 
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.=^iii 



log.(l+r) 

log. ^=750 ... 2.676061 

log. p = 284.37 . - . . 2.463884 



log. :^ - 0,421177 

P 
log. 1 + r c= 1.07, is a029384 

log. 0-421177 ... . . 9.624464 

log. 0.029384 . . . . 8.468111 



log. 71 = 14.334 nearly ^/w. K 156353 

6. What will be the compound interest of $947 for 4 years 
and 3 months; at 5J per cent. ? 

6- What will $157.63 afnoimt to in 17 years at 4f per cent..* 

- »■ 

7. A note was given the 15th of Maich 1804, for $58.46, at 
the rate of '6 per cent, compound rnterest ; and it was paid the 
I9th of Oct. 1823. To how much had it amounted ? 

_ 8. A note was given the I3th of Nov. 1807, for $456,33, and 
was paid the 23d of Sept. 1819. The sum paid was $894.40. 
What per <5ent. was allowed at ccMnpound interest ? 

9. In what time will the principal jp be doubled, or become 
3^, at 6 per cent, compound interest ? In what time will it 
be tripled ? 

JSTote. In order to soWe the above question, put 2 » in the 
place o{A for the first, 3 j? for tlie second, and find llio value 
of». 

The priiiciples of comjpound interest will apply to tlie follow- 
ing questions coaceming the increase of popjulation. 

10. The number of tlie inhabitants of the United States in 
A. D. 1790 was 3,929,000, and in 1800, 5,306,000. What rate 
per cent, for the whole lime vr s the increase} .^ What per 
cent, per year ? 
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11. Suppose the rate of increase to remain the same for the 
next 10 years, what would be the number of inhabitants io 
1810? 

12. At the same rate, in what time would the numl>er of in-r 
habitants be doubled after 1 800 ? 

13,^ The number of inhabitants in 1810 by. the census was 
7^40,000. What was the annua! rate of increase ? 

14. At the above rate, what would be the number in 1820 ? 

15. At the above rate, in what time would the number in 
1810 be doubled ? 

16. The number of inhabitants by the census of 1820, was 
9,538,000. What was the annual rate of increase from 1810 
to 1820? 

17. At the same rate, what is the number in 1825? 

18. At the same rat'C, What will be the number in 1830 ? 

19. At the same rate, in what time will the number in 1820 
- le doubled ? 

20. In what time will the number in 1 820 be tripled ? 

21. When will the number of inhabitants, by the rate of the 
last censuvs, be 50,000,000 ? 



LIII. 1. Suppose a tnan puts ,^10 a year mto the savin.'^ 
bank for 15 years, and that the rat<? of interest \yhich the bank 
is (ible to divide annually is 5 percent. How much money 
will he have in the bank at the end of the 1 5th yCar ? 

Suppose a =: the 5um put in annually, 
r =; the rate of interest, 
t = the time, 
.3 = the amount. 

According to the above rule of compbimd interest, tfie sum 
a at first deposited will amount to a (r -|- 1)*; that deposited 
the second year will aknomit to a (r 4* 1)'""* ; that- deposited 
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the tWrd year will amount to a (r + l)^"'> that deposited the 
last year will amount to a (r + 1)*. Hence we have 

d = a{r + ly + a (r + l)^\+ a (r + iy-\... a (r + 1 ) . . .. 
^a\{r + lY + [r+ 1)^- + (r + 1)*- . . . . (r + 1 )J 

But {r -f- 1)*, (r + 1)*~S ^<5. is a geometrical progression, 
whose largest term is (r -j- 1)S the smallest r ^ 1, and the 
ratio r + 1. The sum of this progression, Art. XLA^II. is 

(r + l) [(r+lA-n 

^— — " ■ a III 1 1 I ■ ■ 

r 

Hence .2 = « (r + 1) [(r + 0' - 1] 

r 

The same result may be obtained by another course of rea- 
soning. 

The amount of the sum a for one year \% a -\- a r. Adding 
a to this, it becomes .2 a -f- « r. 

The amount of this at the end of anothei; year is 2 a -(- « r 

+ 2 a r t[- a r*, or 2 a -f 3 <i r + <i ^*- Ad Jing a to this it 
becomes 

The amount of this for 1 year is 

G a + 3 a r -f « r» -f 3 a r + 3 a ^* + a r^ 

=: a (3 -f 6 r + 4 r* + r'). 

This is the aniount at the end of the third year before die 
addition is made to the capital. The law is now sufficiently 
manifest. With a little alteration, the quantity 3 + 6 r -f- 4 ;•* 
+ r* may be rendered the 4th power of 1 -f- r. The three last 
coefficients arc already right. If We add 1 to the quantity it 
bccotflos 

44.Cr + 4r' + r\ 

Multiply this by r and it becomes 

4r + 6r»-f4r' + r*. . 
23 
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Add t again and it becomes 

] + 4 r + 6 r* + 4 r' + r*. 
This is now the 4th power of 1 + ^5 ^ind it may be written 

(l+r)\ • 
Subtract the 1 which was added last^ and.it becomes 

n+ry-i. 

Divide this by r, because it was multiplied by r, and it be 
comes 

{i +ry-i . 

T 

« to 

Subtract 1 a^ain, because 1 was added previous to multiply- 
ing by r ; and it becomes 

(I+>-r-l _ 1 ^ (l+rr-(l+r) ^ (1 +r) [(1 +r)'— Ij 

r r r 

Substitute t in place of the exponent 3, and multiply by a, 
and it becomes 

a(l+r) [(l+r>— I]_ 



:jLJ = A. 



r 
which is the same as before. 



The particular question given above may now be solved by 
logarithms, using this formula. 

log. (l +r) =; 1.05 . • . . 0.0^1189 

' Multiply by If = 15 . ^ 15 



105945 
^1189 



log. (1 + r )" = 2.079 . . . . ,3 17 835 

Subtract 1 1 - 



log. 1.079 . . . 0.033Q21 

l^g- {^ +r) • - . . 0.021189 

log. 0=10 . . . . 1.000000 

Arith. Com. log. r = ,05 , . 1.301030 



Ans. $220.59 ... . 2.355240 



2- A man deposited annually ^50 m a bank trom the time 
his son was born, until he was 20 years of. age ; an J it was 
taken Out, together with compound interest on" each deposit at 
3 per cent., when his son was 21 years of «ge, and given to him. 
How much did the son receive ? 

3. How much did the bankers gain by receiving the money, 
supposing they were able to employ it all the time at G per 
cent, compound interest.'* 

* 

4. A man has a son 7 years old, and he wishes to give him 
$2000 when he is 21 years old ; how much m^ist he deposit 
annually at 4- per cent, cpmpound interest, to be able to do it f 

5. If a man deposits in a bank annually .f 35, in how long a 
time will it amount to $500 at 6 per cent, compound injterest ? 

6. The first slaves were brought into the American Colonies 
in the year 1685. Suppose the first number to have been 60, 
and that 50 had been broug?it each year for 100 years, and the 
rate of increase 3 per cent. How many would there have been 
in the country at the end of the hundred years ? 

LIV. Annuities. 

1. A man died leaving a legacy to a friend in the following 
maimer j a sum of money was to be put at interest, such that, 
the person drawing 10 dollars a year, at the end of 15 years 
the principal and interest should both be exhausted. What 
sum must be put at interest at 6 per cent, to fulfil the above 
condition.'* 

Let the learner generalize this example and form a rule ; and 
then solve the following examples by it. 

« 

2. A man wishes to purchase an annuity which shall aflbrd 
him $300 a year so long as he shall live. It is considered 
probable that he will live 30 years. What sum must he de- 
posit in the annuity oflSce to produce this sum, supposing he 
can be allowed 3 per cent, interest f 

TSL B. The principal and interest must be exhausted at the 
end of 30 years. 



26S Algebra. . LiV 

3. If the man mentioned in the last example should die at 
the end of 18 years, now much would the annuity company 
gain ? 

4. If he were to live 43 years, how much would the company 
lose? 

6. A man purchases an annuity for life, on the supp(»sition 
that he shall live 45 years, for $15000, and is allowed 4 per 
cent, interest. How much must he draw annually tliat the 
whole may be exhausted ? ' 

6. A man has property to the amount of $35000, which 
yields him an income of 5 per cent. Sis annual expenses are 
$5000. How long will his property last him f 

7. The number of slaves in the United States in 1810 was 
1,191,000, and in 1820 the number was 1,531,000. What id 
he number at present, 1825, allowing the rate of increase to 
>e the same ? 

8. There is •a society established in the United States for the 
purpose of colonizing the free people of colour. Su]^jx>sc the 
slaves to be eniLiiicipated as fast as this society can transport 
them away ; how many must be sent away annually, that the 
number may be neither increased nor diminished f 

9. How many must be sent away annually that the country 
may be cicaied in 100 years f 

10. If the colonization is not commenced tjll the year 1840, 
supposing the rate of increase to remain the same as from 1810 
to 1820, how many must then be sent away annually, that the 
number remaining may continue the same ? 

1 1 . How many must then be sent away annually, that the 
country may be cleared of them in 100 years ? 

Miscellaneous Examples. 

1 . An express set out to travel 240 miles in 4 days, but in 
consequence of the badness of the roads he found that he must 
go 5 niiles the second day, 9 the third, and 14 the fourth, less 
than die first. How many miles must he travel each dsiv ? 



i 
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2. Two \V' rkmen received thr> same sum for their labour ; 
but if one had received 27 shillings more and the other 19 
shilhngs less, then one would have received just three times us 
much as the other. What did they receive t 

3. Two persons, A and B worked together, A worked 15 
and Bis days, and they received equal sums for their work. 
But if A had worked. 17^ and B 14 days, then A would have 
received 35 shillings more than B. What was the daily wages 
of each ? 

4. Two merchants entcVed in'o a sp: culation, b.y which one 
gained 54 dollars jfnore tlian the other. The wliole gain w^as 
49 dollars Jess tlvjin three tunes the <rain of the less. Wluit 
were the gains ? 

5. A man bought a piece of cloth for a certain siun. and on 
measuring it, found that it costhini S doilars, but if there I'.jui 
been 4 yards n.ore, it \Vouid have cost liiai only ^1 per yiu I. 
How many yards were there ? ' . 

6. Divide the number 4 G into two such parts, that one of 
them being divided by 7, and the othjr by 3, the quotients may 
together be equal to 10. 

7. A farm of 8G4 acres is divided between 3 persons. C has 
as many acres as A and B together ; and the portions of A 
and B are in the proportion of 5 to 11. IIow many acres had 
each ? 

8^ There are two numbers in the proportion of J to §, the 
first of which being increased by 4 and the second by 6, they 
will be in the proportion of | to J. What are the numbers ? 

9. A farmer has a stack of hoy, from which he sells a quan- 
tity, which is to the quantity remaining in the proportion of 4 
to 5. He then- uses 15 loads, and finds that he has a quantity 
left, which is to the quantity sold asl to 2. How many loads 
did the stack at first contain .? - 

10. There are 3 pieces of cloth, whose lengths ate in the 
proportion of 3, 5, and 7 ; and S yards being cut off'-frora each, 
the whole quantity is diminisheit in the proportion of 15 to 11. 
What was the length of each piece at first ? 

11. The number of Jays that 4 workmen were emplo)'cci 
were severally as the numbers 4 5j 6,7 ; their wages^ were the 

^3* 
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same, viz. 3 shillings, and the sum received by the first and 
second was 36 shillings less than that rex:eived by the third and 
fourth. How much did each receive ? 

12. There are two numbers, the greater of which is three 
times the less ; and the sum of their second powers is five times 

' the sum of the numbers. What are the numbers .'' 

13. What two numbers are those, of which the less is to the 
greater as 2 to 3 ; and whose product is six times the sum of 
the numbers i 

14. There "are two boys, the dif^rence of whose ages is to 
their sum as 2 to 3, and their sum is to their product as 3 to 5. 
What are their ages ? 

15. A detachment of: soldiers from a regiment bein^ ordered 
to march on a particular service, each company furnished 4 
times as many men as there were companies in the regiment : 
bat these being found insufficient, each company furnishea 
three more men, when their number was found to be inereased 
in the proportion of 17 to 16. How many companies were 
there in the regiment ? 

1 6. Find two numbers which are in the proportion of 8 to 5, 
and whose product is 360. 

17. A draper bought 2 pieces of cloth for 1*31.45, one being 
60 and the oither 65 cents per yard. He sold each at an adr 
vanced price of 12 cents per yard, and gained by the whole 
$6.36. W^hat were the lengths of tlie pieces i 

. 18. Two labourers, A and B, received $43.75 for their wages, 
A having been employed 15, and B 14 days; and A received 
for working four days $3.25 more than B for 3 days. What 
were their daily wages i 

19. Having bought a certain quantity of brandy at 19 shil- 
lings per gallon, and a quantky of rum exceeding that of the 
brandy by 9 gallons, at 15 shillings per gallon, I find that I 
" paid one shilling more for the brandy than: for the rum. How 
many gallons were there of each ? 

20.* Two persons, A and'B, have each an annual income of 
S1200. A spends every year $120 more than B, and at the 
<*.nd of 4 years the amount of their savings is equal to one year's 
^ iiicbme of either. What does each spend annually i 
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21. In a naval engagement, the number of sliips taken v/as 
7 more, and -the number burnt was 2 fewer, than the number 
suak ; 15 escaped, and the fleet consisted of 8 times the num- 
ber sunk. Of how many .did tlie fleet Consist i 

22. A eistern is filled in §6 minu^s by 3 pipes, one of which 
conveys 10 gallons more, aild.ihe other 8 gallons less than the 
third, per minute. The eistern holds 1820 gallons. How 
much flows through each pipe per minute ? 

23. ' A farm of 750 acfe^ is divided between three persons, 
A, B, and C. C has as much as A and B both, wanting 10 
acres ; and the shares of A and B are to efich other in the 
proportion of 7 to 3. How many acres has each i 

24. A certain sum of money being put at interest for 8 
months, amounts to ,$772.50. The- same vsum put out at the 
same rate for 15 months amounts to 7{)2..1875. Required 
the sum and the rate per cent. 

25. From twocasks of equal size arfe drawn quantities which 
are in the proportion of 5 to 8 ; arid it appears that if 20 gal- 
lons less had been drawn fro.n the one which now contains tlie 
less, only J as much wiiuld ha\^ been drawn from it as from 
the other. How niariy gallons weire drawn from each ? 

26. There are two pieces of land, which are in the form of 
rectangular parallelograms. The longer sides of the two are 
in the proportion of 6 to 11 , and the adjacent sides of the less 
are iti the proportion of 3 to 2. The whole distance round the 
less is 135 yards greater tiian the longer side of the larger 
piece. Required the sides of the less, and the longer side of 
the greater. ~ 

27. A person distributes forty shUlings amongst fifty people, 
giving some 9d. and the rest 15d. each. How many were 
Uiere of each ? 

28. Divide the number 49 into two such parts, that the quo- 
tient of the greater divided by the less, may be to the quotient 
of the less divided by tlie greater as a tof. 

29. A person put a certain sum to interest for 5 years, at 6 
per cent, simple interest, and found that if he had put out the 
same sum for 8 years at 4 J per cent, he would have received 
$C0 more. What was the sum put out ? 
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30 A regiment of militia containing 830 Aoen is to be raised 
from three towns, A, B, and C. 'J'he contingents of A and B 
are in the proportion of 3 to 5 ; and of B and C in the propor- 
tion of 6 ij 7. Required the niimbers raised by each. ' 

31. At what time between 6 and 7 o'clock are the hoor and 
minute hai^Js of a watch together ? ' 

32. There is a number consisting of tw:o digits, the second 
of which is greater than the first ; and if the number be divided 
by the sum of the digits, the quotient will be 4 ; but if the digits 
be inverted and that number divided by a number greater by 2 
than the difference of the digits, the quotient will be 14. Re- 
quired the nuniber. ^ * 

33. There is a fraction whose numerator being tripled, and 
the denominator diminished by 3, the value becomes | ; but if 
the denominator be doubled and the numerator increased by 
2, its value becomes 4. Required the fraction. 

34. A merchant bought a hogshead of wine .for $100. A* 
few gallons having leaked out, he sold the remainder for the 
original sum, thus gaining a sum per cent, on the cost of it, 
equal to twice the number of gallons which leaked out. , How 
many gallons did he lose .'^ • 

35. There are two pieces of cloth, difTeiing in length 4 
yaids ; the first is worth as many shillings per yard as the se- 
cond- contains yards ; the second Lb worth as rn<my shillings per 
yard as the first contains yards; and both pieces are worth 
£72. 10s. How many yards does each -contain i 

36. A merchant bought a piece of cloth for ^180, and sell- 
ing it at an advance of $1 a yard on the cost, he gained 15 
per cent. Required the numbejr of yards. 

37. There are two rectangular pieces of land, whose lengths 
are to' each other as 3 : 2, and surfaces as 5 : 3 ; the smaller one 
is 20 rods wide. What is the width of the other ? 

38. There is a cistern to be filled with a pump, by a man 
and a boy working at it alternately : the m^ would do it in 
15 hours, the boy in 20. They filled-it in. IG hours 48 minutes. 
How long did each work ? 

39. In a bag of money there is a certain rmmber of eagles, 
as many quarter eagles, | the number of half eagles, together 
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v^th dollars sufficient to make up the number of coins equal to 
J of the value of the whole in dollars ; and the number of ea- 
gles and dollars diminished by 2, is half the number of coins. 
What is the number of coins of each sort ? 

40. Suppose a man owes $1000, what sum shall he pay 
daily so as to Cancel the debt, principal alnd interest, at the end 
of a year, reckoning it at 6 per cent, simple- interest ? 

41. A merchant bought two pieces of linen cloth, containing 
together 120 yards. ' He sold each piece for as many cents per 
yard as it contained yards, and foimd that one brought him in 
ojily f as much as the other. How many yards were there in 
each piece ? , 

42. A criminal having escaped from prison, travelled 10 
hours before his escape was known. He was then pursued so 
as to be gained upon 3 miles an hour. After his pursuers had 
travelled 8 hours, tliey met an express going at the sanric rate 
as themsctves, who met the criminal 2 hours and 24 min. be- 
fore. In what time from the commencement of the pursuit will 
they overtake him ? ' 

43. A and "B enter into partnership with a joint stock of 
$900. A's capital was employed 4 months, and B'« 7 months. 
When tlie stock and gain were divided, A received |J512, and 
B $^469. What was each man^s stock ? 

44. A gentleman bought a rectangular lot of valuable land, 
giving 10 dollars for every foot in the perimeter. If the same 
quantity had been in a square, and he had bought it in the same 
way, it would have cost him $330 less; and if he had bought a 
square piece of the same perimeter hef would ^ave had 12^ rods 
more. What were the dimensions of tlie piece he bought .'* 

45. A and B put to interest sums amounting together to 800 
dollars. A's rate of interest wa^ 1 per cent, more than B's, 
his yearly interest f of B's ; and at.the end of 10 years his prin- 
cipal and simple interest amounted to f of B's. What sum was 
put at interest by each, and at wJiat rate f 

' 46. Two messengers, A and B, were despatched iit the same 
time to a place 90 miles distant ; the former of whom riding one 
mile an hour more thaa the other, arrived at the end^oi his jour- 
ney an hour before hinv. At what rate did each travel per hour .^ 

47. A and B Jay out some money on speculation^ A dis- 
poses of his bargain for $11, and gains as much per cent, as B 
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lays out ; 3's gain is .$'36, and it appears that A gains foa- 
tinies as much per cent, as B, Required the capital of each ? 

48. A and B hired a pasture, into which A put forar horses, 
and B as many as cost him IS shilhngs a week. Afterwards B 
put in two additional horses, and found that he must pay 20 
shillings a week. At what rate was the pasture hired ? 

49. A vintner draws a certain quantity of wine out of a foil 
vessel that holds 256 gallons ; and then filling the vessel with 
water, draws oft" the sam(5 quantity o'f liquor as before, and so 
on for four draughts, when there were only SJ gallons of pure 
wine left. How much wine did he draw each time ? 

50. Three merchants, A, B, and C, made a joint stock, by 
which they gained a sunj less than that stock by $80. A's 
sharo«iof the gain ^vas $'60^ his contribution to the sto^k was $\1 
more than B's. B and C together contributed $325. How 
much did each contribute ^ 

51. A grocer sold BOlb. of mace and lOOlb. of cloves foi 
£65 ; but he sold 60 pound? more of cloves for £20 than he 
did of mace for £10. What was the price of a pound of each ? 

52. A and B, 1 65 miles distant from each other, set out with 
a design to meet., A travels one mile the first day, two the 
second, three the third, and so on ; B travels 20 miles the first 
day, 18 the sepond, 16 tlie third, and so on. In how many 
days will they meet? 

53. A and B engage to reap a field for f 20 ; and as A alone 
could reap it in 9 days, they promise to complete it in 5 days. 
They found hoj^vever that they were obliged to call in C to as- 
sist tlicm for the two last days, in -consequence of which^ B re^ 
ceived | of a dollar less than he otherwise would have done. 
In what time co'ild B or C alone reap the field .'* 

54. A mercer bought a piece of silk for f 54 ; and the nuran 
bcr of shillings v»rhich he paid for a yard was 4. of the number 
of yards. How many yards did he buy, and what was the 
price of a yard ? • 

55. The fore wheel of a carriage niakes 6 revolutions more 
than the hind wheel in going 120 yards ; but if the periphery 
of each -wheel be increased one yard, it will mcke only 4 revo- 
lutions more than the hind wheel in the siime space. Requir- 
ed the circumference of each^ 
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50. Tiiere are three numbers, the difference of wliose differ- 
ences is 5 ; the sum of the numbers is 20, and their continual 
product 130. Requited die numbers. 

57. From two towns, C and D, two travellers, A and B, set 
out to meet each other ; and it appeared that when they met, 
B had gone 35 miles more than | of the distance that A had 
travelled ; but from their rate of travelling, A expected to 
reach C in 20| hours ; and B to reach D in 30 hours. Re- 
quired the distance from C to D. 

58. Two men, A and B, entered into a speculation, to which 
B contributed $15 more than A. Ailer four months, G was 
admitted, who added $bO to the stock ; and at the end of J 2 
montlis from C's admission they had gained $159; when A 
withdrawing received for principal and gain $88. What did 
he originally subscribe f 

59. The number of deaths in a besieged garrison amounted 
to 6 daily ; and ollowihg for this dimibuiion, their stock of pro- 
visions was sufficient to Jdst 8 days. But on the evening of the 
sixth day, 100 men were killed in a sally, and afterwards, tlie 
mortality increased to 10 daily. Supposing the stock of pro- 
visions unconsumcd at the end of the sixth day to support 6 
men for 61 days; it is required to find how long it would sup- 
port the garrison, and the number of men alive when the pro- 
visions were exhausted. 

60. There was a cask containing 20 gallons of brandy ; a 
certain qujintity of this was drawn off into another cask of equal 
size, and this last filled with water, and afterwards the first 
cask was filled with the mixture; It now appears that if Gg- 
gallons of the mixture be drawn off from the first into the se- 
cond cask, there will be equal quantities of brandy in each. 
Required the quantity of brandy first drawn off. 

6 1 . From two towns, C and D, which were at the distance 
of 396 miles, two persons, A and B, set out at the same. time, 
and meet with each other, travelling as many days as are eciual 
to the difference of the number of miles they travelled per day ; 
when it appeared that A has travelled 216 miles. How many 
miles did each travel per day ? 

62. A tailor bought a piece of cloth for $200, frcmi which 
he cut 5 yards for his own use. and sold the remainder for 
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$175, gaining 75 cents per yard. How many yards were 
there, and what did it cost him per yard? 

63. There is a rectangular field containing 10 acres, 1 quar- 
ter, 5 rods, and the length of it exceeds the breadth by 12 rods. 
Required the dimensions of the field. 

64. A man travelled 96 miles, and then found that if lie had 
travelled 2 miles faster per hour, he should have been S hours 
less in performing the same journey. At what rate per hour 
did he travel ? 

65. A regiment of soWicrs, consisting of 900 men^ is fonned 
mto two squares, one of- which has 6 inen more in a side than 
the other. What is the number of men 'in a side of each 
square ? 

66. A and B travelled on the same road and at the same 
rate from Huntingdon to London. At the 50th mile stone 
from London, A overtook a drove of geese which were pro- 
ceeding at the rate of throe miles in two hours ; and two 
hours afterwards met a stage waggcn, which was moving at 
the rate of 9 miles in 4 hours. K overtook the same drove of 
geese at the 45lh mile stone, and met the same stage waggon, 
exactly forty minutes before he came to the 31st mile stone. 
Where was B when A reached London ? 

67. Two men, A and B, bought a fann consisting of 200 
acres, for which they paid $200 each. On dividing t!ie land, 
A says to B, if you will let me have my part in the situation 
which I shall choose, you shall have so moch more land than I, 
that mine shall cost 75 cents per acre more than yours. B ac- 
cepted the proposal. How much land did each Imve, and 
what was the price of each per acre.'* 

68. A person bought two cubical stacks of hay for 4 1 £ ; each 
of them cost as many shillings per solid yard as tnere were yards 
in a side of the other, and the greater stood on more ground iliaii 
the les> by 9 square yards. What was the price of each. ^ 

69. Two partners, A and B, dividing tfieir gain .<60 li 
took |:20 ; A's money was in trade 4 months, and if the num- 
ber 50 be divided by A's money, the quotient will give the 
number of months that B's money, which was $100, cominucd 
in trade. What was A's money, had how long did B's eoa- 
linue in trade f 

END. 



